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PREFACE. 



In former times meteorology was for the most part merely descriptive, 
and meteorological work consisted mostly in making and recording ob- 
servations and taking averages. Little was known with regard to the laws 
of the phenomena observed, and but little attention given to theoretical 
research. The most essential parts of meteorology were then comprised 
in elementary treatises and a few popular and descriptive works on spe- 
cial meteorological subjects. Only a comparatively small amount of 
reading and study was then required to master everything at hand and 
to fit any one for further research or to do creditable meteorological work. 

It is very different now. During the last quarter of a century there 
has been, in almost every country, great activity, both in making and 
recording observations and in theoretical and experimental research. 
Many very important laws have recently been deduced theoretically and 
confirmed by observation and experiment, and much which was formerly 
mysterious is now clear. Solar and terrestrial radiation, the conditions 
determining temperature, the relation between the amounts of solar 
heat received on different parts of the earth's surface and the corre- 
sponding resulting temperatures, the effect of the deflecting force of the 
earth's rotation in the mechanics of the atmosphere, the theory of the 
general motions of the atmosphere, and of cyclones, tornadoes, water- 
spouts, hail-storms, &c., are subjects which have recently received much 
attention and are now beginning to be pretty generally understood. 
Many have taken a part in the recent advancements of meteorology, either 
directly in doing meteorological work and prosecuting meteorological 
researches, or indirectly in making physical experiments which have an 
important bearing upon them. The accumulation of books and papers, 
therefore, in different countries and in different languages, comprising 
the results of profound investigations involving the higher principles 
of physics and complex mathematical analysis, and having an important 
bearing upon meteorology, has become immense. 

To any one who would engage in any line of meteorological work, and 
especially of original research, a knowledge not only of correct princi- 
ples and the best methods, but also of what has been already done, is 
of very great importance. Else there is danger that he will work upon 
wrong principles and with inferior methods, or else that he will spend 
much time unnecessarily in doing what has been already well done, or 
in attempting to discover what has already been discovered. It is 
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lamentable to see often how mnch time and labor ar6 spent in this way 
to no useful purpose. The amount of preliminary reading and study, 
therefore, which is now necessary to qualify one to do creditable mete 
orological work, or to engage in original research, is Very much in- 
creased. 

But where much has been written upon any subject it must be admit- 
ted that there is generally a considerable part which in the end is of little 
importance, however important it may have been at the time, as a step 
in the march of progress. The truth has been attained generally little 
by little, and much that is at first published on any subject is often not 
only defective but even erroneous. What is most needed is a knowl- 
edge of the best principles, methods, and results attained, without regard 
to the different steps; but in order to be sure of this it has been neces- 
sary to read and study all that has been written, and to exercise a good 
judgment in selecting the most important. This is more than all can 
afford to do. It is therefore best if this can be done in some measure 
by one or a few for all. 

The object of the following work has been to select from the material 
on hand some of the more important principles, methods, and results 
arrived at, mostly during the last quarter of a century, and to present 
them in the form of a text-book of the higher meteorology, supplement- 
ary to more elementary works, for use iu the meteorological work of 
the Signal Service. The subject, however, has become now so vast, 
embracing sO many things of very great interest and importance, that 
justice cannot be done to it iu one volume of moderate size. Much, 
therefore, of great interest is necessarily either excluded entirely or only 
briefly referred to. This has especially been done in the case of papers 
which are well known and accessible. ISo space could be given to a 
description and explanation of the many recent inventions and improve- 
ments in meteorological instruments for making and recording observa- 
tions. If the work seems therefore defective it is hoped that the 
omissions will be found to be in some measure supplied by the numer- 
ous references through the work to books and papers from which, in 
general, further details can be obtained, and likewise much additional 
and useful matter on the subject under consideration. 

It was at first intended to simplify as much as possible the mathe- 
matical methods of treatment in the various researches and problems, 
60 as to have them more easily comprehended than those usually adopted 
in professional papers, and also to give more expansion in the processes; 
but the want of space has prevented this in a great measure. With 
this in view, however, methods in some cases have been adopted which, 
though less elegant than others, it was thought would be more easily 
understood. This has been especially the case in the formation of the 
fundamental equations of the general motions of the atmosphere and of 
cyclones. This, in the more general and more elegant methods of treat- 
ment, is considered very difficult, and will be more readily understood 
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by first studying the method here used. It is often well' also to have 
the same subject presented in different shapes. Many of the subjects 
treated, however, are naturally very complex and difficult, and pre- 
sented in any shape cannot be comprehended without considerable 
study. 

This work is thought to contain much of a high order, which, though 
somewhat difficult to understand, is yet of very great importance even 
in the ordinary meteorological work of the Signal Service. The proper 
exposure of thermometers requires a knowledge of the laws of radiation 
and absorption, and the conditions determining temperature; the theory 
and proper use of the psychrometer, a knowledge of the kinetic theory of 
gases, and of diffusion and thermal conductivity; and the reductions of 
barometric observations to sea-level, a knowledge of all the principles 
involved in hypsometry. 

An important feature of the work, it is thought, is the formulae and 
tables which are so frequently needed in meteorological computations 
and discussions of observations, with the examples for their applica- 
tion. Even the samples given of the best method of application of the 
formula will be found important to many, for, although this is in gen- 
eral no very difficult matter, yet much time is saved in hasty applica- 
tions of the formulae, when a sample of the method is given system- 
atically in detail. The book will therefore be very convenient as a 
hand-book in doing many kinds of meteorological work. 

In the prosecution of the work I have to acknowledge the receipt of 
much valuable aid from Professor Abbe, who took an interest in the 
work, and furnished me with much reading matter and many references 
to papers having an Important bearing upon the subjects treated in the 
work. 



CHAPTER I. 

THE CONSTITUTION AND PHYSICAL PROPERTIES OF THE 

ATMOSPHERE. 

I. — Constituents of the Atmospheke. 

1. The gaseous envelope surrounding the earth called the air, and 
considered as a whole, the atmosphere, is a mechanical mixture of sev- 
eral simple gases, of which the two principal ones are oxygen and nitro- 
gen. These are very nearly permanent constituents, being subject to 
only very slight variations in their relative proportions at different times 
and places. Besides these there is a variable proportion of aqueous 
vapor, less permanent than the principal constituents, which varies 
from almost absolute dryness to one-twentieth or more of the whole. 
There are also measurable quantities of carbonic acid, ozone, and am- 
monia, and traces of nitric acid, carbureted hydrogen, and in cities, of 
sulphureted hydrogen and sulphurous acid. 

Oxygen and nitrogen. 

2. Air which contains only oxygen and nitrogen, having been freed 
from aqueous vapor and purified of its carbonic acid and other constitu- 
ents of small proportion, is said to he pure cmd dry. Such air at the earth's 
surface, according to the numerous analyses of Dumas and Boussin- 
gault,' was found to contain on the average 20.81 parts of oxygen and 
79.19 of nitrogen by volume in 100 parts. These proportions, however, 
have been somewhat changed in the results of more recent analyses. 

From more than 100 analyses of air made by Eegnault at Paris in 
the year 1848^, the most feeble quantity of oxygen in 100 parts of pure 
dry air was found to be 20.913, the strongest, 20.999, and the general 
mean about 20.96. The analyses of air taken from various places around 
Paris gave about the same results. 

Prom a series of daily analyses in duplicate of air at Hudson, Ohio, 
continued for six months, Professor Morley' has obtained for the ratio 
of oxygen to the sum of oxygen and nitrogen 20.949 per cent., with a 
probable error of only .0016 per cent. 

The proportion of oxygen, in analyses made at various times and dif- 
ferent parts of the earth, does not vary generally more than from 20.9 
to 21.0 per cent., but in some cases, mostly in warm climates, the pro- 

• In the Appendix will be found a list of the authorities referred to in this text. 
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portion of oxygen is found to be as low as 20.3. Jolly* obtained from 
45 analyses, made during every month of the years 1875 and 1877, a 
range from 20.47 to 20.96 per cent, of oxygen. The per cent, was great- 
est for polar and least for equatorial winds. 

The air collected by Messrs. Welsh and Green in balloon ascents, 
made by them under the direction of the Kew Gommittee of the British 
Association, and analyzed by Dr. Miller, gave, at the height of 13,460 
feet, 20.888 of oxygen; at the height of 18,000 feet, 20.747; and at the 
height of 18,630 feet, 20.888 per cent. ; while air collected at the surface 
of the earth at the sam6 time contained 20.92 per cent.* These results 
indicate a slight decrease in the proportion of oxygen in the upper 
strata of the atmosphere. 

Carbonic acid. 

3. The proportions of carbonic acid which have usually been found 
in the air range from 3 to 5 parts by volume in 10,000, but recent and 
more accurate analyses make it a little less. Analyses by MM. A. 
Miintz add B. Aubin^ in Paris gave ranges from 3.22 to 4.22 per .10,000 
parts in cloudy weather, and in clear weather 2.89 to 3.01 ; and in the 
country, from 2.70 to 2.97 by day, and 3.00 for the mean at night. The 
proportion from analyses generally seems to be a little greater in cities 
than in the country. 

M. I. Eeiset, by experiments repeated 193 times, in calm and windy 
weather, and in the midst of storms, and with air on the sea-shore and 
in the country, in the woods, and in Paris during the years 1872, 1873, 
and 1879, has found that the proportion of carbonic acid varies from 
2.94 to 3.01 in 10,000 parts, where air is not confined. These results 
have been verified by IM. Franz Schultze at Bostick, who found as a 
mean, with only slight variations, for 1869, 2.8668; for 1870, 2.9052 ; and 
for the first six months of 1871, 3.0126.' These differ but little from 
the proportions obtained from numerous analyses by Mr. G. P. Arm- 
strong, namely, 2.9603 by day, and 3.2999 by night.' The proportion 
at night is usually found to be a little greater than during the day. 

Miintz and Aubin have found for the proportion of carbonic acid in 
the air at the top of the Pic du Midi (2,877 meters) 2.86 in 10,000 vol- 
umes.^ Hence the proportion seems to be about the same at high alti- 
tudes as at the earth's surface. 

Prom the daily analyses of air on Montsouris during the years 1876- 
1881, inclusive, have been obtained the following monthly values in 
liters for the amount of carbonic acid in 100 cubic meters of air : i" 



January 30.6 

February 30.5 

March 29.9 

April 29.7 

May 30.3 

Jane 30,9 

July 30.4 



August 29.9 

September 29.9 

October 29. 9 

November 30.0 

December 30. 9 



Year . 



30.2 
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Prom these results it does not appear that there is any annnal in- 
equality or much change of any sort during the year. 

Although the amount of carbonic acid in the air is small, yet it plays 
an important part in the operations of nature. Animals consume oxy- 
gen and exhale carbonic acid as a product of their respiration, and great 
quantities of it issue from the mouths and fissures of volcanoes. On 
the other hand, plants consume carbonic acid and give out oxygen, and 
great amounts of it have been consumed in the formation of carbonates. 
In former geological periods the amount of carbonic acid was, no doubt, 
much greater than now, but at present the supply and consumption are 
most probably about equal, and the amount existing in the air un- 
changed. 

Ammonia. 

4. From the same analyses of air on Montsouris have been obtained 
the following monthly values of the quantity of ammonia in milligrams 
in 100 cubic meters of air:^" 



January 1.8 

February 2, 1 

March 9.5 

April 2.2 

May 2.2 

June 2.3 

July 2.3 



August 2.5 

September 2.3 

October 2.2 

November 2.0 

December 1.9 



Tear , 



2.2 



These values indicate an annual inequality in the amount of ammonia 
in the air, having its maximum about the warmest part of the year. 
It seems to vary, however, in different years. There was obtained for 
1877, 3.2; for 1878, 1.8; for 1879, 2.1; and for 1880, 1.8. 

Ozone. 

5. Ozone, since the time of its first discovery by Schonbein, of Basle, 
in 1840, has usually been regarded as a constituent of the atmosphere, 
present in small quantities at all times and places. It is an allotropic 
state of oxygen in the form of transparent gas, one molecule of ozone 
containing three atoms, while one of oxygen contains only two. Hence 
its density is IJ times that of oxygen, or 1.657. 

Ozone is produced by passing a stream of electric sparks through a 
tube in which a current of dry oxygen is passing ; by the electrolysis 
of water; by consuming phosphorus slowly in a globe of moist air; 
and by the discharge of a Leyden battery. It is supposed to be pro- 
duced in nature by strokes of lightning through the air; by t'he slow 
discharges of electricity by means of trees, towers, and other high ob- 
jects ; by both slow and rapid combustion ; and by evaporation. 

The third atom in the molecule of ozone is supposed to be loosely 
combined with the other two, so that it readily enters into combina- 
tion with other substances when brought into contact with them. 
Hence its great oxidizing power. It is, therefore, a bleaching and dis- 
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infecting agent, and readily discharges the colors from litmus paper 
and a number of vegetable substances. A blue indigo solution shaken 
up in air rich with ozone soon loses its color. A proof of the disinfect- 
ing properties of ozone is found in the fact that in all places where foul 
gases are found in great quantities, as in the neighborhood of stables, 
filthy alleys and sewers, and likewise in the rooms of our dwelling 
houses, the air is void of ozone. This is because it decomposes, and so 
is consumed by, these substances. On account of the disinfecting prop- 
erties of ozone, thunder-storms, which produce it, are thought to be 
great purifiers of the air. 

The usual test of the presence of ozone in the air is based upon the 
well-known peculiarity of ozone to decompose iodide of potassium. It 
is upon this property that Schonbein's ozone test papers and ozonometer 
are based. While these may be regarded as pretty sure tests of the 
presence of ozone, yet the different shades or degrees of discoloration 
produced on the paper by the air furnishes only a very imperfect meas- 
ure of the quantity of ozone, and at best it is only a relative measure. 
This arises from the impossibility of determining accurately the shade 
of color in the scale which corresponds to a given proportion of ozone, 
and also from the fact that the reactions usually ascribed to ozone may 
be due in part to nitric and other acids in the air. Much also depends 
upon the eye of the observer, for it is well known that many persons 
are very defective in the perception of different colors and shades of 
color. In making such observations it is also necessary to take into 
account the effect of the wind, since on a windy day a greater effect is 
produced on the paper, not because there is more ozone in the air, but 
because more air passes over the paper in the same time. For these 
reasons some meteorologists regard the numerous ozone observations 
made since the time of Schoubein as being of little value, and advise 
their discontinuance," while others have regarded the existence of ozone 
at all, as a general constituent of the atmosphere, as an open question. 
It is, however, now rendered pretty certain from chemical processes 
that there is not only ozone always present in the atmospherej but like- 
wise that it exists in measurable quantities. Houzeau has estimated 
that the land air at the height of two meters contains ^50^00 of its 
weight of ozone, and Schonbein that it contains bttoTo of its weight of 
ozone after a thunder-storm. From the analyses also of the air at 
Montsouris the following monthly values of ozone in milligrams for 
each 100 cubic meters of air have been obtained : 



January 1.1 

Febrnary 1.5 

Maroli 1.4 

April 1.1 

May 1.2 

June 1.2 

July 1.3 



August 1.2 

September 1.1 

October 1.1 

November 0.9 

December 0.7 



Year . 



1.15 
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The average is aboat four times greater than Honzean's estimate, 
but only about half as much as Sohonbein's after a thunder-storm. 

Composition of dry air. 

6. From what precedes, the average composition of dry air — ^neglect- 
ing the slight and mostly unmeasurable traces of various gases and other 
elements found in it — ^may be put as follows : oxygen, 20.95; nitrogen, 
79.02; and carbonic acid, 0.03 parts in 100 by volume. The several 
relative densities are: oxygen, 1.10563; nitrogen, 0.97137; carbonic 
acid, 1.5201. Hence we have by weight, oxygen, 23.16 ; nitrogen, 
76.77; and carbonic acid, .046 parts in 100. These relations, however, 
do not quite satisfy the condition that the sum of the volumes multi- 
plied into the densities shall equal the weight of the whole. 

n. — Pkesstjeb and Weight op the Atmospheeb. 
Absolute pressure. 

7. Since the pressure of the atmosphere depends upon the force of 
gravity, it is necessary to have at the outset a clear conception of force 
and the measure of force. It will be best, therefore, to consider here 
some of the elementary principles of force and i^otion^ although this is 
a subject which belongs more properly elsewhere, and to simplify the 
matter as much as possible let us consider simply force and motion in 
one direction, since this will be sufiQcient for our present purpose. Force 
acting in a given direction is that which changes or tends to change the 
momentum of a body moving in that direction. Where the body is en- 
tirely free the whole force is spent in increasing its momentum, and 
hence the proper measure of force is the rate by which the momentum, 
in this case, is increased. Let 

F=the force, acting in the direction s, which changes or tends 

to change the velocity and momentum in that direction; 
m=the mass of the body; 

p=the pressure caused by this force when the body is not free; 
«=the velocity of motion. 

ITow, since m^ is the rate by which the momentum is changed, we 

have 

„ du d?s 

(1) F=m^=m^, 

Hence, we have Fdt=mdu, and integrating this for a unit of time 
(that is, from <=0 to t=l) we get, regarding F as being constant during 
the time, 

(2) F=miii 

in which % is the velocity generated in a unit of time in the direction 
of the force. Hence, force is measured by the mass multiplied into the 
velocity generated in a given direction in a unit of time. 
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When the body is not free to move at all on account of some resist- 
ance, as in the case of a body npon a table, or a column of atmosphere 
upon the earth's surface, the force causes pressure, and we then have 
F=p, for, the whole force being spent in producing pressure, the force 
becomes equal to the pressure. 

But if the body can move in the direction s, but is not entirely free, 
a part of the force is then spent in giving momentum to the body and 
the balance in causing pressure, by which the resistance is overcome* 
and we then have, 

(3) -F=i'+'»St 

If the moving body is retarded by friction, as in the case of a body 
failing through the air, or a part of the air itself moving vertically 
through the rest, putting 

/= the part of the force required to overcome the friction to a 
unit of mass, 
we then have, 

(4) F=p+m^+fm 

From the nature of friction a part of the force is communicated to the 
contiguous part of the air or fluid through which the body moves and 
adds to the pressure in the direction of motion, and so the pressure of 
the body is diminished. 

8. Where the forc^ -F is that of gravity, and consequently in the direc- 
tion of motion in a vertical direction, putting 

g=the acceleration of gravity, 
we get from (2) and (3) by putting g for % in (2). 

(5) p = mg-m^-fm 

in which u is descending velocity. Hence the pressure varies with 
gravity, and is consequently different at different latitudes and altitudes 
for the same mass m. 

If a body falls through a resisting medium, its velocity is accelerated 
imtil the resistance arising, either from the inertia or the friction of the 
medium passed through, exactly equals the force, after which the 
velocity becomes uniform and du vanishes, and we then have 

(6) p = mg—fm. 

9. As the pressure depends upon the acceleration of gravity ^f, it now 
becomes necessary to have an expression of g in terms of the latitude 
and altitude of the body. Let 

g'= the value of g at sea-level; 
(?=the value otg' at the parallel of 450; 
fir',= the value of g' at the equator; 
A. = the latitude ; 
fe = the altitude; 
r = the earth's mean radius. 
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We then ha,ve at sea-level, from Colonel Clarke's recent determina- 
tion of the figure of the earth from pendulum experiments (11), 

g'= 9'e (1 + .005226 sin^ X) = g', (1 + .002613 - .002613 cos 2A.) 
= 1.002613 g',(\ - j["q"q2&13 '^^^ ^A=^ (1 - -002606 cos 2\) 

The numerical coefficient of cos 21 iu this expression is a little greater 
than those generally used heretofore, but being based upon the most 
recent researches upon the figure of the earth, in which all previous ex- 
periments have had due weight, it must be regarded as the most accu- 
rate. It is a little less, however, than the preliminary value obtained 
by Professor C. S. Peirce.^^ 

For any altitude, li, in open space above the earth's surface, since the 
value of g is inversely as the square of (i*-ffe), the distance from the 
earth's center, we have 

9=g', '-' - '' 



(r + Af-^ 2A 
r 

neglecting very small quantities of the third order in the development 
in the last form of expression. This expression of g is strictly correct 
in open space above the earth's surface, and requires a slight modifica- 
tion for the most usual cases where the station of observation is upon a 
high plateau or mountain top. With the known value of r the numeri- 
cal coefficient of h in the expression is 0.000000314. The correction, 
however, introduced by Poisson, which makes this coefficient equal 
0.000000194, is now known to be very erroneous. It was made upon 
the hypothesis that the matter beneath the plateau or mountain top 
down to the general sea-level is so much additional attractive matter 
above sea-level; but both from theoretical considerations and from 
observation it has been shown that this is not the case." It is merely 
matter raised from beneath and not additional matter, and diminishes 
only very slightly the decrease in the force of gravity with increase of 
elevation. Observation, however, shows that there is a slight effect, as 
we would expect from the displacement of the attractive matter, and 
we shall therefore put in the expression of gr a value of r, represented 
by r', such as to make the numerical coefficient of 7i equal 0.0000003. 
This gives a reduction depending upon h very little greater than those 
of Professor C. S. Peirce,^^ which differ a little with different forms of 
mountain or plateau. With the preceding expression of g' that of g 
above becomes, neglecting insensible quantities of the third order, 

(7) g = Gn 

in which, neglecting very small quantities of a third order, 

1 

(8) n = - 



(1 + .002606 cos 2X) (l -f ?^^ 
10048 SIG, PT 2 3 



18 EEPORT OF THE CHIEF SIGNAL OFFICEE. 

With this expression of g (6) gives 

(9) p = mOn 

which, by §8, is applicable to solid, and also fluid, bodies at rest. 
10. Prom this and (7) we get foT some other mass m', 

p' = m'€hi'=m'g 

Hence, if p' =J> and n'= n, we have m'= m — that is, equal pressures cor- 
respond to equal masses, and consequently the masses are proportional 
to the pressures where the force of gravity is the same on both masses. 
Equality of masses is therefore determined by equality of pressures, and 
the latter is determined by means of balances. If, however, the masses 
were not subject to the same force of gravity, as would be the case if 
one end of the beam of the balances were in high and the other in lower 
latitudes, or the one mass were suspended from the end of the beam at 
a higher altitude than the other, then the value of n, by (8), would be 
different in the two cases, and equality of masses would not be indicated 
by equality of pressures. In weighing, however, the mass and the coun- 
terpoise are both subject to the same force of gravity, and consequently 
equality of masses is indicated by equality of pressures. 
If we now put , 

= the base of a vertical column resting on the earth's surface 
p = its density, 
we shall have, for a column of the height Ji, 

(10) m=ffph 
With this (9) becomes 

(11) jP = ffpTi Gn 

The preceding expressions are applicable in the case only of a body 
of uniform density and of a magnitude for which the value of g is not 
sensibly different for different parts. For a very high column in which 
n, by (8), is sensibly different for different altitudes, and in which the 
density q) also varies with the altitude, (11) is strictly applicable to an 
infinitely thin stratum only, and hence we shall have in this case 

(12) dp = Gnffpdh 
We shall have in this case, 

(13) p=ffGfnpdh 

in which the integration must be from the base to the top of the column. 
By (8) n in this expression is a known function of h, and it is necessary 
that p, before integration, shall be expressed in some function of h such 
that the expression is integrable. 

If (13) is applied to a vertical column of the atmosphere, j) is the press- 
sure of such a column upon the surface a, which may be at the surface 
of the earth or at a^iy altitude h' above the surface, the integration com- 
mencing at that altitude and extending to the top. 
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Weight. 

11. The weight of a body is its pressure relative to that of some assumed 
standard unit, as a kilogram or a pound, when both, as in the act of 
weighing, are acted upon by the same force of gravity. If a body 
presses as much as 100 kilograms subject tO' the same force of gravity, 
it is said to weigh 100 kilograms; and this is a measure of the mass of 
the body. In weighing a body at different latitudes or altitudes we get 
the same weight, although the pressures differ, for equality of masses 
depends upon the condition of the equality of the forces acting upon the 
counterpoising mass and the body weighed, and not upon the abso- 
lute amount of this force. 

Barometric pressure. 

12. In the preceding expressions the pressures are given in terms of 
the force of gravity as defined in §7, and they consequently depend 
upon the mass of the body. The pressure of the atmosphere upon the 
earth's surface, or upon itself at any given altitude h, is measured by the 
height of the column of mercury of standard temperature in a barometer 
which, by well-known principles of hydrostatics, has the same pressure 
as a column of atmosphere extending to the top, and having the same 
base as the mercurial column, whatever that may be. This measure of 
the pressure of the atmosphere is,, therefore, independent of the base 
ff in (11), and depends only upon the height and varying density of the 
column of mercury. If we apply (11) to the mercurial column of a ba- 
rometer, and put 

t=the temperature of the mercury; 
J=its density; 

/lo=t'he value of J where t=0; 

£=theuncorrectedheightof the mercurial column of the barometer; 
/?=the coefficient of vertical expansion with increase of t; 
we shall have 

^ > 1+pt 

Putting J for p and B for h in (11) in this case, we get for the pressure 
of the mercurial column 

(15) p=gAGB^±^=gA,OF 

in which, by means of (8), we have sensibly 

B 

(16) P=5___=^j_^^Q2606 cos 2A.)ri+2^\l.f /Sf) 

On the parallel of 45°, and at sea-level, where cos 21=0 and h=Q, and 
for temperature <=0, we have P—B; and hence P is the height of the 
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mercury at temperature of 0°, when subject to the force of gravity at 
sea-level on the parallel of 45°, called the standard force of gravity. 

Since by (15) P is proportional to p, it is a true relative measure of itj 
called the barometric pressure, and where ff, G, and Jo are known, the 
absolute pressure, as defined in §7, becomes known from it. But B, the 
observed height of the mercury, even when corrected for temjjeratDre, 
cannot be used as a true measure of the pressure under all circum- 
stances, since it is not proportional to p, the thing measured, but the 
relation between it and the pressure changes with both a change of n 
and * in (15) — that is, with a change of the latitude and altitude, and 
also with a change of the temperature of the mercury. 

The observed heightof the mercury B is called the uncorrected height, 
and corrected for temperature is usually called the barometric pressure, 
though, as we have seen, it is not, even then, a true measure of the 
pressure. If in (16) we put for n its value in (8), we get 

(17) 'P=B+o 

in which, neglecting insensible quantities of a third order, 

(18) c=-^(0.002606cos2A-f-^^+yS<) 

is the correction to reduce the observed barometric height Ao that of 
standard gravity, and temperature t=0. But the correction can in 
general be more conveniently made by (16) with the use of logarithms, 
except for sea-level, where /i=0, and B can in general be regarded as a 
constant. In this case two small tables can be constructed giving the 
values of the corrections for given values of the arguments A and t. 

Since the absolute pressure of the mercurial column is equal to that 
of the atmospheric column of the same base, we have, in a state of static 
equilibrium, the same value for jj in (13) and (15), and hence we get as an 
expression of the barometric pressure of the atmosphere at the place of 
observation. 



(19) P^^Cnpdh 



13. In the atmosphere or any simple gas p is a function of both the 
pressure and the temperature. Let us put 

r=the temperature of any given mass m of the air or gas. 
y=its volume under some assumed standard of pressure Pg. 
Fo=the value of Vat temperature t=0. 

ar=the coefacient of increase of pressure or of volume with increase 
of r, in terms of their va.nes at t=0. 
We then have by the law of Boyle, usually caUed Mariotte's law, the 
temperature remaining the same. 

(20) d{PV)=0 
for all values of the pressure P. 

By the law of Qharles and Gay-Lussac we have 

(21) d(P7)=PoVoadT 
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The integration of this from t=t' gives 

PF=Por„[l+a(r-r')] 
If the initial temperature in tlie integration is t'=0, it becomes 

(22) Pr=PoVo{l+ar) 

Since the volume is equal to the mass divided by the density, we have 
V=m:p, and putting pn= the value of p- corresponding to ¥=¥(,, we 
consequently have*Fo=m:po. With these values of Fand V», (22) gives 

(23) /,=f P" 



Poi+ar 

14. In a mixture of gases of different densities let 
Pi,P2 . . . . ^,=the pressures or tensions at any given tempera- 
ture t; 
«i, «2 ■ • • • fe=the corresponding speciflic volumes — that is, vol- 
umes of unit of mass ; 
p'liP'-i • • • i»'.=the partial pressures corresponding to the specific 
volume Vo, which make up the standard press- 
ure Po of the mixture; 
v'l, v'i . . . '»'e=the specific volumes under pressure Po. 
We shall thus have by Boyle's law p^v^=PoV\=p'^Vo, and hence 

(24) . y,=^F', 

' 

The partial pressures are therefore proportional to the partial vol- 
umes. 
Let us now put 

S',=the relative densities corresponding to the volumes v', at 

the temperature r=0 ; 
p'=the absolute density of the mixture under pressure Pq and 
temperature r=0; 
Since the density of the mixture is equal to the sum of all the weights — 
that is, sum of all the volumes multiplied into their absolute densi- 
ties — divided by the sum of the volumes, we shall have 

^- 2v', - V, 
And since P(,<y'.=the absolute densities, the sum of the partial volumes 
must equal the volume F„ of the whole mixture. 

For any pressure P and temperature r, since the densities are as 
the pressures and inversely as the absolute temperatures, by (23)" we 
have 

(25) P-p,l+aT—Pol+ar^ F„ 
If we put 

jB=the tension of aqueous vapor; 
e=its tension relative to that of the atmosphere ; 
t)'3=its volume; ^ 
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We shall have for the relative tension of aqueous vapor 

(26) y^=|=e 

Putting v\ for the volume of carbonic acid, we have by §6 

^=.0003 

'0 

We shall then have, for the volume of pure and dry |,ir, 

V\= F„— C'a— t^'s 

We have for the relative densities tf'i=l, ^'2=1.529, and (^3=0.622 
With these densities (25) gives 

_ P po ^ (Fo--p^,-i)^3)+l - 529 1>,+0-622 v>C \ 
^-p„l+arV n. J 

This, by means of the preceding values of v', : F„, may be reduced to the 
following form : 

in which 



/ 529 v' \ 
(27') p'o=Po(^l+— y^' ) =1.00016 p„ 



is the density of dry air with the average amount of carbonic acid. 

Hence the density of dry air is increased a little by the carbonic acid, 

but by (27) it is decreased by the aqueous vapor. For pure air we have 

'Bi=0, and then p\ becomes ^o- 

From (19) we now get, by means of (8) and (27), neglecting very 

2A 
small insensible quantities of the third order of 0.378 e and of —f, 

(28, '4-"-^^--U^,+aZz,,e+f) 

in which 

(28') 2=1+0.002606 cos 21 ' l-^f^ 

9 

The last member is negative, since P increases as ^ decreases, P here 
denoting the pressure of the air above the upper station. 
If we put 

i=the height of a column of gas of uniform density, which has 
the same weight as the mercurial column of the same base 
and the standard height Po ; 
" (y=the relative density of the gas under pressure Po at tempera- 
ture T=0 ; 
We shall then have, since the height of the column of gas and uni- 
form density and Po, the height of the mercurial column, are inversely 
as the densities, 

V A 
(29) 1=^ 

In tbe cage pf 3,jx fttmospbefe of pwe dry mv ^ t)ec9mes unity. 
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The value of I ia (28') is the height of a homogeneous atmosphere of dry 
mr, since p\ is the average density of such air. Although the mercury 
and air have the same pressure, yet, by our definition in § 11, they have 
not the same weight, since different parts of this column are acted upon 
by forces of gravity which vary slightly with the height, while that 
acting upon the mercury is sensibly the same for all parts. The height 
of a homogeneous column of air of the same weight or mass would be a 
little less. 

Since in (28') p\ and P^ are proportional, whatever may be the as- 
sumed standard of pressure Pq, it is evident that the value of I is con- 
stant, so that the height of a homogeneous atmosphere, so called, is the 
same, whatever may be the altitude of the base from which it is reck- 
oned, and is consequently the same if reckoned from the top of a very 
high mountain or from sea-level. Since f/^ becomes po in the case of 
pure air, it is seen from (28') that the value of I is slightly greater in 
this case. 

15. The next step now is to integrate (28). In order to this it is 
necessary to assume that r and e are certain functions of h. If we as- 
sume that r and e increase in proportion to the altitude, we can put 

T=.f{h+a) e=f{h+a') 

in which /and/' are the rates of increase of r and e with reference to 
h, and in which a and a' are certain constants such as to make r and e 
equal r' and e' when h becomes h'. With these values of r and e we get 
as a function of h 

(30) 9>(/t)=l-f «/(/i+«)-f .378/(A-f a')+y = l+«r+0.378e+ y 

From this we get 

d(p{h)=cdh 
in which 

(31) c=a/-|-0.378/+| 
Hence we get from (27) in Naperian logarithms 

d log P= « . ^^^=:U lOg<p(h) 

* le <p{h) lo ^^^ ' 
The integration of this gives 

(32) logj^^i- . log m 



'P le " <p{h') 
in which P' is the value of P corresjponding to h=:h', and in which 

(33) <p{h')=l+af(h'+a)+0.378f'{h'+a')+—=l + ar'+0.378e+?^ 

Let us now put 

m = ^q,{h) + ^<p{h>) n = i<p{h)-^(p(h') 

We shall then have m + n= (p{h) and m, — n= 9»(/»'), and hence (32) be- 
comes 
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By a known development of Naperian logarithms we get in common 
logarithms 

log{m+n)=log7»+Jlf Q-^+^3- &c.) 

in which M is the modulas of common logarithms. Hence we have 

(35) logJ±^=log(m+«)-log(m-»)=2irQ+^+ &c.) 

From the preceding expressions of m and n we get, by means of (30), 
(33), and (31), 

(36)m=l+Ja(T'+r)+0.189(e'+e)+^— «=Jc(A— A') 

From these expressions of m and n it is seen that the second and fol- 
lowing terms in (35) are extremely small and insensible terms in com- 
parison with the first, and may be neglected. Eetaining the first term 
only in the last nnmber of (35), we get from (34), by means of (35) and 
(36), 

,P^_M (h-h') 



(37) log- 



'* l+ia{r'+r)+0.189{e'+e)+^'^^' 



r' 

The preceding method of integration, though giving the same result, 
is more satisfactory than that of more simple ones depending upon a 
development of the last number of (28), in which quantities of the second 
and lower orders of at, &c., are neglected in the integration. In the 
preceding development of (35) the effect of the neglected terms is readDy 
seen to be of no importance in any case. 

Constants of eayperimervt and observation. 

16. In the preceding expressions there are certain constants, entering 
either directly or indirectly, which have to be determined from observa- 
tion and experiment, and these expressions cannot be used for any 
practical purposes until the values of these constants are determined 
and substituted in them. These constants are 6, r, a, p„', //„, and I. 

The value of the constant G by the latest determination is 9.806056. 

The value of r, the mean radius of the earth, according to the recent 
researches of Colonel Clarke," is 6,367,323", but only a rough approxi- 
mate value is needed. 

The value of a has been determined by Eegnault in two ways. From 
(22) we get for constant volume, 

P-Po=«p.r 
and for constant pressure. 
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The initial pressnre Pq at temperature t=0 being known, with the 
observed increase of pressure (P— Po) corresponding to any increase of 
temperature r, the volume remaining the same, the first of these gives a. 
In like manner the observed increase of volume ( V— y"„), corresponding 
to any increase of temperature r, the 'pressure now remaining constant, 
the last of these also gives a. The value obtained for a by Eegnault," 
from numerous experiments for ordinary pressures and temperatures 
of the atmosphere, was 0.003665 by the former method, and 0.003670 
by the latter. The value given by both methods would be the same if 
« the laws of Boyle and Charles were strictly correct. The latter, which 
is the coefEicient of dilitation under constant pressure, is the one which 
properly belongs to and is usually adopted in the preceding expressions. 
The value of p^', or p„ in the case of pure air, is the density of such air 
at the assumed standard pressure of Po=760™™ at temperature r=0, 
when the mercury is acted upon by the force of gravity on the parallel 
of 45° and at sea-level. At Paris, where we have, in (8), X=4SP 50.2' 
and ^=60™, the value found by Eegnault for the density of pure and 
dry air at temperature t=0, and under pressure of 760™™, after being 
corrected for some small errors of calculation, is /3=0.00129321, the 
density of pure water at the temperature of maximum 4° G being the 
assumed unit of density. This, however, is not the density of such air 
under a pressure of 760""° of the mercury acted upon by standard gravity, 
but that at Paris, which is greater. Hence this density must be reduced 
to that of 760""' of the mercury, subject to the standard force of gravity. 

Since by (27) the density of the air is as the pressure, and this by (7) 
and (11) varies as g, Which on the parallel of 45° and at sea-level is G, 
we have by means of the ratio of g:Q given in (41), and the observed 
value of p given above, 

^oQ\ U.mJl^gj-/l 001 9Q27S 

^ ' '°°~|"l-.002606cos(97o 40.4')] [l-.0000003x60]~ ' 

With this value of Ai we get from (27') 
(39) p'o=1.00016 X 0.00129278=0.00129298 

for the density of dry air with the average amount of carbonic acid in 
it. With this special value of density (27) becomes a general expression 
of the density of the air under all conditions of pressure P, temperature 
r, and relative tension of aqueous vapor e. 

The value of Aa usually adopted is 13.59593, which is the value de- 
termined from experiment by Eegnault. 

' With this value of Jo and the value of pa above, and the standard 
value of Po=.76"', we get from (28'2) ?=7991.7'" as the height of a homo- 
geneous atmosphere of ordinary dry air. With the value of pf, in (38), 
we get Z=7993.0 for pure dry air. 
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We have, therefore, for the constants in the preceding expressions, 
depending either directly or indirectly upon experiment and observa- 
tion, 

f 6^=9.806056" =32.1727 feet 
r=6367323'°=20890548 feet 
r'=6364463» 

(40) \ Z=7991.7°'=26220 feet 
a'=0.003670 

p'„=0.00129298 
^0=13.59593 

Practical formulce. 

17. By means of these values of the constants, we get from preceding 
expressions the following formula, convenient for practical application: 

From (7) and (8), by means of (4O3), we get for the reduction of gravity 
to the parallel of 45° and sea-level 

(41) 6=^(1+0.002606 cos 2A)(l-f 0.0000003A) 
If h is given in feet, the coefficient of h is .000000091. 

From (27), (39), and (4O4) we getfor the general expression of the density 
of ordinary air, in all the varying conditions of pressure, temperature, 
and amount of aqueous vapor, 

,^ ^P 0.00129298 

^ ^ ^ Po (1-f 0.00a670r)(l+.378e') 

Since in the average state of the atmosphere the relative tension e of 
the aqueous vapor is somewhat in proportion to the temperature, if we 
put c=0.289r, the preceding expression becomes 

,.o\/ P 0.00129298 

(*^) ^=P X-f 0:004r 

This corresponds very nearly with the change in the coefficient of t 
above, made by Laplace, in order to take into account approximately the 
effect of aqueous vapor on the average. Of course in special and extreme 
cases it may be in error to the full amount of the whole change in the 
coefficient. At the temperature r=0, the whole effect of the aqueous 
vapor is lost, and below that temperature the correction for this effect 
has the wrong sign ; but at these low temperatures, the whole effect of 
the aqueous vapor upon the density is scarcely sensible. If, however, 
(42)' were used for very low temperatures the error would be considerable. 

Where the temperature is giveJn in degrees Fahrenheit (42) becomes 
. . _P 0.00129298 

'^ > ^~P„ [1-f 0.002039(r-f 320)J [l+0.378e] 

Since only the relative values of 2> to P and of P to P„ in (26) and (27) 
are used, the barometric pressures and the tensions of vapor may be ex- 
pressed in either millimeters or inches, or the absolute pressure may 
be used. For degrees Fahrenheit the denominator 1-|-0,004t jn (42)' 
becomes l-|-0,003222(r-32o), 
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The expression of (27) is applicable to any simple gas by putting e=0, 
and using the value of /)„ for that gas. It therefore becomes in this 
way applicable to aqueous vapor, in which case P becomes the tension 
of the vapor, p. The density with relation to pure dry air in this case 
being 0.622, relatively to water it will be 0.00129278x0.622 =.0008041, 
and hence we shall have 

(44) „_^^0008041_ 
^■' ^-Po l+0.003670r 

Since the densities po ii the preceding expressions are those of stand- 
ard pressure P„, the values of Po and p must be the observed values 
corrected by (18). 
If we put 

i7=the volume of a given quantity of air or any gas; 
m=its mass or weight; 
we shall have 

(45) m=fyv 

As our density unit here is that of pure water at standard tempera- 
ture, m is the mass relatively to that of an equal volume of such water, 
or, in other words, it is the weight expressed in unit volumes of water. 
In order, therefore, to have the weight of gas in other units, as grams 
or grains, we must multiply the result given by (45) into the number of 
grams or grains in a unit volume of standard water. The gram being 
a cubic centimeter of such water, if the assumed unit volume of air is a 
cubic meter, as is most usual, then the unit volume of water weighs 1,000 
kilograms, and hence in this case the result of (45) must be multiplied 
into 1,000 to give the weight or mass in kilograms. We shall therefore 
have in kilograms, if v is given in cubic meters, 

(46) »»=l,000/w 

The weight of one cubic nieter of air or any gas is therefore 1,000/?, 
the value of p being determined for any special gas under any given 
conditions of pressure, temperature, &c., by the preceding formula. 
For the weight of a cubic meter of pure dry air, therefore, under standard 
pressure and temperature, using for p in this case the value of po in 
(38), we get m=1.29278 grams. With the usual amount of carbonic acid 
it would be by (45) a little greater. 

If the assumed unit of volume is one cubic foot, and we wish the weight 
of any given volume v of air or any gas in grains Troy, we shall then 
have 

(47) m=436845pi; 

since 436845 is jthe number of grains Troy in a cubic foot of water at 
standard temperature of 4° C, instead of the English standard 62° F., 
the densities of 'p given above being those with reference to water of the 
former standard of temperature. Hence, the weight of a cubic foot of 
dry and pure air under standard temperature and pressure, usipg for /a 
jn (47) the value of p„in (38), is 

7»=s= 436845 X O,00189378is=§64.75 grains. 
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18. With the value of M=0A34295 we get from (37) by means of (28'i) 
and (40) 

,,„, , P' (1-0.002606 cos 2;i) (fe-A') 

(48) log ^=— j= ^ ^ fe'+fe -I 

18401.6 |_l+0.001835(r'+T')+0.189(e'+e)+ggQjjg3j 

in which h must be expressed in meters. The denominator in this ex- 
pression can be put without sensible error into the form 

[l+0.00183(r'+r)] [l+0.189(e'+e)l [1+0.0000003(A'+A)] 
and with this the preceding expression can be put into the following 
form: 

(49) log (log P'-logP)=log H +log (1-0.002606 cos 2A)-4.264855 

-log [1+0.001835 (t'+t)] -log fl+0.189 
(e+e')J-log [l+.0000003(2fe'+5')] 

in which S is put for (h—h'). 

These accurate expressions are sometimes needed in the reverse prob- 
lem of barometric hypsometry and reductions of the barometer to sea- 
level, but in most cases it is sufficient to include the vapor term in that 
of the temperature, as in (42)', rejecting the very small term depending 
upon (h'+h), and then (49) becomes 

(50) log (log P'-P)=log (1-0.002606 cos 2A)+log S^-4.264855 

-log [1+0.002(t'+t)] 

In the preceding expressions 4.264855+log[l+0.00183(T'+T)] is given 
by Table I by deducting 0.51493, log (1-002606 cos 2X) from Table VI,. 
by taking the complement, and log (1 + .0000003 {2h'+E), by Tables IV 
andV. Also log [l+.002(T'-l-r)] is given by Tables I and IVverynearly 
by deducting 0.51493. 

When H is expressed in English feet the constant logarithm 0.00106 
must be deducted from Table I. This is because the table is adapted 
to the case in which the barometric pressure B, uncorrected for diminu- 
tion of gravity with altitude, is used, whereas in these formulae P the 
true pressure enters instead of B. 

Since the ratio only between P' and P in the preceding expressions is 
used, it is not necessary that the corrected values should be used except 
so far as .they depend upon the temperature of the mercury and the 
difference of elevation, in (32), since the part of the correction depend- 
ing upon latitude is the same at both stations. It is also immaterial 
whether the barometric pressures P' and P are expressed in millimeters 
or inches, since the ratio between the two is the same in both cases. 

If H is given in feet, the constant logarithm in these expressions is 
4.780848. 

Pressures on a unit of surface. 

19. In a cubic unit of pure water we have in (11 ) ?, p, and h, each 
equal to unity, and hence the pressure of such a unit is Gn. But since 
n, by (8), is a function of latitude and altitude, this is not a constant 
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for all localities, and hence cannot be used as an absolute measure of 
pressure. If, however, we take the pressure of such a unit on the par- 
allel of 45° and at sea-level, then n becomes unity, and the pressure of 
such a unit becomes G, If the unit is a cubic decimeter or liter, it is 
called a kilogram, A kilogram, therefore, has different pressures at 
different latitudes and altitudes, and in order to become an absolute 
measure of pressure we must have the pressure of the kilogram at some 
standard locality, for which the parallel of 45° and sea-level iS usually 
assumed. We get thus from (11) for the standard pressure in kilograms 

(51) p=ffphn 

For the pressure of a column on a unit of surface we must put 0=1. 
In the case of the mercurial column we have p=/^ and h=P, and hence 
we get for the pressure in kilograms on a square decimeter 

(52) p=APn 

Patting2)o=the value of j> corresponding to P=Po, we get at sea-level 
on the parallel of 45°, where m=1, 

(53) i>o=^o-Po= 13.596 x 7.6=103.33 kilograms 

for the standard pressure of the mercury, or of the counterpoising col- 
umn of the atmosphere, on a square decimeter of the earth's surface. 
Tills standard pressure being that of a column of mercury of the height 
of TOO"'" at temperature t=0, we must use ^o? the density of the mer- 
cury at that temperature. 

In English measures we have for the pressure in pounds avoirdupois 
upon a square inch (Appendix), 

2.20485 

(54) j)o=103.33 X 7^-ggi^= 14.697 pounds 

since 1 kilogram =2.20485 pounds and I decimeter=3.9371 inches. 

To obtain the absolute pressures for other latitudes and altitudes we 
must multiply these results into n, and hence the pressure, measured 
in units of the standard pressure of the kilogram or the pound — that is, 
its pressure on the parallel of 45° and at sea-level — ^vary both with 
latitude and altitude. 

20. If we put ■«= the value of Fin (22) belonging to a kilogram of 
airs, we shall have in this case, from (22) and (52), 

(55) pv=pa%{T^+oir)=p'v' 

if we put p'v' for the value of PaV„{l+ar) when t=t'. If we now as- 
sume the meter as the unit of measure instead of the decimeter, we 
have from (53) j)o=10333 kilograms, and i'„ equal the volume of a kilo- 
gram of air in cubic meters under the standard pressure i>o? and hence 
«o equal to unity divided by the weight of a cubic meter of air, or 

(^^) ■"»— lOOOx .00129298="^'^^*^ 

using the value of /o'o'in (39) for the density or weight of a cubic decim- 
eter of dry air. This is the volume of dry air with the average amount 
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of carbonic acid. This for dry and < pure air would be a little greater, 
since in that case we would have po in (38) instead of p'o in (39). 

In the case of moist air the density by (27) is decreased in the ratio 
of 1 to (1— .378e), and consequently the volume is increased very nearly 
as 1 to (l+.378e). Hence we have in this case 

(56') i)„=0.77341(l+e) 

"With this value of »„ and the value above j?o=10333 we have from (55) 

(57). pv=BT 

in which 

C ^_ j>o^o(l+.378e) _ 10333x0.77341(l+.378e) _„g„^^^^ ^ ^^^^^ 



(58) 



L 



a ~ 273 

T=a+r=273°+r 

a=— =273, very nearly 



With t=—a in (62) we should have pv=0, and hence p=0, since v 
could not become unless we supj)ose the atoms and molecules to be 
merely mathematical points. When p vanishes, all motions of the mol- 
ecules, and consequently heat and temperature, by the kinetic theory 
of gases, must vanish. Hence —a= —273° is called the zero of absolute 
temperature and T above becomes the absolute temperature reckoned 
from this zero. This, however, is strictly correct only upon the hypoth- 
esis that the air is a perfect gas — that is, a gas in which the laws of 
Boyle and Charles hold strictly for all ranges of temperature and press- 
ure — which, according to experiment, is not the case. 

From (57) we get the relation between the tension or pressure p ona 
unit of surface, and the volume v of a kilogram of air, and the absolute 
temperature T. 

Bemations from the laws of Boyle and Mariotte. 

21. The law of Boyle and Mariotte requires that (20) shonld be satis- 
fled in any change of pressure and volume where the temperature re- 
mains the same. Bat Eegnault" and others have shown by experiment 
that not only in carbonic acid and other gases which are transformed 
into liquids under considerable pressure at ordinary temperatures, but 
likewise in atmospheric air and nitrogen, ^PF)<0 for a range of press- 
ures from one to thirty atmospheres, but that in the case of hydrogen 
it is the reverse. In the former the volume decreases and the density 
increases, with increase of pressure in a ratio greater than that required 
by Boyle's law, but in hydrogen in a less ratio. 

The results of Eegnault's experiments with atmospheric air are rep- 
resented by the following formula : ^^ 

(59) -p^='i -.00110535(^^-l)+.0000193809(^-iy 

If we confine ourselves to small ranges of P and F, the last term in 
this expression is so small that it may be neglected in comparison with 
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the second, and then from the relation V=m : q) and ¥„ : V=P : Po, the 
latter, though not strictly correct where Boyle's law is not, being suffi- 
ciently so in a very small term, we get from (59) 

The effect on the density p of the deviation from Boyle's law is ex- 
pressed by the last term in the last form of expression, and it is seen 
that it is extremely small for all ordinary ranges of atmospheric press- 
ure, even where P is not more than ^P„, supposing that the law of de- 
viation, which has been deduced from pressures greater than Po, can 
be extended down to pressures much below P„. The effect, therefore, 
of this deviation upon all the formulae in which the density of the air p 
enters is extremely small and of no consequence whatever. 

22. The experiments of Eegnault from which (59) has been deduced 
extended from one to twenty atmospheres of pressure, and so did not 
include pressures below one atmosphere. It is, therefore, not safe per- 
haps to extend it to pressures which are much less than an atmosphere 
or to those much above twenty atmospheres, for any empirical formula 
devised to represent the results of experiment cannot be safely ex- 
tended far beyond either limit of the range of the experiments. 

Prom (59) we get by differentiation 

^Q=.OOn0535^^F-.O000387618/^ - T^^dV 

In order to satisfy Boyle's law we must have by (20) the last number 
of this equation equal 0. We therefore get, when this law is satisfied, 
To P , .00110535 



V-Pa~ ^ + .0000387618-^^-^^ 



fo 

■0 

This gives nearly thirty atmospheres for the value of P where this con- 
dition is satisfied. For smaller values of Pthis gives d(PF)<0, but 
for greater ones d(PF)>0. Hence in the former case the volumes de- 
crease, and consequently the densities increase, in a ratio greater than 
that required by Boyle's law, within the range of pressures to which 
(59), from which the preceding relation is deduced, can be applied. 

By (59) we, of course, have PF=Po Fo for the initial change of P from 
Po, but this condition is also satisfied with a value of Fo: For P: Po= 
60 very nearly, and hence with a value of P equal to about 60 atmos- 
pheres of pressure. For greater pressures than this, if (59) can be ex- 
tended so far, we always have PF>PoFo. This, however, has been 
shown to be the case for high pressures from numerous and more recent 
experiments made through a range of pressures extending even up to 
those of many atmospheres, not only for the atmosphere, but also other 
gases. According to Amagat the change in the atmosphere from PV 
<PoFo to PF>PoFo occurs at a pressure of about 65 meters or about 
86 atmospheres, which is considerably greater than that obtained above 
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by the extension of (59) to high pressures. In the case of nitrogen un- 
der a pressure of 430 atmospheres Amagat'" found PF to be about one- 
fourth greater than PoVg. 

The greatest uncertainty in the deviations from Boyle's law is in the 
pressures below an atmosphere, and especially where these pressures 
become very small. This is because very small errors and inacciiracies 
in the experiments and the measurements give rise to errors in the re- 
sults which are large in proportion to the whole. Perhaps the most 
accurate researches on the Boyle-Mariotte law, at least for small press- 
ures, are those of Mendeleef." Where the deviations are such as to 
make, as the pressure is increased, ((?PF)>0, he very appropriately 
calls them positive deviations, and where (aPV) <lO, negative deviations. 
In all the gases under small pressures he found positive deviations, and 
the deviation in the case of hydrogen was five times as great under a 
pressure of 120""° as it was under a pressure of 400""°. The deviations 
in this gas are positive throughout from the lowest to the highest press- 
ures. There is consequently no pressure where it follows Boyle's law 
rigorously. In atmospheric air, for all pressures under 600""°, he found . 
positive deviations, and for pressures greater than an atmosphere its 
deviations became negative, bilt for pressures above 100 atmospheres 
the compressibility became positive again. Hence there are two points 
at which the compressibility of the air conforms to Boyle's law, the one 
somewhere between a pressure of 600""" and an atmosphere, and the 
other somewhere below 100 atmospheres. This, we have seen, according 
to the results of Eegnault's experiments, represented by (59), would be 
at a pressure of about 30 atmospheres. But from the law of (59), ex- 
tended back to low pressures, we nowhere get positive deviations, and 
therefore it does not represent Mendeleef's results obtained for low 
pressures. ' But this, for reasons already given, could scarcely be ex- 
pected. According to Mendeleef the compressibility of the lower half 
of the atmosphere must be very nearly that of Boyle's law, and if so, 
(JP very nearly vanishes and becomes entirely insensible to observation. 
It has generally been supposed that the rarer the air or any gas is, 
either from diminished pressure or increased temperature, the more 
nearly its compressibility conforms to Boyle's law, but this is not in 
accordance with Mendeleef's researches. 

Deviation from Charleses law. 

23. This law, usually called the law of Gay-Lussac, requires that a in 
(21) should be the same at all pressures and temperatures whether P or 
Fis the variable. Experiments have not been made with a range of 
temperature sufficiently great to determine whether a is different at' 
different temperatures, but the value of a is found to be greater for con- 
stant pressure than for constant volume, and also that it increases in 
both cases with increase of pressure. The following are the coefScients 
for constant volume obtained by Eegnault in his researches upon the 
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sabject for air at the several pressures at 0° and 100° corresponding to 
the relative densities in the first column:^* 



BelatiTe density. 


Pressnte at 0°. 


FreBsuTe at 100°. 


a 




wim. 


imnit 




0.1444 


109.72 


149.31 


0.0036482 


0.8501 


266.06 


396.07 


.0036542 


0.4937 


375.23 


510.97 


.0036572 


1.0000 


760.00 




.0036650 


2.2084 


1678.40 


2286. 09 


, 0036760 


2.8213 


2144. 18 


2924.04 


.0036894 


4.1800 


8655. 56 


4992. 09 


.0037091 



In other gases the values of a differed more from one another as the 
pressure is greater. In carbonic acid, for instance, it changed from 
.0036856 to .003859^ for a change of pressure from 758.47""" to 3589.07"™. 

Denoting the coefficient of expansion with constant pressure by a', 
he obtained for a pressure of 760""" a'= .0036706, and for a pressure of 
2525™"' «'= .00.36944. For the first Mendeleef obtained a'— .003683." 

The laws of Boyle and of Charles are deducible from the kinetic theo- 
ries of heat and of gases, but for some reason there are disturbances 
causing slight deviations from these laws. The value of a, therefore, is 
not strictly a constant in different gases or at different pressures in the 
same gas. With these values (583) gives different values of a, or place 
of the zero of absolute temperature with relation to the temperature of 
freezing. It becomes a question, therefore, which of these values we 
should use to get the most probable value of a, or place of absolute 
zero. The values of a above obtained by Eegnault differ considerably 
within a comparatively small rangfe of pressure in the experiments, and 
there is, therefore, a considerable uncertainty with regard to the true 
place of the absolute zero. 

Examples. 

24. (a) The relative density of hydrogen being .0692, what is the height 
of a homogeneous atmosphere of hydrogen ? 

From (29),with the known densities of air and mercury, we have in this 
case 



U 



.76x13.596 



.00129278 



=115503°' 



(6) If the barometric pressure at the earth's surface is 745™ and tem- 
perature t' =22.50, what is the pressure at the altitude of 10,000™, on 
the parallel of 45°, supposing the temperature to decrease at the rate of 
O.bo for each 100™ of altitude, and the air to have the average amount 
of moisture? 

10048 SIG, PT 2 3 
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In this example we have 

, r=22.5O-0.5x 100= -270.5 

and hence 

t'+t=-5o and 1+.002('t+t)=.99 

From (50) we then have 

log (log P'-log P)=4-4.264:85-(.99564-l)=-.26049 

and then 

log P=log P'-. 54892=2.87216 -.54892=2.32324 

and 

P= 210.5""^. 

(c) The barometric pressure at sea-level being 30 in. and the tempera- 
ture 56° F., with average amount of moisture, what is the barometric 
pressure at the height of 4 miles, supposing the temperature to decrease 
at the rate of 1° F. for each 300 feet of altitude? 

In this example use (50) with constant log 4.780848, and express t'+t 
in degrees centigrade. 

{d) In the second example what is the relative density of the air at the 
height of 10,000™ (6.2 miles) 1 

In this example use (42)' for the absolute density and divide by /Ob= 
.00129278, the density of pure dry sir. 

(e) What is the weight in grains of the aqueous vapor in a cubic foot 
of air at temperature of 80° F. if the tension of the vapor is 0.75 in.? 
(44) and (47), putting Po=29.93 inches, and expressing the temperature 
in centigrade degrees. 

(/) What is the acceleration of gravity g at sea-level at the north pole? 
What on top of Pike's Peak, latitude 38° 50', altitude 14,134 feet? 
(41) and (40). 

III. — Diffusion and Akrangbmbnt of the Constituents. 

Balton^s ilieory. 

25. More than half a century ago Dalton," starting with the sugges- 
tion of Newton that the law of the expansive power of a gas is explained 
upon the hypothesis that each molecule repels every other adjacent one 
with a force which is inversely as the distance, and assuming that, in a 
mixture of gases, this repelling force exists only between the molecules 
of the same gas, established the principle that in a mixture of gases 
each one, whatever the initial state of the mixture may be, assumes- 
after a time the same status which it would have in case the others were 
not present. And upon this principle, of course, the several constitu- 
ents of the atmosphere, acted upon by the force oi' gravity, would each 
form a separate atmosphere, entirely independent of the others, and the 
relations between the pressure, altitude, and temperature would be 
that given in (37). Hence the different constituents were regarded as 
vacuums to one another; and meteorologists formerly separated the 
aqueous atmosphere from the dry, and gave the ]3ressure of each sepa- 
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tately. Although by this theory each one of the constituents is finally 
diffused through the whole space, as it would be if the others were not 
present, yet this does not take place almost instantaneously, as would 
be the case, unless the space were very large, if they were as vacuums 
to one another, but it is proved by experiment that this takes place very 
slowly. In the case, therefore, of the aqueous vapor, which is being 
continually formed by evaporation and condensed back again into water 
at different rates at different times and places, such an atmosphere can- 
not be formed; and the distribution of the vapor is found to be very 
irregular, varying greatly at different places on the earth's surface not 
far from one another, and decreasing with increase of altitude at vary- 
ing rates, and on the average with a rate greater than that of an inde- 
pendent atmosphere, since the evaporation is mostly at the surface and 
the vapor is slowly diffused upward. The observation, therefore, of any 
local tension of aqueous vapor, gives us only the amount of this vapor 
in that locality, and leads to great error if we suppose that this is the 
tension of a regular atmosphere of vapor. 

From hygrometric observations made by different observers at various 
places, on the Himalayas, Mount Ararat, Teneriffe, the Alps, and also 
in the balloon ascensions of Welsh & Glaisher, Dr. Hann^" has deduced 
the following empirical formula showing the relation between the vapor 
tension p' at sealevel or some lower station, andjp the vapor tension at 
a station at the altitude Ji above the lower station. 

_ _L _ ^ 

(60) p=p'e ^517=^/10 2830 

in which p and p' are measured by millimeters of mercury, and h is ex- 
pressed in meters. This of course is a kind of average relation for all 
times and places, and does not apply with much accuracy often in indi- 
vidual cases. 

Diffusion according to the Icinetic theory of gases. 

26. According to this theory the expansive force and tension of a gas 
arises from the constant motion and encounters of the molecules flying 
with great velocity and, on account of the numerous encounters and de- 
flections, in all directions. If the gas is more dense in any region than 
in neighboring regions, the outward expansive force from this region is 
greater than the counteracting force toward it, and more molecules pass 
out than into it, until uniformity of density is established, or, where there 
is an external force acting in one direction, until an arrangement takes 
place that makes th^ tension of all parts exactly equal to- the pressure 
arising from the external force.^' 

•Where there is a mixture of two or more gases in the same region 
or inclosure unevenly distributed in the different parts, the effect of 
these numerous encounters is evidently to equalize the distribution and 
make the densities of the different parts of each gas and the relative 
proportions of the several gases the same throughout, where there is no 
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external force, as gravity, acting upon the mixture. And even where 
there is such a force, as in the case of the atmosphere, it has been shown 
in the analytical researches of MaxwelP" and Stefan" that the final 
arrangement of each gas, where the mixture is quiescent, is exactly that 
which would take place if the others were not present, and hence the 
final status of the gas in all cases is the same as that deduced from 
Dalton's theory. 

Although the final state of the mixture is the same in all cases by both 
theories, yet the rates by which this state is brought about are very 
different. According to Dalton's hypothesis there is no resistance to 
the diffusive force of the several gases except the inertia of the mole- 
cules moved, while according to the kinetic theory of gases, the expansion 
and diffusion of each gas are resisted and retarded by the encounters 
with the molecules of all the other gases. 

According to Stefan the rate of interdiffusion of two gases in a tube 
must satisfy the following equation: 

dt ~ daf 
in which pi is the partial pressure of either gas, x is distance in the di- 
rection of diffasion in the tube, and 1c is a constant, called the diffusive 
constant, which is inversely as the total pressure p, supposed to be the 
same at all times in different parts of the tube, and directly as the square 
of the absolute temperature. It also depends upon the nature of the 
two gases and upon the product of their densities. Where the gas is 
evenly distributed the second member vanishes, and consequent by pi 
becomes a constant both with regard to space and time, and this is the 
final state to which the gas must tend. 

Arrangement of the constituents of the atmosphere. 

27 According to the theory of diffusion of gases there is an even 
distribution laterally of the several constituents of the atmosphere where 
there are no disturbing causes, but vertically the relations of partial 
pressure and altitude must be those which would take place in the case 
of a simple gas, as given in (37) in the case of the atmosphere regarded 
as such. This equation is therefore applicable to each of the several 
atmospheres of oxygen, nitrogen, and carbonic acid, and also to aqueous 
vapor where the temperature and pressure are not such as to condense 
any part of it into water, provided we use the value of I deduced from 
(29) with the value of the density p„, and for P„ the partial pressure 
belonging to the several gases. 

With the partial volumes per cent., given in § 6, we get from (24) for 
the partial pressures in millimeters corresponding to the several atmos- 
pheres of oxygen, nitrogen, &c., 

since the partial volumes there given are in terms of Fo=100. 
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If we put 2>'„_ jj'„, p\ for the partial pressures of oxygen, uitrogen, and 
carbonic acid which make up the dry air pressure P^, and v'„ «'„, and 
»'e the corresponding partial volumes which make up the volume V^, we 
have from § 6, «?'„ ==20.95, f'„=79.02, and 'y'„=0.03. With these values 
the preceding escpression gives jp'„=159.22, j)'„=600,55, and p'^—Q.2'i. 
These values of p' take the jjlace of P^ in all the preceding formula for 
the atmosphere, or the place of P' in (37), since the pressure at the base 
is Po in this case, when we apply this formula to the separate compo- 
nent atmospheres. 

The partial pressures, which by (24) are proportional to the partial 
volumes, had usually been taken proportional to the partial weights 
until the error was pointed out by Dr. Hann,^^ and this error, even yet, 
is sometimes left uncorrected. 

In applying (37) to each separate atmosphere of the component 
gases, we must in each case use the value of I given by (29) with the 
value of d belonging to that gas, and hence it requires the second 
member of (37) to be multiplied into 6, where the constant M:l\s de- 
termined for an atmosphere of dry air. We shall, therefore, have for 
each atmosphere 

(61) log|=<yiog5» 

Having computed log (log Po— log P) by (49) or (50) for the whole 
atmosphere, it is then only necessary to add log d to get the logarithm 
of the first member of the preceding equation. Or, if we wish to com- 
pute only one of the partial pressures for different altitudes, we must 
in each case correct the constant logarithm, 4.264855, by adding log d. 
The values of S to be used in the cases of oxygen, nitrogen, and car- 
bonic acid are given in § 6. With these values and the values otp\p'„, 
and p\ above, the values of jj„, p„, and p^ in the following table have 
been computed from (61) for the parallel of 45°, after the values of 
P were first computed from (49) for the different altitudes H, W here 
being the value of h corresponding to Po=760"™, and for the assumed 
temperatures in the second column, which are so taken as to represent 
approximately the average decrease of temperature with increase of 
altitude. To these are also added two columns of the pressures p^ and 
p^ Of an assumed aqueous vapor and a hydrogen atmosphere, with ten- 
sions of p'i and j)'j of lO"" each at the base, computed in the same way. 
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It is seen from tbis table of results that tLe pressure, aud coase- 
queutly the density, of the atmosphere and of each one of its constitu- 
ents diminish rapidly with increase of altitude, so that at the height of 
about 50 kilometers (31 miles) the pressure of the whole atmosphere 
above is only 0.11'°"', and at the height of 60 kilometers it may be re- 
garded as a vacuum. The greater the relative density of the constitu- 
ent the more rapidly the pressure diminishes, so that in the upper re- 
gions the relative densities of the several constituents become different 
from what they are below. At the earth's surface the densities of the 
oxj'gen and nitrogen, since they are as their pressures, are as 1 to 3.774, 
while at the height of 20 kilometers they are as 1 to 5.41. The relative 
amounts of the several constituents of oxygen, nitrogen, and carbonic 
acid, therefore, in a quiescent atmosphere would be very different at 
great altitudes from what they are at the earth's surface ; but on account 
of the constant agitation and mixing together of the lower and upper 
strata of the atmosphere by its general circulation, and by storms and 
other causes of inversions of the strata, the constituents are never 
allowed to assume the status which they would by Dalton's theory if 
the atmosphere were perfectly quiet. The analyses of air, therefore, 
from great altitudes, indicate only a slightly greater ratio of nitrogen 
to oxygen than that found at the earth's surface. 

The differences between P and 2p arise from regarding the atmos- 
phere as a simple gas in the application of (49) in the computation of 
the pressures at the different altitudes. These differences indicate the 
amount of error which would arise from this hypothesis in barometric 
hypsometry and reductions to sea-level if the atmosphere were quiescent. 

Vapor atmosphere. 

28. On account of the smaller relative density of aqueous vapor the 
pressure of its atmosphere, as is seen from the column in the preceding 
table headed p^., es donot diminish in jiroportion so rapidly with in- 
crease of altitude as that of the air so long as the former follows the 
laws of Boyle and Charles, and the temperature and pressure are not 
such that a part of it is condensed into water. In oxygen and nitro- 
gen there is no point throughout the whole range of pressure from the 
least to the greatest where, at the ordinary temperatures of the earth's 
surface, or even at very much lower temperatures, any part of these 
gases is liquified, end consequently they follow somewhat closely the 
laws of Boyle and Charles except for very great pressures, where they 
become much less compressible than a gas which would conform to 
these laws. But in aqueous vapor the temperature, called the critical 
point, at which it is condensed at some point in the whole range of 
pressure, is very high, so that some part of it is condensed at ordinary 
temperatures even with very low pressures. 

There is a certain relation between the temperature and the tension 
of the vapor at which condensation commences which is entirely inde- 
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pendent of all other circumstances, and is the same whether the vapor 
exists alone or is diffused through other gases. The relation can only 
be determined by experiment, and this has been very accurately done 
by both Eegnault^' and Magnus with "sensibly the same results. The 
tension of the vapor at which it begins to be condensed at any given 
temperature, and which is its maximum tension for that temperature, 
was found by Eegnault''^ to be so nearly the same when the vapor 
existed alone and when diffused with other gases, that he concluded 
the difference was due to small inaccuracies in the experiments. 

It was formerly thought that the diffusion of the vapor through the 
atmosphere was of the nature of an absorption, and that the maximum 
tension at any given temperature indicated the greatest amount of the 
vapor which the air would absorb at that temperature. The air was 
then said to be saturated. But as this is the same where the air or 
any other gas is not present, the relation between the temperature and 
tension does not depend upon absorption. Nevertheless, the term satu- 
ration is still used to express that state of the atmosphere in which it 
has the greatest quantity of aqueous vapor which it can have at the 
existing temperature. 

Various formulae have been devised to represent empirically the rela- 
tion between the temperature r and the maximum tension of the vapor, 
e, as determined from experiment for different temperatures, and to 
serve as an interpolation formula for intervening temperatures. Of 
these the one most convenient in practical application is the following 
devised by Magnus, containing only two constants: 

AT 

(62) e = 4.525xl0''+'' 

in which a=7.4475, and 6=234.69. This represents accurately the rela- 
tions between temperature and maximum tension as obtained by Mag- 
nus from experiment, and very nearly those of Table X, obtained from 
Eegnault's experiments by the International Bureau of Weights and 
Measures. 

Prom this table are taken the maximum tensions of vapor in the last 
column but one of the preceding table, corresponding with the temper- 
atures given in the second column. By comparing these tensions with 
those of the column headed p^, it is seen that the tensions which could 
actually exist in a quiescent atmosphere with the assumed tempera- 
tures of the second column diminish much more rapidly with increase of 
altitude than they would if the vapor conformed at all temperatures with 
the law of Boyle and Charles, in which case the vapor tensions with a ten- 
sion of only 10 millimeters at the earth's surface, and one much less than 
the tension of saturation there with the assumed temperature, would be 
as given in that column. At an altitude considerably less than 5 kilom- 
eters the maximum tension becomes less than that of an atmosphere 
with a tension of 10 millimeters at the base and conforming to the laws of 
Boyle and Charles, and at an altitude of 10 kilometers, with a tempera- 
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tupe of -20°, it is only one-fifth as much. If the dry atmosphere, there- 
fore, were absent or were as a vacuum to the vapor, a vapor atmosphere 
with temperature at diflPereut altitudes as assumed could not exist with 
the relations between pressure and altitude as given by (49), and by the 
column headed j>„ in the preceding table for the special case of a tension 
of 10 millimeters at the base. For, according to the last column but 
one of that table, the vapor above at a moderate altitude would be con- 
densed and the tension reduced very low, and then the vapor below 
would rapidly ascend on account of the diminished pressure, and in turn 
be condensed and fall back, so that the actual amount and rate of dimi- 
nution of tension with increase of altitude, after the vapor had arrived 
to the altitude of temperature of condensation, would be very nearly that 
of the last column but one in the preceding table. On account of the 
diminished pressure at the base and the consequent increased rate of 
evaporation, the ascent of vapor, its condensation above, and its falling 
back again in turn to the earth's surface, would be much more rapid 
than it is in the ordinary atmosphere. But even with the increased rate 
of evaporatioii the tension of vapor at the earth's surface and in the 
lower strata could hardly approximate very nearly to that of the last 
column but one, usually called the tension of saturation. The tensions 
in this column of course depend very much upon the assumed tempera- 
tures of the preceding table. 

In the last column, it is seen, the tensions fall below those of the pre- 
ceding one, as they must, since only with almost infinite diffusibility 
could they become as great. 

Supposed hydrogen atmosphere. 

29. It is interesting and important in this connection to consider what 
would be the arrangement of an exceedingly rare constituent of the 
atmosphere, such as hydrogen, and its relation to the other constituents. 
The relation which would exist between pressure and altitude for the 
assumed temperatures in the case of hydrogen, regarded as an inde- 
pendent atmosphere and with a tension of 10 millimeters at the base, is 
seen in the column headed p^ in the preceding table. On account of its 
small relative density the rate of decrease of pressure with increase of 
altitude is comparatively slow, so that at the altitude of 50 kilometers, 
where the pressure of the atmosphere, though 760 millimeters at its 
base, is very nearly insensible, that of the hydrogen has not been de- 
creased one h alf. Though the tension of such a constituent at the earth's 
surface were so small as to be scarcely observable, yet at the altitude 
of 40 kilometers it would be the principal constituent, and at 50 kilom- 
eters and upwards it would be apparently the only constituent of the 
atmosphere. Where the relative densities of the constituents, regarded 
as independent atmospheres, would be very nearly the same at the dif- 
ferent altitudes, as ia the case of oxygen and nitrogen, a constant 
agitation of the whole may keep them so mixed up that the proportions 
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are nearly the same at all altitudes; but in the case of a very rare con- 
stituent the tendency would be for it to rise up so far above all the others 
that it could not become mixed up with them except in the lower strata, 
and at a considerable altitude it would be the only sensible constituent 
unaffected by the agitation of the comparatively much denser constit- 
uents, which would exist sensibly only lower down near the earth's sur- 
face. This is possibly the case with the sun's atmosphere, which, so far 
as it can be observed, seems to be mostly if not entirely hydrogen, but 
far dowu beneath this there may be an atmosphere composed of much 
denser gases. 

IV. — Dynamio Heating and Cooling of the Aie. 

30. It is well known that if air is suddenly compressed there is an 
increase of temperature, and if it expands from its elastic tension the 
temperature is decreased. The former is shown by the sudden con- 
densation of air in a condensing syringe or pneumatic tinder-box, by 
which light and dry substances are ignited from the increase of tem- 
perature, and the latter is seen in the rarefaction and expansion of air 
in an air-pump, by which it is soon so cooled as to condense the vapor 
contained in it. In the vertical motions of the ^mosphere arising from 
various causes the same part of it comes under greater or less pressures 
according as the motion is a descending or ascending one. As the 
pressureof the air is increased in descending, its temperature is increased, 
and as the pressure is decreased and the air expands, the temperature is 
diminished. In the dynamics of the atmosphere, therefore, it is very 
important that the law or rate of increase or decrease of temperature 
with change of altitude and pressure, and the various effects or conse- 
quences arising from it, should be well understood. 

Relation between work and change of volume. 

31. The overcoming of resistance of any kind to motion by a force is 
called work. The measure of work is the product of the force into the 
space through which it acts. If we put 

W=the work performed ; 
J'=the force exerted; 

s=the space through which the force is exerted; 
we have, if the force remains constant through the space «, 

W=Fs 

But as the force F generally changes as s does, this is applicable gen- 
erally to only an infinitely small space ds, so that we shall then have 

(63) d'W=Fds 

in which F must be regarded as some function, known or unknown, 
of s. 
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In the usual expansions and compressions of air arising from meteoro- 
logical causes, the resistances to be overcome are, in the former case, the 
external pressure of the atmosphere on all sides and the inertia of 
the parts moved, and in the latter, the elastic force of the air compressed 
and the inertia of the part moved. But the inertia, in such expansions • 
and compressions, is usually so small in comparison with the press- 
ure, or the counteracting elastic force, that it may be neglected, and the 
pressure taken as the force exerted in both cases in the direction of 
motion. 

Let the solid line in the annexed figure represent a, section of the 
surface of a portion of air of any figure 

O before expansion or compression, and 
the dotted line the same after an in- 
finitely small change of volume dv from 
expansion or compression, and let da 
represent an infinitely small part of 
the surface ff at the point a. Letting 
ds represent the infinitely small space 
through which the surface at a is 
moved, we shall have dv=dffds for 
^'^" ^- * the infinitely small change of volume 

belonging to the infinitely small portion of surface dcr, and for the 
whole surface <r. 



(64) d/v= Ct 



dffds 



in which the integral must be taken over the whole surface ff. 

If we put die for the work done by an infinitely small part dff of the 
surface a we get from (63), putting in this case the pressure of the 
atmosphere p on a unit of surface for the force F, 

dw=pd(}d8 

By integrating over the whole surface, regarding ^ as a constant, as 
it is sensibly unless the whole volume of air is very great, we get 



(65) dW=p r, 



dffds 



Multiplying both members of (64) by p, we get, by means of this 
equation, 

(66) dW=pdv 

Hence, where the pressure remains the same the increment of work 
is proportional to the increment of volume. In the case of compression 
dv is negative, since then the working force, equal to p, is exerted in 
the contrary direction, and must be taken with a contrary sign. 
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In the special simple case, iu which the expanding air is so confined 
that it can expand, as represented in the annexed figure, 
in one direction only, the comprehension of the relation 
of (66) becomes very easy. Let the solid line represent 
the surface before expansion in this case, and the dotted 
line the surface after an infinitely small change of volume 
dv—ads, ds representing the infinitely small distance be- 
tween the full and the dotted line. The force in this 
case being the pressure p on a unit of surface multiplied 
into the whole surface c, or pa, we have the infinitely 
small increment of work dW=pads. But ffds is the corre- 
sponding increment of volume dv. Hence we get, as be- 
fore, the expression of ,(66). 



Fig. 2. 



Relation between changes of temperature and pressure. 

32. According to the mechanical theory of heat, wherever work is 
done by heat a certain amount of work corresponds to a given amount 
of heat, the one being always proportional to the other. The usually 
assumed unit of heat iu this relation is the amount of heat required to 
raise a kilogram of water from the temperature of 0° to 1° C. The unit 
oficorlc, called the kilogram-meter, is the work done in raising one kilo- 
gram through a height of one meter. But siiice the kilogram has dif- 
ferent pressures on different latitudes and at different altitudes, §10, 
and work is the overcoming of absolute force, in order to have an abso- 
lute unit, which does not vary under different circumstances, and by 
which, therefore, we can express the true measure of work, we must use 
some standard pressure of the kilogram,- as that on the parallel of 45° 
and at sea-level. 

The number of units of work corresponding to a unit of heatj called 
the mechanical equivalent of heat, can only be determined by experiments. 
The results obtained by different experimenters in different ways differ 
considerably, so that there is still some uncertainty with regard to the 
true value of this constant. The work equivalent obtained by Joule is 
772 foot-pounds, in w'hich the unit of heat is the amount of heat required 
to raise the temperature of a pound of water from 32° to 33° P. This 
corresponds very nearly with -424 kilogram-meters. 

According to more recent experiments of Professor Eowland,^' in 
which the temperatures of the mercury thermometers were reduced to 
those of the air thermometer, or, rather, to the absolute temperatures 
which would have been given by a perfect gas, this constant, when re- 
duced back to the temperature from to 1°, as required by the defini- 
tion of a heat unit, is about 431 kilogram-meters. In these experiments 
the constant decreased with increase of temperature of the water, indi- 
cating that the specific heat of water, contrary to the determination. of 
Eegnault, at first decreases with increase of temperature up to at least 
30°. This result has since been confirmed by the experiments of F. 
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Neesen « of Berlin, and G. A. Liebig," so that it now seems evident 
that the results obtained at ordinary working temperatures require 
to be increased to reduce them to the standard temperature. Joule's 
resujt, with this reduction and a correction for the reduction of his tem- 
peratures to those of the air thermometer, as determined by Professor 
Eowland from a comparison of their thermometers, would be only about 
4I0 less than that of Professor Rowland. The value, therefore, of 430 
kilogram-meters, which cannot be much in error, or at least must be 
more nearlj- correct than the value 424, which has mostly been used 
heretofore, will be adopted here. 

The heat equivalent of wort is the amount of heat required to do one 
unit of work, and consequently it is represented by the reciprocal of 
the mechanical equivalent of heat, or 4^, using the corrected value of 
the mechanical equivalent of heat. 

33. The specific heat, or relative capacity for heat, of air is the amount 
of heat, expressed in units as above, required to raise the temperature 
of one unit by weight of air, as a kilogram or a pound, one degree. 
This, for constant pressure, according to Eegnault, is 0.2375. As this, 
in the case of water, is one unit by definition, it requires less than one- 
fourth the amount of heat to raise the temperature of a unit by weight 
of air which it does to raise the same unit of water, through a given 
number of degrees. 

Where the air expands as it is heated, it requires a greater quantity of 
heat to raise its temperature through one degree, since in this case, by 
(66), work is done, and it is done at the expense of the heat supplied. 
An additional amount of heat, therefore, the equivalent of the work 
done, has to be supplied, in order to raise the temperature as much as 
in the case where the volume is constant, and the whole effect is in the 
increased tension and temperature of the air. If the tension and vol- 
ume are both increased, a part of the heat is spent in increasing the ten- 
sion and temperature and the other in doing work. Let 

G = the specific heat of dry pure air when the pressure is con- 
stant ; 

0„ = the same when the volume remains constant; 

dQ=: an infinitely small increment of heat imparted to a unit of 
weight of air, corresponding to a change of temperature 
dt; 

A — the heat equivalent of work, or :j^. 

The increment of work done by expansion (66) is pdv, and as A is the 
amount of heat required to do a unit of work, Apdv is the increment of 
heat spent in doing the increment of work pdv. G„ being the quantity 
of heat required to raise a unit of weight of air through one degree of 
temperature without expansion, the increment of heat required to raise 
its temperature through dT is 0„dr. Hence, as the heat imparted is sup- 
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posed to be all used in heating the air and doing the work of expansion, 
we have 

(67) dQ=0,dT+-Ap<lo 

From (57) we get by differentiation, 

(68) pdv+vdp=BdT 

The difference between G and G„ is equal to the heat used fci doing 
the work of expansion in raising the temperature of a unit by weight of 
air one degree where the pressure is constant. Putting dp=0 in the 
preceding equation, as we must where the pressure is constant, we 
then get from this and (66) dW=Bdr. Integrating from t=0 to t=l°, 
we get for the work done in raising the temperature through one de- 
gree W=B. Consequently the heat required to do this work is AB, 
since it requires A, or -f^ of a unit of heat, to do a unit of work. We 
therefore get 

(69) G,= G-AB 

With this value of C„, and the value of pdv=Bdr—vdp, deduced from 
(68), (67) gives 

dQ= Gdr—Avdp 

Dividing by Apv=ABT by (57), this equation gives 

nO) ^'^ - ^ dr- ^^ 

^'"^ -y-^BT "^ ABT 

In ease no heat is imparted from external sources during expansion 
or compression, or spent, except in doing the work of expansion, we 
have dQ=Q, and the last term in (70) vanishes. We then get by. in- 
tegration, bearing in mind that dt=dT 

in which J?' is the value otp corresponding to T=T', and in which 

G 



(72) 



f= 



AB 



Equation (71) expresses the well-known relation, first given by Pois- 
son^,i)etween the change of pressure and the corresponding change of 
temperature in the case of dry air, when no heat meanwhile is received 
from, or imparted to, surrounding bodies or media. It is applicable, 
therefore, in all cases of sudden expansions or compressions. 

Since the specific heat of aqueous vapor, according to Eegnault", is 
0.4805, and consequently considerably greater than that of dry air, the 
specific heat of the mixture of dry air and the vapor differs somewhat 
from that of dry air. 
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If e is the relative tension (26) of the aqueous vapor in the dry aif, 
the weights of dry air and vapor in a kilogram of air are (1— 0.622e) of 
the former and 0.622e of the latter. Hence we have for the general ex- 
pression of the specific heat with constant pressure, applicable to either 
dry or moist air, 

(73) (7=0.2375(l-.622c)+0.4805x.622e=0.2375+0.1512e 

In thi case of dry air the terms depending upon e in (58) and (73) 
vanish, and we get in this case, putting for A its value -j^, 

430x0.2375 
(75) s= 29.274 =^-^^^ 

Examples. 

1. If dry air at the earth's surface where the pressure is p' and tem- 
perature r'=27o has rapidly ascended to the altitude where the pressure 
is Jp', no heat meanwhile being received, or lost except in the work of 
expansion, what is its temperature? 

In this example 2" =300°. We therefore have from (71) 

log T=^^+\og 300=2.3908 

Hence T=246.0o or r=246.0— 273=— 27.0°. The decrease of tempera- 
ture in ascending is r'— r=27-f27.0=54.0o. 

2. With the same value of t', the initial temperature, what is the 
temperature if the pressure is suddenly doubled? 

3. If a pressure of 10 atmospheres should be suddenly applied in the 
compression of air under standard pressure and at a temperature of 60° 
P., what would be the temperature of the compressed air? 

In this example f (60-32) =15.56° C. and T=273-f 15.56=288.56°. 

Hence we have 

log 10 1 

log T=-y^+log 288.56=3^gg-f 2.46025=2.7468 

Whence T=558.20 0., and r=558.2-273=285.2° 0.=545.4o F. 

Relation between change of altitude and temperature. 

34. As any part of the atmosphere ascends or descends it comes under 
a different pressure. It is therefore expanded and cooled while ascend- 
ing and the contrary while descending. It consequently becomes im- 
portant to know at what rate its temperature is changed with change 
of altitude, not only in the case of dry air, but especially in the case of 
ascending moist and saturated air. In the latter case the moisture of 
the ascending current is gradually condensed, and the latent heat 
given out by condensation can be treated as so much heat imparted 
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from .siirrouDdiiis sources in the ciise of dry aii-, and therefore as beiug 
represented by Q in (70). If we jait 

»=tbe latent lieat of aqueous vapor at temperature r; 
_ g=tbe vapor in a kilogram or the specific volume v of air; 
dq=the infinitely small amount. coudensed while the temperature 
changes by dr; 
we shall have for the heat supplied by condensation, 

(75) dQ—rdq 

in which, according to Eeguault, we can put with sufRcient accuracy 

(76) r==606.5-O.G95r 

neglecting the terms of a lower order, since they have no weight in 
short ranges of r. 

The value of q in terms of the tecsion of the aqueous vapor repre- 
senled here by e, multiplying the volume into the density, is 

.G22e 
(u) <Z=-p- 

By differentiation we get 

,r.„^ -, de dP 

(78) dq=qj-q-p- 

With this value of dq, (75) gives 

(79) <lQ=rq~-rq-p 

and by means of this we get from (70) 

dJP G_ 

P -AET' 
or 



1 /^ de dP\ 
'^^-ABTV'^T-''^-p) 



(SO) (^ABT+rq^-p=(^G+rq--£^dT 

From (28), (28'); and (8) we get for moist air, 
dP p'o ndh 



p-nA(l + a'7-)(i+.378e) 
Putting for p'o its equal, 1 : ^o, and Po^o—Po by (53), this becomes 
by means of (58) 

dP n ,, 

(81) — p = ^^2,rf/t 

By means of this (80) is reduced to 

(82) -(^A+i%yd!,=(c+rq',^yr 

From this we get 

rq 
dr ^+i?T 

(83) d-h=-- rde'' 

^"-'n-dr 
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The last number of this equation expresses the ratio between the 
change of temperature and the change of altitude in rapidly ascend- 
ing currents of saturated moist air. As it is negative, the temperature 
decreases as the altitude increases. As « is a factor, this ratio, by (8), 
is a little greater in the polar than in the equatorial regions 'of the 

earth. 

.1 de 
In the practical application of (82) we still need expressions ot-^ 

and of rq convenient in computation. The former of these is obtained 
most readily from the empirical formula of Magnus (62), for expressing 
the maximum tension of vapor in a function of the temperature r The 
differential of this gives* 

Ide 1 ab f, ah „ „„.„„"! 

From (70) and (77) we get 

(85) r9=(606.5-0.695r):^=(378-0.432T)p 

Where vapor is changed directly to snow or ice, as in the case of 
temperature below freezing, it is necessary to include in rq the latent 
heat of fusion as well as that of condensation, and this is done by add- 
ing to r in (76) the increase of temperature corresponding to this heat, 
which, as determined by Eegnault in the case of snow, is 79.25°. With 
this increase of the value of r we get in this case, instead of the pre- 
ceding, 

rg=(427-0.432T)^ 

The vapor tension e is obtained from (62) or more conveniently from 
Table X. With this thus obtained, and the given barometric pressure 
P, (26) gives e, and then with this (58) and (73) give the values of iJ and 
G to be used in (83) to obtain D^r. In this way the value of 100 D^r — 
that is, the change of temperature for each 100 meters in Table XIII 
has been computed for each of the given values of P in the first column, 
and temperatures t at the head of the other columns. The part de- 
pending upon U in (58) and (73) is so small that the constants i2=29.272 
and 0=0.2375 can be used without much error. 

From (77), with the values of e taken from Table X, the values of g, 
the weight of vapor in a kilogram of saturated air, are computed and 
given in the table for the same arguments P and t. 

From (44) and (46) is computed the weight of vapor in a cubic meter 
of air, and given in the same table for those arguments. 

36. Where there is no condensation, as in the case of dry air, and 

*We have In Naperian logarithms, in -wliioli system log 10=-j>, loge=log4.525-^- 
a'" 1 „ -,-, de 1 , ar 1 (i& , , . I (le I ab 
6+r W ^^''"^ ^ ^°§*' °'' T=M^¥fr=M(b+7)i '^'-.anddivicl.ngby dr,- ^-=-j^^-^-j--^_ 
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even in that of moist air if it is not saturated, and in all cases of de- 
scending currents, we have dq=0, and hence from (78) and (81) we get 

de dP n 



-j—jp- m^^ 



With this value (82) gives 



or 

In dry air;, G becomes by (73), since e in this case vanishes, equal to 
0.2375, and hence we get in this case 

On the parallel of 45° and at searlevel, where, by (8), «=1, we have 
in a rapidly ascending or descending current of dry air a change of tem- 
perature of 0.979° for each 100 meters of change of altitude, the temper- 
ature decreasing in ascending and increasing, in descending currents. 
This in English measures is 0.537° for each 100 feet. 

In moist but unsaturated air the rate is slightly less, since in this case 
we would have in (86) (7, by (73), a little greater than 0.2375. 

On account of the factor n, the rates given by both (83) and (86) are 
a little greater in the polar than in the equatorial regions, though the 
difference is very small. 

All the preceding relations into which A enters, which is the heat 
equivalent of work, depend upon the dynamic heating and cooling of 
the atmosphere in its contractions^ and expansions. 

Exam^ples. 

1. Compute by (83), in the manner described, the value of 100 DJ; at 
the parallel of 45° for the pressure P=600°"° and temperature *=15°. 

In this example we get by (62), or from Table X, e=12.68""". With 
this value and the value of P=600°"°, we get from (85) »-2=7.814. Also 
from (26) and (58) we get ie==29.508, and from (26) and (73) 0=0.2407. 

From (84) we get - ^=.06455. With T= 2 73° +15 =278, and the value 

of B above, we get i2T=8499. With these values and the value of 

A =^, (83) gives 100 J),*= -0.438°. 

2. In the same example what is the weight of vapor in a kilogram of 
the saturated air? (77.) 

3. What also is the weight of vapor in a cubic meter of the saturated 
air? (44) and (46.) 

1048 siGj PT. 2 4 
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Relation between chcmges of altitude and of density. 

37. Putting in (23) for P : P^ its equal p : p^, and for p„, its equal 1 : «„, 
we get by means of (58), for dry air, 

P 

P=Rr 

Taking the differential of both numbers, remembering that dT—dr^ 
we get 

Putting for dp : p=dP : P its value in (81), and dividing both mem- 
bers by dh, we get 



r881 ^- ^/^^j.^^ 

^ ' dh~ BT\B7dhJ 



With the value of D„t in (83), in the last member of this equation, we 
have, in the case of rapid vertical currents, the ratio of the increase of 
density dp to that of the increase of altitude dh in a function of the 
temperature and pressure and known constants, since by (62), (77), and 
(83) D,j is such a function. Having, therefore, the temperature and 
pressure, we know the value of the first member of (88). The value of 
DjT to be used in (88) can be obtained approximately from Table XIII 
for any given pressure and temperature. 

Since » is a factor in the expression of D^t., (83), it is a common factor 
in both terms of (88), and consequently the value of I>„p is a little 
greater toward the poles than it is toward the equator. 

In the case of unsaturated air, and therefore in the case of all de- 
scending currents, the value of D„t in (86) must be used in the second 
member of (88). We get therefore in this case 



(«») S=-3frG-5> 



Since 1 : E is larger than A : 0, the value of I)„p is always negative, 
and hence in the case of rapidly ascending or descending currents the 
density decreases as h increases, and vice versa. 

If in the case of a stagnant atmosphere near the earth's surface we 
have, in (88), 

and consequently dp=0, we then have the same density at all altitudes. 
To satisfy this condition in th-e case of dry air ou the parallel of 45° we 
must have 

dr 1 

d7.= -29r2-7i=-03^° 

tl;at is, the temperature must decrease 3,42° for each 100 meters of wj- 
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crease of altitude. For moist air and for other latitudes, the value of 
DjT would be very nearly the same, since the values of n and B in (90) 
vary very little. 

In all the preceding expressions A enters, either directly or indirectly, 
and consequently they are affected by the dynamic heating and cool- 
ing of the atmosphere. 

Stable and unstable equilibrium. 

38. If when a portion of the atmosphere in a state of static equilib- 
rium receives from any slight temporary cause of disturbance an upward 
or downward motion, the changed conditions by such movement tend 
to bring back again the air to its original position, the air is then said 
to be in a state of stable equilibrium, since immediately after such dis- 
turbance it is soon restored to its original status. But if, after any 
such disturbance, the changed conditions tend to continue the initial 
motion in the direction started, either up or down, the air is then said 
to be in a state of unstable equilibrium, since, although in equilibrium in 
a quiescent state, yet the slightest disturbance introduces an initial 
change in the conditions which tends to continue the motion and also 
to increase the tendency to keep up the motion, until by a complete in- 
version of the strata, or from some other cause, the conditions are so 
changed that a stable equilibrium is brought about. 

It is well known that if any portion of the air, or of any liquid, or a 
solid body immersed in a liquid, has a density less than that of the 
surrounding parts at the same level, it tends to rise up, and, if not hin- 
dered, it continues to rise as long as its density is less tlian that of the 
medium surrounding it until it comes to the top; but, on the contrary, 
if its density is greater and continues so, it sinks to the bottom. If, 
therefore, the density of any part of the air, in receiving an upward 
motion from any cause, becomes greater, or, a downward motion it 
becomes less, than that of the surrounding parts at the same level, it 
at once tends to come back to its original position, after the disturb- 
ance ceases; but if, in rising up, the density becomes less, or sinking 
down it becomes greater, the tendency then is to continue in the direc- 
tion started, until the conditions are changed. 

The states of stable and unstable equilibrium depend upon the rela- 
tion of the rate of change of temperature with change of altitude in an 
ascending or descending current to that in the surrounding quiet me- 
dium, since by (27), where the pressure remains the same at the same 
altitude in both the ascending or descending current and the quiet 
surrounding medium, if there is no gyratory motion, the change of 
' density p depends upon the change of temperature t in dry air, and 
mostly so in the case of moist air. If we let 

p, T=the density and temperature in ascending or descending air; 

p', T'^the same in the surrounding quiet air ; 
we shall then have in the case of the 3,scendmg saturated air the ejf. 
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pression of (88), in which Dj,r has the value given by (83) or Table XIII ; 
bat in the case of the quiet surrounding air we shall have 

dp'__ p /'n ,dr'\ 

dh~ btKb TniJ 

in which D,.r' may have a value entirely different from that of D„t in 
the case of ascending or descending currents. Subtracting this equa- 
tion from (88) we get 

^ ^ dh 'dh~ BT'\dh dhj 

Jf I>„r''> D„T, that is, if the rate of increase of temperature with in- 
crease of altitude is greater, or, in other words, if the decrease of tempera- 
ture with increase of altitude is less in the surrounding quiet medium than 
in the ascending air, the second member is positive, and D„p^Dhp', and 
consequently the density of the air becomes greater in ascending and 
less in descending than that of the quiet surrounding air, and from 
what has been stated the air is in a state of stable equilibrium. If, on 
the other hand, the rate of decrease of temperature with increase of 
altitude is least in the ascending current, if started, then the density 
becomes less than that of the quiet air, and the air is consequently in a 
state of unstable equilibrium. 

The values of lOOD^ifor ascending saturated air can be obtained from 
Table XIII for any given pressure P and temperature r. In order, there- 
fore, to have the state of unstable equilibrium for such air, it is neces- 
sary that ~100D„t', that is, the rate of decrease of temperature with 
increase of elevation in the undisturbed surrounding air shall be less 
than that in the ascending current given in Table XIII. 

In the case of dry air or unsaturated air, and in all cases of descend- 
ing currents, we have nearly — lOOD^^ equal to one degree. If, there- 
fore, in such cases, while the air is undisturbed, the temi)eriiture de- 
creases with increase of altitude at a rate greater than 1 degree for 
each 100 meters, we have in all cases the unstable state. 

4 

V. — Diathermancy and Teanspakency of the Atmospheee. 

Belations between heat, light, and chemical rays. 

39. After entering the earth's atmosphere a part of the solar rays is 
reflected, another part absorbed, and the remainder is transmitted 
through to the earth's surface. Heat, light, and the chemical effects of 
the solar or other rays, are now supposed to be different effects simply 
of the same radiations, and not due to three distinct classes of rays. A 
certain amount of energy, or capacity for producing the effects called 
heat, light, and chemical changes, is radiated from the sun or other 
body, but the different effects, and their ratios to one another, de])end 
upon the nature of the body or substance receiving them. In some 
bodies the whole energy is spent in producing heat, while in others a 
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part causes chemical changes, and conseqiiently the heating effect is 
less. Light requires au eye and optic nerves, and is simply the effect 
of the radiated energy upon these. Although heat, light, and chemical 
changes are simply different effects of the same radiations, yet it is usual, 
on account of its convenience, to speak of heat, light, and chemical 
rays as if these were the effects of three distinct classes of rays, but it 
must be understood that they are simply different effects of the same 
thing. Solar and other radiations, after passing through certain media, 
lose more or less, by absorption and reflection, the quality or capacity 
of producing the effect of heat, light, or chemical changes, so that these 
effects of the rays, after having passed through, are less than before. 
Diathermancy is that quality of the medium which permits the heat- 
producing capacity of the radiations, or, in other words, the heat rays, 
to pass through it, and is said to be more or less diathermanous, accord- 
ing to the proportion of heat transmitted. Transparency is the same 
with regard to the light-producing capacity, or rays of light, which 
diathermancy is with regard to heat. 

We have pretty definite and certain means of measuring the amount 
of heat received from solar and other radiations before and after having 
passed through a given medium, and therefore of determining the 
diathermancy of the medium. The measurements of light and of chem- 
ical effects are comparatively very vague and uncertain, since they are 
mostly mere estimates based upon the comparisons of different shadows 
and tints produced in a given time by chemical changes. The trans- 
parency, therefore, of a medium, and its capacity of transmitting the 
quality of producing chemical changes, cannot be so accurately deter- 
mined as its diathermancy. 

Reflections of the atmosphere and their effects. 

40. If there were no atmosphere, or if this were perfectly diathermic 
and transparent, no heat or light would reach us from the sky except 
that received from the direct rays of the heavenly bodies, and the 
whole sky would appear entirely dark except the disks of the sun, 
moon, and planets, and the lights of the stars would seem to proceed 
from mere points without any scintillations. No terrestrial objects 
would be visible except those receiving the direct rays of the heavenly 
bodies or these rays reflected from other terrestrial bodies; all shade 
would be almost total darkness, and the differences between sunshine 
and shade temperatures would be very much increased. 

The part of the rays of the heavenly bodies which, after entering the 
atmosphere, is lost by reflection in passing through it, is reflected and 
re-reflected many times in all directions, and gives rise to the diffuse 
heat and light of the atmosphere or sky. It is only from these irregu- 
lar reflections in the atmosphere That bodies in the shade, protected 
from all direct radiations and reflections from other bodies, are so illu- 
minated as to be visible, and that the sky is seen under different aspects. 
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and does not always appear absolutely dark. If it were not for this 
irregular reflection we would have no twilight, but immediately after 
the setting of the sun everything would be involved in midnight dark- 
ness, and this would continue until the first direct rays of the sun would 
be received in the morning. As the twilight is still perceptible a con- 
siderable time after sunset, it is evident that these irregular reflections 
are extended to a long distance before the light becomes so weakened 
as to be imperceptible." 

. The following table contains the results of experiments made by Mr. 
Charles H. Williams on the intensities of twilight, compared with the 
light of sunset: 



Minntes 

after 

sunset. 


Per cent, of 
light com- 
pared with 
sunset. 


Minutes 

after 

sunset. 


Per cent, of 
light com- 
pared with 
sunset. 


Minutes 

after 
sunset. 


Per cent, of 
light com- 
pared with 
sunset. 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 


1.000 
.950 
.817 
.752 
.655 
.597 
.516 
.466 
.407 
.337 
.290 
.261 


12 
13 
14 
15 
16 
17 
18 
19 
30 
21 
22 
23 


.228 
.200 
.177 
.143 
.128 
.101 
.094 
.079 
.064 
.055 
.044 
.038 


24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 


.031 
.026 
.021 
.015 
.012 
.010 
.009 
.007 
.006 
.005 
.004 



The experiments were made at Boston on 10 different clear days be- 
tween the middle of November and the middle of January. From these 
data the average depths below the horizon corresponding to the difl'erent 
times after sunset can be very nearly obtained.^' 

On account also of the irregular reflections there is never very great 
darkness in the center of shadow of a total eclipse of the sun, although 
this center may be more than 200 miles from any part of the atmos- 
phere illuminated by the direct rays of the sun. A sensible portion of 
light, however, may be received in this case from the corona. Another 
effect of these reflections is that the coldest part of the night, on the 
average, is a little before sunrise. For some time previous heat is re- 
ceived in this way, which has a sensible effect upon the temperature, just 
as the twilight, which enables us to see for some time before receiving 
the direct rays of the sun. 

Diathermancy and transparency different for different wave-lengths. 

41. The diathermancy and transparency of the atmosphere are difl'er- 
ent in the rays of different wave-lengths or colors, being for the most 
part greatest for the rays of longer wave-lengths at the red end of the 
spectrum, and less for those of ttie shorter wave-lengths toward the 
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other end. They both also vary very much in all kinds of rays with 
different states of the atmosphere, being greatest in very clear weather, 
but they gradually diminish with increasing haziness, and when the 
atmosphere is cloudy comparatively little heat or light is transmitted. 
When the atmosphere is very diathermanous and transparent, as in 
very clear weather, most of the rays, especially from a vertical sun, 
pass through to the earth's surface, the remainder being either absorbed 
or reflected. There is then very little irregular reflection, especially of 
the rays of strong penetrative power of the red end of the spectrum, 
and the disks of the sun and moon appear bright, because a large pro- 
portion of all the rays come directly to the eye. The amount of re- 
flected light then coming from the sky is small, and being mostly of 
the rays most readily reflected, belonging to the blue end of the spec- 
trum, the color of the sky appears a very dark blue. The intensity 
of both the heat and light of the direct rays is then very great, but 
shadows are dark and cool, and we have a condition approximating to 
that just described in the case of no atmosphere, or of a perfectly dia- 
thermic and transparent one. But as the atmosphere gradually be- 
comes less diathermic and transparent the sky appears first bluish, and 
then, after rays of all colors are reflected, of a whitish appearance ; but 
the intensity of both the heat and light of the direct rays of the sun is 
diminished, and the contrast between sunshine and shade, both with 
regard to heat and light, is less. At times only the rays of the red end 
of the spectrum, having a strong penetrative power, are able to come 
through, and then the solar and lunar orbs appear red, and likewise 
thin clouds through which the rays penetrate, because red rays only 
reach us. This is especially the case when the sun or moon is near the 
horizon, and when, consequently, the rays have a longer space of atmos- 
phere to pass through. 

Effect of temperature of the source of radiation upon diathermancy an,d 

transparency. 

42. According to the law of Delaroche, confirmed by the experiments 
of Melloni" and others, (§70), the higher the temperature of the source 
of heat rays the greater is the penetrative power of these rays through 
diathermanous bodies; and it is also well known that while the heat of 
the sun passes through a plate of glass with only small loss, and mostly 
by reflection, the heat rays of terrestrial dark bodies of high tempera- 
ture, and even those of a fire, are almost wholly intercepted by it. 
Hence the heat of the sun which penetrates through the atmosphere 
and is absorbed by the earth's surface, is not radiated back with the 
same facility, being then the radiation of a dark body of low tempera- 
ture, but a greater proportion of it is absorbed. For this reason the 
temperature of the earth is much greater than it would be if it had no 
atmosphere, and no doubt greater than that of the moon, which is sup- 
posed to have no atmosphere. The earth's atmosphere, therefore, serves 
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as a covering to protect it from the cold which would result if its heat 

were too freely radiated into space, just as a blanket or furs keep the 

heat from being conducted and radiated too freely from the bodies of 

animals. 

Effect of aqueous vapor on diathermancy. 

43. That the almost constant changes which take place in the dia- 
thermancy of the atmosphere are due in some way to the aqueous vapor 
contaioed in it is very evident, but whether they result mostly from 
changes in the amount of vapor in its purely gaseous state, or to partial 
condensations of it, which give rise to haziness and incipient cloudiness 
when the air is nearly saturated, is still an undecided question. On 
account of tlie strong penetrative power of the solar rays, small changes 
in the quantity of vapor in the air, so long as it is not sufficient to cause 
considerable haziness, has little effect upon the intensity of solar radia- 
tion, as it reaches the earth's sijirface after having passed vertically 
through the whole depth of the atmosphere, though about one- fourth 
part of the original intensity is lost in passing through in clear weather. 
The difierence in the intensity of the solar rays at the earth's surikce 
at sea-level when the atmosphere is very clear and when it is somewhat 
hazy is small, and therefore the whole diminution of intensity in pass- 
ing through is due mostly to the pure atmosphere. With regard to the 
radiations from terrestrial bodies of comparatively low temperature, as 
in the case of nocturnal radiation up through the atmosphere, the effect 
of purely gaseous vapor upon the diathermancy of the atmosphere may 
be very much greater. 

44. According to the experiments of Dr. TyndalP^ on the diather- 
mancy of a small portion of air contained in a tube, with regard to heat 
radiations from terrestrial sources, the adiathermancy of clear air de- 
pends almost entirely upon the aqueous invisible vapor in it, seventy 
times as much heat, according to the result of the experiments, being 
absorbed by it as by the dry air through which the rays pass. This 
result, however, differs very much from that which had been obtained 
by Magnus in experiments on the same subject, and this gave rise to 
considerable discussion between these physicists, Magnus maintaining 
that the absorption of heat in Tyndall's experiments was by a film of 
condensed vapor on the inside of the tube through which the rays 
passed. And this seems really to have been the case, according to 
experiments which have since been made to verify the results. 

Hoorweg,^" a few years ago, made a number of experiments the results 
of which are in accordance with those which had been obtained by 
Magnus, and which seem in a great measure to subvert those obtained 
by Tyndall. Still later the results of Hoorweg have been confirmed by 
Dr. Buff^\ so that it seems now to be conclusive that the adiathermancy 
of air, even to heat radiated from terrestrial sources, is not mainly due 
to the invisible aqueous vapor in it. 

45. From the discussion by Dr. Neumayer^^ of the., numerous obser- 
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vations made at Melbourne on nocturnal radiation, it seems that aqueous 
vapor has considerable effect in some way upon the diathermancy of 
the atmosphere to terrestrial heat radiations, but that Ihis depends 
rather upon the relative humidity than upon the actual amount of 
vapor in the air ; that is, that the diathermancy is diminished mostly 
when the air is nearly saturated, whether the quantity of vapor re- 
quired for saturation is much or little. The observations, more than 
4,000 in number, were made day and night with a radiation instrument, 
consisting of a spirit minimum thermometer, the bulb of which was 
carefully adjusted in the focus of a parabolic reflector, nicely polished 
and silvered, 6.4 inches wide and 2.4 inches deep. This reflector was 
put into a box filled with cotton and placed in a house, keeping out the 
rays of the suu, but in such a manner that the zenith over the instru- 
ment remained perfectly free for a space of about 38°. 

The extreme values of his table of results, when the observations 
were classified with reference to relative humidity, are as follows : For 
relative humidity 22.417 per cent, and temperature 84.83° P., the dif- 
ference between the air and radiating thermometer was 4.79°, while for 
relative humidity 96.643 and temperature 43.33° F. it was only 2.55°, 
thus showing that the smaller the relative humidity the greater the 
nocturnal radiation into space, and consequently the greater the diather- 
mancy of the atmosphere to the heat of such radiation. 

The discussion by General R. Strachey^' of the observations made on 
nocturnal terrestrial radiation at Madras, in 1841-'44, shows that the 
greater the quantity of aqueous vapor in the atmosphere the less the 
fall of temperature of the air from 6.40 p. m. to 5.40 a. m., which indi- 
cates that the diathermancy of the air to such radiations is decreased 
with increase of the vapor tension. The extreme values in the table of 
results are : With a vapor tension of 0.888 inch the fall of temperature 
was 6° F., while with a vapor tension of 0.435 inch it was 16.5°. But 
this perhaps can only be regarded as a verification of Dr. Neumayer's 
results, since in general the greater the tension the greater also is the 
relative humidity, and both together simply show that aqueous vapor 
in some way diminishes the diathermancy of the atmospliere to terres- 
trial heat radiation. 

The same observations were discussed by Mr. Park Harrison^^ with 
regard to the proportion of cloud in the sky instead of th.e quantity of 
aqueous vapor in the air. From this discussion it was found that a 
degree of cloudiness of .08 reduced the nocturnal fall of temperature 
about one-fourth of that which took place in a perfectly clear sky. But 
where there is cloud or haze in the upper strata of the atmosphere, there 
is in general greater vapor tension in the lower strata near the earth's 
surface, so that the effect, although undoubtedly due in a great measure 
to the cloud, may still in some measure depend upon the corresponding 
increased amount of uncondensed vapor in the air beneath the clouds, 
and therefore be regarded as being, in some measure, only a confirma 
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tion of what has been obtained from the preceding discussions. In fact, 
great relative humidity, high vapor tension, and haze and cloud, go 
somewhat together, so that it is difficult to separate the effects and 
determine how much belongs to each ; and all that can be inferred from 
the preceding discussions is that aqueous vapor in some way affects the 
diathermancy of the atmosphere to terrestrial radiation. But it is still 
left in doubt whether this is due mostly to the quantity of vapor, or to 
incipient condensation into haze and clouds, when the atmosphere, at 
least in some of its strata, is at or very near the state of saturation. 

That the invisible aqueous vapor of the atmosphere is the principal 
absorber of the radiations of a Bunsen burner has recently been shown 
by a new method by W. O. Bontgeu'^. The method consists in passing 
the rays through air containing different proportions of aqueous vapor, 
by means of an apparatus devised for the purpose, and observing the 
increased tensions arising from the increased temperatures due to the 
heat absorbed. By this means he found that in pure air with dew- 
points of —15°, 0°, and 12°, the increase of tension from the heat rays 
of a Bunsen flame was respectively 0.94, 2.18, and S.SS""™. The vapor 
tensions corresponding to these dew-points are respectively (Table X) 
1.44, 4.57, and 10.43. These results indicate that with no vapor ten- 
sions there would be little, if any, heat absorption. By other methods 
the trausmissive power of the medium is given rather than its absorb- 
ing power. 

With the apparatus filled either with carbonic acid or moist air and 
exposed to the solar rays no sensible increase of tension \^as observed, 
even at an altitude 1,800 meters above sea level. This shows that 
even very impure and damp air absorbs comparatively a very small 
amount of the heat of solar rays passing through it. This may be due 
to the greater penetrative power of the solar rays, or to the fact that 
the kind of rays mostly absorbable by such air have been already 
absorbed before reaching the lower strata, but most probably to both 
causes. 

46. According to the experiments of Mr. John Aitkin^-^ haze and fogmay 
exist in an unsaturated atmosphere if it contains much dust or products 
of combustion of any kind. He has in many cases produced dense fogs 
in unsaturated air, while in filtered air of the same degree of saturation, 
and under precisely the same conditions, no fog was seen. Of course 
the more nearly the air is saturated the more readily the haze and fog 
are formed, and most probably impure air, near, but still below, the 
point of saturation, is never perfectly clear on account of these conden- 
sations depending in some way upon its impurities. The dust particles 
may have an affinity for the vapor, or they may stand at times at a 
lower temperature than the air on account of the difference in radiating 
power, and so become nuclei of condensation, where the air is nearly but 
not quite saturated, for the same reason that dew is formed at night 
upon the surfaces of bodies which have a greater radiating power than 
the air, and therefore cool down to a lower temperature. 
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Ko distinction has usually been made between the absorption, and 
reflection of heat and light upon which adiathermancy and non-trans- 
parency depend, and we have no experiments to indicate to which 
of these the diminution in intensity is mostly due as the rays pass 
through the atmosphere. It is thought that pure dry air absorbs very 
little of the sun's heat in its passage through to the earth. If so, the 
loss of intensity must be caused mostly, in this case at least, by the 
irregular reflections in all directions, and this view is supported by the 
fact that when the atmosphere is not very clear we receive a great deal 
of both heat and light reflected from the sky, that is, upper and sur- 
rounding atmosphere, and the part reflected out into space must be at 
least equal to this. And we have reason to think, from our ordinary 
almost daily observations, that these reflections depend in a great de- 
gree upon the hygrometric state of the atmosphere. When the atmos- 
phere has comparatively little vapor in it, as is frequently the case in 
clearing weather after copious rains, we experience the effects, already 
referred to, § 40, resulting from an atmosphere of great diathermancy 
and transparency, niamely, intensity of the direct heat and light of the 
sun, cool and dark shadows, little heat and light coming from the out- 
side air through windows into the rooms of houses, &c. On the other 
hand, it is often observed, generally some time after a clearing up, and 
not long before another rain, that the intensity of the heat and light of 
the direct solar rays is not so great, although the air is clear, but that 
there is much more of reflected heat and light and the contrast between 
sunshine and shade is not so great. It seems, therefore, that the dia- 
thermancy and transparency of a clear atmosphere, at least for solar 
rays, must be affected mostly by the reflections, and that these depend 
very much in some way upon the vapor contained in it where it exists. 
But as this is found mostly in the lower strata near the earth's sur- 
face, and only in a small measure in the middle and upper strata of 
the atmosphere, its effect is small in comparison with that of the whole 
depth of a dry atmosphere. 

Law of Bouguer. 

47. The law by which the intensity of heat and light is diminished 
in passing through a diathermanous and transparent medium is based 
upon the simple and very rational hypothesis, first suggested by Bou- 
guer, that the loss in intensity for an infinitely small space is pro- 
portional to the intensity and the mass (space into" density) of the 
diathermic or transparent body passed through. Let 

J=the intensity; 

s=the space passed through; 

p=the density; 

m=the mass'; 

fl'=the rate for unit of intensity by which the intensity is lost 
with reference to the mass passed through. 
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We then have, by the principle above, 

<ZJ= —aldm, or -= =<Z log 1= —apds 
By integration we get, in Naperian logarithms, 

(92) log-^= - C apds, or 1= Ae-/"^* 

in which e is the base of these logarithms, and in which A is the value 
of J where TO=0, that is, where the rays producing heat or light first enter 
the diathermic or transparent body. 

When the body is homogeneous with regard to its density and trans- 
missive power, a and p become constants, and (92) becomes 

(93) I=Ae-''^' 

This expression is applicable when heat or light is transmitted hori- 
zontally through the air where a has been determined for any given 
density, as that of the standard barometric pressure of 760°"°. The 
value of p to be used then is the relative density. With either a, p, or 
s equal above, we have I=A, and consequently no diminution of in- 
tensity. 

In the case of the heat or light of the heavenly bodies passing through 
the atmosphere to the earth's surface, if we assume as the unit of mass 
passed through the whole vertical depth of an atmosphere of the stand- 
ard barometric pressure of Po=760°"°, and put 

f=the ratio of the path of oblique rays through a stratum to 
that of a vertical ray, which is nearly the secant of the ze- 
nith's distance «, 
we shall have 

dm=s^ 

With this value of dm=pds in (92) we get 

(94) I=Ap^ 
in which 

(95) p=e •' p« 

If a is constant with regard to the different strata of atmosphere — that 
is, if each stratum of equal mass causes the same proportionate loss of 
intensity — we have, 

(96) p=e"'P' 

at any altitude where the barometric pressure is P. 

When applied to solar heat radiations, A in (94) has usually been 
nulled the solar constant and j) the diathermancy constant. The former, 
however, varies with the varying distance of the sun, being a little 
greater in winter than in summer; and the latter must be understood 
to be simply a constant in the formula with reference to the varying 
quantity f, and not an absolute constant for all states of the atmos- 
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phere and situations of tlie stations of observation. It is seen from (95) 
and (96) that it varies both with P and with a — that is, with the altitude 
of the station and the state of the atmosphere, upon which the value of 
a depends very much, The value of j), therefore, may not only be very 
different on different days, but may change very much from one part 
of the day to another, as between forenoon and afternoon. 

If we put a=l — ^, a is sometimes called the absorption constcmt, though 
it may depend more upon reflection than upon absorption. 

If we put jJo for the value of^ when P=Po we get in (96) 



(96)' 



Po=er 



Hence from this and (96) we get, by taking the logarithms of both 
members of the expressions and eliminating a log e 



(97) 



log Po=^ log p, Ovpa=p-F 



This equation serves to reduce the diathermancy constant from the 
altitude where the barometric pressure is P to that where it is Po= 
760"'™- But it cannot be used unless we assume, as in (96), that the 
different strata of the atmosphere are homogeneous with regard to 
trausmissive power. Where this is the case^o may be regarded as the 
absolute diathermancy constant corresponding to any given state of the 
atmosphere, since it is independent of the altitude of the station of 
observation, but still dependent upon the state of the atmosphere. 

4'8. The secant of zenith distance can be taken as the value of e in 
(94), except very near the horizon. In this latter case we have more 
accurately 

(98) s= Vl+2r+r'' cos's— r cos s 

in which r is the earth's radius in terms of the 
assumed height of the atmosphere. This may 
be readily seen by reference to the accompany- 
ing figure, in which the line ab is the length of 
path through the whole atmosphere and the 
angle Zab=Zcdis the zenith distance. and ae and 
bd perpendicular to cd. We have 



ab=ed= V(bcY—{bdy-ce 

Gonsiderihg the depth of the atmosphere unity, 
we have 




ab=E 



bc=l+r 



bd=ae=r sin z 



ce=r cos z 



Substituting these values of the lines in the preceding equation we get 
(98). 

As the atmosphere is not homogeneous, and has no definite known 
limit, it becomes a question what value of r should be used in this case. 
The- value of r=80, used by Pouillet, is based upon an assumption of a 
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height of atmosphere of about 50 miles; but this is evidently erroneous, 
since far below that altitude the density is sensibly nothing, and all 
above 15 or 20 miles can have no sensible effect upon the diathermancy 
of the atmosphere, taken as a whole. A better value, and perhaps the 
best, is i-=630, used by Lambert, which correspodds to a height little 
more than that of a homogeneous atmosphere. The values of s com- 
puted with this value by (98) are given for the corresponding zenith 
distances in Table XII, and also the corresponding values of the secant 
of 2. It is seen that these values differ very little from the secant, 
except very near the horizon. They also are very nearly the same as 
those used by Bouguer and Forbes, as given by Kadan^^, but for low 
altitudes differ considerably from those of Pouillet. 

49. So far we have assumed that the rays are homogeneous — that is, 
that a in (92) is the same for all the rays of the spectrum. This, how- 
ever, is not the case, for rays of different refrangibilities and wave- 
lengths have different degrees of transmissibility, as has been already 
stated. The rays of long 'wave-lengths at and beyond the red end of 
the spectrum are, upon the whole, less absorbed and reflected than the 
rays of the shorter wave-lengths toward the other end. Consequently, 
by (95), the values of p are different for different wave-lengths, being 
greatest at the extreme red end of the spectrum, where a is smallest, 
and least at the extreme of the other end. But the transmissibility 
through any medium does not depend entirely upon wave-length, since 
in the same group of rays of the spectrum of nearly the same wave- 
length there are lines in which few or none of the rays are transmitted. 

The expression of (95), therefore; in which it was assumed that a in 
(92) is the same for all the rays, is not strictly applicable to the com- 
bined rays of the whole spectrum, though it has been generally so used. 
With a slight modiiication, however, which requires the addition of 
another small term, it can be made so with a very high degree of accu- 
racy, as may be shown by a comparison of the intensities given by the 
formula for different zenith distances with those given by actual obser- 
vation. 

Effect of wave-length upon Bouguer' s law. 

50. If, in the case of the combined rays of the whole spectrum, we put 
for any group n of rays of nearly the same ^Y^ve-length, 

a„=the intensity of radiation before the rays enter the atmos- 
phere ; 
j)„=the corresponding diathermancy constant ; 

and put 

^ ' ^~^^~ ^< 

we shall have 

(100) e^=|»„-^ 2a^=A 2a^e^=(i ^a,,e„'=0 very nearly. 
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We shall then have by (94) and by development 

I=2a„ip+e:)'=2a,[p'+sp'-'e„+ie(e-l)p'-\'+&c.] 
This by (99) and (100) becomes very nearly 

(101) I=A[p'+i6{s-l)p'-'c+&o.] 
in which 

(102) c= -^*"^" 



2a„ 

The values of Je(f— 1) for the zenith distances of the first column are 
contained in Table XIIj 

The value of p for very clear weather is about 0.77 ; the value of e, 
therefore, even in the extreme case of no transmissibility, is consid- 
erably less than unity, and in all cases it is such that the terms in 
the developed expression of I containing the higher powers of e must 
sensibly vanish, especially those containing the odd powers in which 
the sums of the plus and minus terms must be very nearly equal. It 
will be seen that even the second term in the expression of (101) is 
very small, except for extremely great zenith distances. 

The value of A is constant for all states of the atmosphere, but that 
of p varies from in very cloudy weather up to the value given above 
in the clearest weather. The value of the latter, by (92), increases with 
decrease in the depth of atmosphere of the same transmissive power 
passed through. 

The values of the constants in (101), for any state of the atmosphere 
at a given time, can be determined from observed values of I for three 
different zenith distances, suitably chosen, or a great number can be 
taken at equal intervals during both the forenoon and afternoon, and 
the constants determined'by the method of least squares. In the pres- 
ent state of actinometry there is still considerable uncertainty with 
regard to the true value of A, but it cannot vary much from 2.2 calories 
per minute, and it is probably somewhat greater. 

On account of the possible small transmissibility of some of the rays 
through our atmosphere, we cannot assume that the value of A thus 
determined is strictly the true solar constant — that is, the intensity at 
' the top of the atmosphere; for if there are any radiations from the sun 
which are so little transmissible as to fail to come through to the earth's 
surface, of course these are not taken into account, since they do not 
affect the observed values of I, from which the equations of condition 
are formed for the determination. The higher the stations, therefore, 
the more accurately will the value of A thus determined represent the 
true solar constant, but even in this case it probably falls a little short. 

51. When the values of a„ and j)„=j)-l-e„ are known for a number of 
groups of nearly equal wave-length, comprising the whole solar spec- 
trum, the value of the coiistaut c c^^n best be determined from (101), 



64 



REPORT OF THE CHIEF SIGNAL OFFICER. 



Prom two series of experiments made by Professor Laiigley''' at Alle- 
gheny, Pa., the approximate values ofp„ have been obtained by means 
of averages and interpolations, as given in the following table, corre- 
si)onding to the several wave-lengths in the first column. The results 
t)f the last series were based upon more observations than those of the 
tirst, and made in nearly every month of the year, so that in getting 
the most probable results irom both double weight was given to this 
series. , 



K 


On 
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0.3 
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-.41 


-2.05 


.840 


0.4 


10 


.52 


.26 


2.60 


.680 


0.5 


21 
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.357 


0.6 


25 


.72 
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-1.50 


.100 


0.7 


22 


.78 


.00 


0.00 
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0.8 


16 
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+ .U 
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0.9 
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.06 
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.052 
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.055 


1.1 


10 
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.060 


1.2 


9 
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.072 


1.3 


8 


.87 


.09 
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.064 


1.4 


7 


.88 


.10 


.70 


.070 


1.5 


6 


.88 - 


.10 


.60 


.060 


1.6 


5 


.89 


.11 


.55 


.060 


.1.7 


4 


.DO 


.12 


.48 


.056 


1.8 


4 


.90 


.12 


.48 


.056 


1.9 


3 


.91 


.13 


.39 


.051 


2.0 


3 


.01 


.13 


.39 


.051 


2.1 


2 


.91 


.13 


.26 


.034 


2.2 


2 


.91 


.13 


.26 


.034 


2.3 


1 


.92 


.14 


.14 


.020 


2.4 


1 


.92 


+.14 


+ .14 


.020 




Sa»=188 






Xanen= .13 


2a»<!»=2. 834 



The relative intensities of solar radiation «„, corresponding to the 
given wave-lengths in the preceding table, are deduced from the results 
of observations made by Professor Langley^' at Lone Pin«.and Mount- 
ain Camp by means of interpolations from the average of both series. 
It is of no importance for our purpose here to know what these nutni- 
bers represent in absolute intensities, and it is only important that they 
should be approximately correct relatively, for they are merely to be 
used in determining a constant in a very small term in (101). 

Assuming j)=0.78 we get from (lOOj) with the values ofp„ in the pre- 
ceding table the corresponding values of e„ as given in the table, and 
from the values of a„ and e„ we get a„e„ and a^e\. Prom the sums at the 
bottom of the table we then get from (102) 



(103) 



2.834 
' 188 



=0.015 
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We have also 2a„e„=0.13, which very nearly satisfies (IOO3), as it 
should. 

The values otp„ in the preceding table are for Allegheny. The small 
reduction to standard pressure or sea-level would decrease a little these 
values and that of p. The value of c, however, would not be sensibly 
changed, and for ordinary altitudes of the earth's surface it remains 
very nearly the same, but for high altitudes it would be considerably 
less, and entirely vanish at the top of the atmosphere. 

It is seen from the preceding table and computations that the small 
wave-lengths have great weight in proportion to their intensities, and 
that small uncertainties in the data here make the value of c uncertain, 
and its value probably should be somewhat greater. But for any small 
change in c there is a corresponding, somewhat complementary, change 
in p, and the observed values of I through the whole range of zenith 
distances down to the horizon are nearly as well represented by (101), 
with a considerable range of the values of c. 

A test of any law or formula is the accuracy with which it represents 
observations. These have generally been pretty well represented by 
(101) for all zenith distances with the use of the first term only in the 
expression, and the value of j) required for this has usually been a little 
less on the average than that assumed above, which was shown to sat- 
isfy (99) with the values of a„ and p„ in the preceding table. Pouillet™ 
obtained from hourly observations of intensities, on six clear days, a 
value ofp ranging from 0.72 to 0.79, the average being very nearly 0.76. 

If, however, we use the first term only in the expression of (101) and 
compute the values of I for all zenith distances with values of the 
constants A and p which best satisfy the observations, and compare 
these computed values with the observed, the residuals usually indi- 
cate that the second term in (101) has a sensible eflfect and is required 
to satisfy well the observations. If, also, the first term only in (101) is 
required, the values of p deduced from two equations, formed with two 
observed values of I taken for zenith distances suitably chosen, should 
give the same values. If we let Ii and Jj represent two observed val- 
ues of intensity for smaller and larger zenith distances, respectively, 
the secants of which are ej and e^, we get from (101), using only the 
first term, 

(104) («2— «!) log i>=log J2— log Ji 

By computing the values of ^ from this expression with observed 
values of I2 for different zenith distances, using the value of Ij observed 
for some small zenith distance, it is found that the values of p thus ob- 
tained, in general increase with increase of zenith distance belonging 
to I2. It is readily seen that this is the effect of the second term in 
(101) since this increases with the zenith distance and only becomes 
considerable for very large zenith distances. The effect of this is to 
increase the value of Jj more than Ji, and hence to mskep, as given by 
10048 siG, PT 2 5 
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(104), larger for greater than for smaller zenith distances belonging to 
I2. This, therefore, also indicates that the second term of (101) has a 
sensible effect and requires to be taken into account. 

When the constants A and p, therefore, are determined from equa- 
tions formed from (101), using the first term only, with observed values 
of 1 taken two and two, the value of A is smaller when the second equa- 
tion is formed from a value of I taken for a low altitude of the sua than 
it is when it is taken for a higher one, for since we have I=Ap' when 
the conditions give p larger they must give A smaller, in order to give 
the best values of I for all zenith distances. 

It is seen, therefore, from what precedes, that Bouguer's law, which is 
applicable to homogeneous rays only, must be modified into the form of 
(101) when applied to the combination of all wavelengths of the rays, 
and even then there may be some rays of so little transmissibility that 
they are not accurately represented by that expression. 

Application of the modified law of Bouguer to light. 

52. Equation (101) should of course represent the observed intensities 
of light as well as those of heat for different zenith distances of the lu- 
minary when the transparency of the atmosphere remains the same for the 
several observations. In this case p becomes the transparency constant. 
Although photometry does not give the observed relative intensities of 
light with as much certainty in a single observation as the intensities 
of solar radiation are obtained, yet, on account of the great numbers of 
such observations which have been made, in several instances, at differ- 
ent times on the relative intensities of the light ol'the stars aud com- 
bined together so as to eliminate, in a great measure, the irregularities 
and uncertainties in the measurements, we have data for testing the 
accuracy of the expression of (101) more satisfactorily than can be done 
in the case of solar radiation, where observations, as has been usual, 
of one day only are used. Ludwig SeideP^ and Dr. Gustav Miiller'' 
have both formed empirical extinction tables for the purpose of reduc- 
ing the brightness of an observed star at any zenith distance z to that 
which it would have at some other zenith distance in order to have the 
relative brightness or light intensity at the same zenith distance. These 
tables, it is known, are based upon a great number of observations taken 
at different times upon different stars, and treated by the graphic method 
of eliminating irregularities and uncertainties, and of obtaining the most 
probable normal values, so that the functions given in the tables may 
be regarded as being pretty accurate. 

Putting Jo fof the intensity of light for zenith distance z=0, Seidel's 
and Miiller's function (pz, given in their tables, is such that we have 

(105) log I =log Io—(pz 

The values are given mostly for every degree of zenith distance, but 
for the purpose of comparing their empirical tables with the theoretical 
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formula of (101) those only are selected which are given in the following 
table in which are given for the same zenith distances the intensities 
as given by the formula and the two tables : 
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The values of I in this table are in terms of the intensity when the 
luminary is in the zenith. For the intensities thus expressed, dividing 
the second number of (101) by Ap, the intensity at zenith distance, we 

get 
(106) J=p'-'+ J «(e-l) P'^ c 

The two terms in this expression are computed with the assumed value 
of j?=0.78, and in the last one with the value of c in (103) obtained from 
the results of Langley's experiments, assuming that the same value of 
this constant is required for both heat and light. The last term of (106) 
is denoted by <pe in the preceding table, and the sums of the numerical 
values of the two terms there given are the values of I given by (106), 
which is simply (101) adapted to the unit of intensity here adopted. 

Where the unit of intensity is Jo, as here assumed, we have log 7|,=0, 
and with this value (105) gives I' with Seidel's values of <pz, and I" with 
those of Miiller. The residuals in a comparison with I obtained from 
(106) with the constants above are small considering the nature of the 
observations upon which the values of (pz are based. The greatest in 
the case of Seidel's table is only about g^ of the intensity of light when 
the luminary is in the zenith, and only half as much, or -^, in the case 
of Miiller's table. 

The value of p, assumed above, is such as to give the best agree- 
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meut between the formula of (106) and the tables, and it is remarkable 
that the same value is required in the case of both tables. It is the 
same also as that which has been shown to satisfy (99) or {IOO3) in the 
case of heat with the values of a„ and j)„ in the table in § 51, but this is 
no doubt in a great measure accidental. 

It is seen from the column headed q)E in the preceding table that the 
last term in (106) has but little effect for small zenith distances, but 
becomes large beyond those of about 70°, and that for these it is very 
important that it should be taken into account. If we were to compare 
the results of Seidel's and MtLUer's tables with the first term merely of 
(106), which is an expression of Bouguer's law in the case of homogene- 
ous rays, the value of p which would give the best comparison would of 
course be greater, but no value would give a satisfactory agreement. 
The last term, therefore, in (106), or (101), is a real term, which requires 
to be taken into account in the case of light as well as in the case of 
heat in order that the formula may represent well the tables deduced 
directly from observation. 

The diathermancy and transparency constants, as heretofore deter- 
mined, are the values of p in (101), which best satisfy observations with 
the last term omitted. But, as in the case of heat, so in light, if we 
neglect the last term in (101) we get larger values oip from (104), which 
is deduced from the first term merely of (101), if we use I2 for a very 
large zenith distance in connection with Jj for a small one, than we do 
if we use I^ for a smaller zenith distance. With the unit used above 
in the case of light, if we put e:=l we have log Ji=0, and with these 
values (104) becomes in this case 

(107) (fj-l)logi)=logJ2 

From this we get for a zenith distance of 60°, in which case «=2, with 
the value of J^ from Seidel's table, ^=.800, and with the value from 
IMtiller's, j)=.807. With the values of fj and Jj for 80°, we get in the two 
cases respectively j)=.824 and j)=.823; and so, still greater values for 
greater zenith distances. 

The diathermancy and transparency constants, as usually determined, 
are somewhat indefinite, being a sort of average of those belonging 
to all the separate rays of difl'erent transmissibilities, which becomes 
greater or less according as greater or smaller zenith distances are used 
in the observations from which they are determined. And thus deter- 
mined it must be greater than when determined upon the condition 
that it shall satisfy (99) or (IOO3). But its value thus determined de- 
l)ends upon the value we assign to c in (101). The value of c used above 
in the determination of p is that of (103). If c had been regarded as 
an unknown constant and values of both c and p in (101) or (106) had 
been determined by the method of least squares, with which the formula 
would represent best Seidel's and MuUer's tables, values a little differ- 
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ent would, no doubt, have been obtained, and the residuals would have 
been a little smaller, but it is readily seen from an inspection of the 
residuals in the preceding table that no values of those constants, 
differing much from those above, could be obtained which would give 
smaller residuals, and which consequently would satisfy Seidel's and 
Miiller's tables better. 

53. In the trigonometrical survey of India Mr. Jacob*", in 1837, found 
that in the use of the heliotropes it was necessary to enlarge the aper- 
tures more than in the simple ratio of the distances. By the end of the 
first season he had formed a scale of apertures, which, when finally cor- 
rected, stood as given in the first two columns of the following table: 
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10.12 


0.030 


-1-0.032 



Assuming the intensity at the distance of 15 miles as unity, the in- 
tensities I at the other distances, being inversely as the apertures re- 
quired to render the heliotrope visible, would be as given in the third 
column. 

Since s in (101) is the distance of homogeneous atmosphere passed 
through by the ray in terms of the depth of a homogeneous standard 
atmosphere, this expression is applicable to the intensities of the light 
in this case by expressing the distances above in terms of the depth of 
an atmosphere of the pressure and temperature, on the average, which 
existed daring the observations. Mr. Jacob states that the average of 
the barometer was about 27 inches, but nothing is said with regard to 
the temperature. We may suppose, however, that it was probably 
about 20° C. The height of a homogeneous standard atmosphere being 
26,220 feet, (4O4), and that of any other being as the pressure and in- 
versely as the density, or directly as the absolute temperature, we have 
for the height of a homogeneous atmosphere at pressure of 27 inches 
and temperature of 20° 0. by (29) 

J=26220x?S.|?t=31,307 feet=5.93 miles 

at '2 to 

Dividing each of the distances in the first column by 5.93 we get the 
values of s in the fourth column to be used in the formula of (101). Using 
only the first term in this expression we have 



(108) 



log I=log A+s\ogp 
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As the iatensities are merely relative, such a value of log A mast be 
used as will make 1=1 at the first distance, for which the intensity was 
assumed as unity. If we assume as a first approximation log jp= — .2OO7 
corresponding to j>=.631, we get from the preceding expression the 
values I' in the preceding table, with the residuals {I— I'). These re- 
siduals are not large, considering the nature of the observations, brtt 
they indicate, as in the preceding example of the intensities given by 
Seidel's table, and in cases of solar heat intensities, that the neglected 
second term of (101) has a sensible effect, and that without it the intensi- 
ties given by the formula are too small for low altitudes of the sun or 
stais or for great distances in the case of luminous terrestrial objects. 
A determination by the method of least squares of the constants in (101), 
taking into account the second term, which would best satisfy the ob- 
served intensities I, would give a still smaller value of p, and the resid- 
uals would be left very small. If this kind of observations, therefore, 
can be regarded as being sufflciently reliable, and the preceding result 
is not merely accidental, it furnishes another confirmation of the inac- 
curacy of Bouguer's formula, when applied to light, as it is in the case 
of heat, without the correction of the second term in (101). 

The value of j> above is smaller than that obtained by Mr. Jacob by 
his method, but this is due in part to his not having taken into account 
the decrease of the density of the atmosphere due to temperature. This 
value is much smaller than the value in the case in which the rays pass 
from the outside through all the strata of the atmosphere ; but this was 
to be expected, and it is not at all inconsistent with the other if, as is 
usually supposed, the aqueous vapor of the atmosphere has any con- 
siderable effect upon its transparency and diathermancy. In the one 
case the rays pass through the upper cold and almost vaporless strata 
of the atmosphere, comprising the greater part of it, and only arrive at 
strata containing much vapor comparatively near the earth's surface, 
but in the other they pass through the whole distance near the surface, 
where the air, especially in the warm climate of India, contains a large 
amount of vapor, and where, consequently, its transmissivity for light 
and heat must be much diminished. 

Application of Bouguer's law to the chemical effects of the rays. 

54. The expression of (101) is also applicable to the intensities of the 
chemical effects of the solar rays ; but in making this application to 
observations, it is found that the value of ^ in this case, which satisfies 
observation, is very small in comparison with that in the case of heat 
or light. Eoscoe and Thorp^^ give the results of the determinations 
of the chemical intensity of total daylight made in the autumn of 1867, 
on the flat table land on the southern side of the Tagus, about 8J miles 
to the southeast of Lisbon, under a cloudless sky, with the object of 
ascertaining the relation existing between the solar altitude and the 
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chemical intensity. The first part of the following table contains their 
results corresponding to the given zenith distances Z. 



No. of 
obser- 
vation. 


Z 


Chemi(3al intensity or J. 


£ 


J' 


I-I' 


I" 


I-I" 


Sun. 


Sky. 


Total. 


U 




25 


/ 
46 


.221 


.138 


.359 


1.107 


.215 


+.008 


.362 


-.003 


24 


28 


52 


.195 


.132 


.327 


1.143 


.198 


-.003 


.339 


-.012 


19 


36 


51 


.136 


.126 


.263 


1.250 


.154 


-.018 


.279 


-.017 


22 


47 


47 


.100 


.115 


.215 


1.489 


.089 


-I-. Oil 


.182 


+.037 


22 


SB 


46 


.052 


.100 


.152 


1.928 


.032 


+.020 


.080 


.072 


18 


70 


19 


.023 


.063 


.086 


2.965 


.003 


+.020 


.012 


.073 


15 


80 


9 


.000. 


.038 


.038 


5.85 


.000 


.000 


.000 


.038 



Putting log J.=0.440 andj>=.10 in (108) it gives, with the given values 
of f, the intensities I' in the table for the sun ; and the column (I— I') 
shows the difference between computation and observation. The plus 
signs of the residuals for large zenith distances, as in the case of heat, 
and also of light, indicate that the second term of (101) has a sensible 
effect, and that the observations would be much better satisfied if this 
term were taken into account, but this would give a still less value of j>. 
The small value of ^ required to satisfy approximately the observations, 
indicates that at least nine-tenths of the quality in the direct solar rays 
which produces the chemical effects, is lost in passing vertically through 
the depth of the whole atmosphere. Consequently with a zenith dis- 
tance of about 70°, where the rays have to pass through a depth of 
nearly three atmospheres, the intensity is reduced to -^ of the vertical 
intensity -4jj=2.75 x .10=.275. At the zenith distance of 80° there is no 
sensible effect given either by observation or the formula. 

It has been shown elsewhere'^, and is readily seen from (95), that the 
same formula is applicable when the reflections of the atmosphere are 
taken into account, and that the value of the constant A is the same-in 
both, but that the value of 'p is greater in the latter case. Since a is 
the rate for unit of intensity by which the intensity of radiation is lost, 
when the part of the diffuse reflections which reaches the earth is 
taken, into account of course the rate of loss is less, and this must 
always be in proportion to the intensity i" at the point of reflection, just 
as the part lost by absorption is, and consequently the whole effect is 
to decrease a and increase^ in (95). 

If now, in the case of the total intensity of the sun and sky, we use 
log -4=0.440 as before, but put p=.16 in (108), we get for the intensi- 
ties of chemical effect the values I" in the preceding table, and for the 
residuals the numbers in the column headed [I— I"). But here, as in the 
preceding case, and in all cases of heat and light, the plus signs for 
large zenith distances indicate that the second term of (101) has a sensi- 
ble effect, and considerably greater than in the preceding case. Taking 
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this into account th'e residuals would no doubt be quite small, consid- 
ering the nature and the uncertainty of the observations. 

Exmnples. 

(a) If the solar constant is 2.2, and the value of 2)=0.75, what is the 
intensity I, by 94, for a zenith distance of 60o ? 

In this example we have log jp=— .1249 and log A=0.3424, and e=2. 
Hence we get log J=0.3424-2 x . 1249=0.0926. Whence J=1.238. 

(6) With the value of e in (103) what is the effect of the second 
term in (101)? 

In this example we have from Table XII Je(6— 1)=1, and 2)^—^=1. 
Hence the value of the term is 0.015. 

(c) With the solar constant 2.2, and the value of ^=0.7 and c=.015, 
what is the value of I for a zenith distance of 70°, taking account of 
the first two terms in (101) ? 

{d) With an observed value of J=0.725 for a zenith distance of 66°, 
what is the value of ^ for homogeneous rays? 

(e) If on the top of Pike's Peak, bar. 17.1 inches, the value oip is 0.88, 
what would it be at sea-level, bar. 30 inches? 

VI. — Friction of the Atmosphere. 
Friction formulee. 

55. If strata of air or of any gas move over one another with rela- 
tive velocities they suffer resistances from one another called friction, 
which tend to destroy these velocities and to reduce all to the same ab- 
solute velocity. This resistance is explained by the kinetic theory of 
gases. Since by this theory the molecules of any gas are constantly in 
motion, being reflected and re-reflected in all directions, and in virtue of 
their mass and velocity have a certain momentum, the continuous in- 
terchange of molecules between the different strata and their numerous 
contacts tend to equalize the velocities between the strata. It is from 
this that the effect of friction arises. Putting 

M=the relative velocity ; 

A=a normal to the strata; 

/=the resistance for a unit of surface, 
we have 

(109) /=4« 

in which 7; is called the coefficient of friction. This is a function of the 
temperature which may be expressed in the form 

(110) 7;=:;7o(l + fcr) 

in which 770 is the value of 7 at t=0 and 7c is the constant rate of in- 
crease with increase of r. 
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Determinations of the constants. 

56. The values of the constants can only be determined by experi- 
ment. These experiments have been of two kinds ; the one by means 
of oscillating pendulums of flat glass and metal disks, in which the rate of 
retardation is observed, and the other ' by means of the flow of gases 
through tubes, in which the rate of flow by volume is observed. By 
the former method Maxwell^ obtained 7o=-000188, and E. Meyer" the 
same; and by the liitter method Meyers' value" was ?7o= -000174. Other 
experiments have given nearly the same values of t]'. 

According to the,theoretical deductions of Maxwell" rj is independent 
of density or pressure at constant temperature, and is proportional to 
the "velocity of mean square" of the molecules, and hence, to the 
square root of the absolute temperature. The first seems to be .con- 
firmed by the experiments of Kundt,i' but the latter has not been by 
any experiments. For if it were true, from the development of 

V T== -/273(1+ aT= ■/273(l+Jar-f&c.) 

we should have in (110) 

fc= Ja= ^(.003665) =0.00183 

But the values obtained by Meyer, Puluj, Obermayer, and Warburg 
range from 0.00242 to 0.0030, the average being 0.0027.i= 

The average of numerous experiments by Mr. Silas W. Holman** 
makes the value of rj increase as the 0.77 power of the absolute tem- 
Ijerature. This gives in (110) 

^=0.77 X .003665=0.0028 

VII. — Limit of the Atmospheee. 

57. According to the laws of Boyle and Charles the pressure and 
density of the atmosphere, as seen from (57) and (27), cannot vanish, 
except for an infinite value of v, and, consequently, if these laws hold 
for all extremes there must be a universal atmosphere occupying all 
space, if there is an absolute temperature of space T. In case of no 
such temperature we should have_p, which must here be regarded as 
tension, equal 0, and hence we would not have the gaseous state, to 
which alone the laws of Boyle and Charles apply. From a very rare 
and universal atmosphere the sun, moon, and planets would attract a 
portion nearer to themselves and form surrounding denser atmospheres. 

If an atmosphere like ours pervaded all space it can be shown that 
the sun, moon, and planets would each attract so large a portion and 
form an atmosphere around themselves so dense as to refract the rays 
of light passing from the stars near them through their atmospheres 
so much as to cause great displacements in their apparent positions. 
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which, at least in the case of the moon, could be readily observed. 
Besides, the sun would draw so large a portion that the density of its 
atmosphere would be sufftciently great at the distances of the planets 
to sensibly affect the periods of their revolutions in orbit. But no 
such displacement or change of periods is observed, and hence there 
cannot be a universal atmosphere of the nature of ours. 

Upon the hypothesis of the universality of our atmosphere. Dr. Thie- 
sen, of Berlin, has shown that the density of the sun's atmosphere, upon 
any reasonable assumption of temperature, even of 30,000° C. at the 
sun's surface, would be, at the distance from the sun of 0.8235 of the 
earth's mean distance, and so, far beyond the orbit of Venus, equal to 
the density of our atmosphere at the earth's surface. This is a much 
greater density than that which had usually been obtained upon the 
hypothesis of Dr. WoUaston, that equal densities of this universal 
atmosphere in the vicinities of the sun and planets should correspond 
to equal forces of gravity, the error of which hypothesis has been 
pointed out by Thiesen. According to this hypothesis the density of 
our atmosphere at the earth's surface would be found in the sun's atmos- 
phere at the distance of only 4J of the sun's radius. 

According to the table of § 27 the atmosphere sensibly vanishes at 
the altitude of 60 kilometers. But this is upon the hypothesis that the 
laws of Boyle and of Charles hold for very low pressures and tempera- 
tures, and also that the assumed temperatures are correct for high alti- 
tudes. We have seen (§§ 21, 23) that there are considerable deviations 
from observation in both laws within the range of experiments, and for 
the very small tensions and temperatures at so great altitudes we do 
not know how great these deviations may be. Neither do we know 
how much the actual temperatures there may vary from those assumed. 
The atmosphere at very great altitudes, therefore, may not be nearly so 
rare as it would be by the table of § 27. 

Prom twilight observations it would seem that a sensible portion of 
light is reflected from the illuminated part of the atmosphere at the 
height of 45 miles. This would certainly be impossible if the atmos- 
phere at that altitude is as rare as indicated by the table referred to. 



. CHAPTER II. 

TEMPERATURE OF THE ATMOSPHERE AND EARTH'S SURFACE. 

I.— The Eelatite Distribution of Solar Eadiation. 

hitroduction. 

58. The source of all heat upon which the general temperature of the 
atmosphere and the earth's surface "depends is the sun, and the dis- 
tribution and the variations of temperature depend primarily and 
mostly upon those of the intensity of solar radiations. The first step, 
therefore, in an attempt to ascertain and to explain the distributions- of 
temperature in the atmosphere and over the earth's surface, and the 
variations of temperature at different times, is to ascertain the inten- 
sity of solar radiation over the different parts of the earth's surface at 
different seasons of the year and times of the day. 

Ijxpressions of mean diurnal intensity of solar radiation. 

59. Since the value of the solar constant, upon which the intensity 
of solar radiation depends, is still very uncertain, and requires further 
experiment and research to determine it even approximately, the abso- 
lute values of the intensity of solar radiation at any given time and 
place on the earth's surface cannot be given, and the best that can be 
done is to give the relative intensities in terms of the solar constant for 
the sun's mean distance. But we have seen that the heat cf the su"n's 
rays after entering the earth's atmosphere are absorbed, and dispersed 
by reflections iu all directions, so that even in clear weather, with a 
vertical sun, only about three-fourths are transmitted to the earth's 
surface. The relative intensities, therefore, can be given for the top of 
the atmosphere only, or with reference to the whole amount of heat 
received by both the atmosphere and earth's surface. In doing this, 
the following notations will be adopted : 

J =the vertical intensity of solar radiation; 
8 =the sun's declination; 
z =its zenith distance; 
h =the hour angle from apparent noon; 
n=ihQ value of Ji at sunset; 
A =the geographical latitude of the place. 
Since the normal intensity — that is, the intensity on a plane perpen- 
dicular to the sun's rays — at the top of the atmosphere is the solar con- 

75 
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stant A, we shall have for the vertical intensity, which is the intensity 
upon a horizontal surface, 

(1) J=A cos e 

This is a maximum for a vertical sun, but it vanishes when the sun is 
on the horizon. 

We have from a well-known trigonometrical relation, found in any 
treatise on spherical trigonometry, 

(2) cos «=sin \ sin (J+cos \ cos 8 cos A 
"We therefore have 

(3) J=A (sin X sin d+cos \ cos S cos h) 

Prom this expression the vertical intensity can be computed, with 
the gi\'en latitude A. and solar declination 8, for any time of day for 
which the hour angle is h. 

It is seen from mere inspection that J" contains both a diurnal and an 
annual inequality, the former depending upon the variable A, and the 
latter upon d. The former is greatest at the equator, where cos X=l\ 
and when the sun is on the equator, where cos 6=1; and it entirely 
vanishes at the poles, where cos A=0. The latter is greatest at the 
poles, where sin A= 1, and vanishes at the equator where sin A=0. There 
is also a semi-annual inequality depending upon cos d in the last term 
of the expression, which has a maximum at the equator and gradually 
decreases toward the poles. 

The expression of J with regard to the diurnal inequality is a dis- 
continuous function which vanishes at sunset, and remains until sun- 
rise. In order, therefore, to obtain the whole amount of heat received 
in one day equation (3) must be integrated from sunrise to sunset — that 
is, from h=—H to h=H. For this purpose, since J is the rate of re- 
ceiving the solar heat, Q, we can put 

''- dt-dh 
if Ti is expressed in time. 

With this expression of J in (3) it becomes 

(4) dQ=A (sin A sin <y+cos A. cos 6 cos A) dh 

Regarding A and sin d as constant during one day, as we can without 
sensible error, we get by integration from h=—n to h=E. 

(5) Q=2A (sin A sin d-H+cos, A cos d sin H) 

in which the hour-angle ^is expressed in arc in terms of the radius. 

To obtain the mean vertical intensity of solar radiation for one day 
we must divide the whole heat received in a day by the number of units 
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of time in a day. But as H above is exi)ressed in terms of the radius 
we must divide by the time or hour- angle for a whole day, expressed 
also in terms of the radius, which is 2n. Dividing, therefore, both 
members of the equation above by 2;r we get 

Q 1 

(6) '^~'^~1t:^ ^^^^ '^ ^° (J'-ff+cos A cos S sin B.) 

The hour angle B. for sunset in this expression is a function of «?, and 
could be computed for any day of the year. But this would be incon- 
venient, and it is therefore desirable to have J^ in a function of 8 only 
by substituting for J? its value in a function of S. 

60. Prom right-angled spherical trigonometry we have 

T7- <- -1 X ^ tan A. sin 8 

(7) cos 5=— tan A tau 8=:—== . 

^ VI— sin 8 

Dividing the last term in the expression of J above by cos R^ and mul- 
tiplying it by its equal 

sin A sin 8 
-tan A tan '^^- gos Acos d 
we get 

(8) J=^-A sin A sin 8 (il— tan K) 



n 
If we now put 






and express the last term, [^7t—H), in a function of its sine, which is 
cos H, since the sine of an angle is the cosine of its complement, we get 

jr n f ^1 cos" R , 1 . 3 cos^ jB 1 ■ 3 . 5 cos^ S \ 
^=-_(^cos -ff+2 -y- +2T4 -5— +2TT76 ^--+&V 

By putting 

sinH y/l-cos^ R 
^^ ^=waR= cos R 

and developing the numerator of the last form, we get 

cos^ R 1 cos* R 1.3 cos^ R 



1 /- cos^ H 1 cos* -fi 1 .a COS" 
t^^ -^=53iB^V^~~2 TT2'~¥^ 1.2.3 23 

1.3.5 cos" B 



■&c 



) 



1.2.3.4 2* 
We therefore have from this, and the last expression of R above, 

(9) ^-tan -H-=|-5^-g cos R-^g cos= R 

- ij cos= fl--896 cos' 5- &c. 



78 



REPORT OF THE CHIEF SIGNAL OFFICER. 



From the development of the denominator of the last form of the 
second member of (7), we get 



cos H— - 


sin A sin 6/ 
cos A \_ 


1+ 


sin^tJ 


1 


. 3 

.2 


sin* d 


1 


3 


5 


sin^ ^ 




2-2 -+ 


1 


2 


.3 


2= 


The reciprocal of this is 




















1 


cos A 


(- 


sin'' 


d 


1 
1 . 


sin* (J 
2 22 


■~i 


1. 

.2 


3 
.3 


«i°' & 


cosfl 


sin X sin 6 


23 Oi. 



&c, 



■) 







With these expressions of cos M and of its reciprocal we get from (9) 
an expression of (^— tan H), which, being substituted in (8), gives:" 



(10) J=~A 



VfTt sin A sin 6 



+ COS A( 1- 
sin^ A sin^ S 



sin' 6 1 sin* d 1 . 3 sin° 8 
2 "1.2 22 ""1.2.3 
sin' d 1.3 sin* d 



23 



-&c, 



■) 



" 2 COS A 
sin* A sin* S 



(' 



1.2 2' 



%&c.) 



+ 



m' A sin' d /, 3 . „ ^ „ \ 
24^=l-(^l+2«^^ '^+^«-J) 

sin' A sin' d/^ „ n 
80 cos' A (l+^c.) 



From this expression with the value of d taken from a solar epheme- 
ris, the value of J can be computed for any latitude A and day of the year 
in terms of the normal intensity A. But this varies inversely as the 
square of the sun's distance, and is consequently, as is d, a function of 
the sun's longitude, and so a function of the time. 

Harmonic expressions of the intensity. 

61. Since both A and S in (10) are functions of the time the expres- 
sion of J may be obtained in a harmonic function of the time t. Let us 
put 

/.=the sun's longitude; 
(»=the obliquity of the ecliptic; 

a.=the mean distance of the sun; 

r=the radius vector of the earth in its orbit; 

e=the eccentricity of the earth's orbit; 

(S=the longitude of perihelion; 

Z'=the sun's mean longitude when t=0. 

t=the mean velocity of the sun in longitude. 

We then have from well-known trigonometrical and astronomical 
relations : 

(11) sin (y=sin co sin I 

Z=ii+Z'+2e sin (it+V—s>) 

sin l=sm {it-\-V)+e sin {2^+21'— m)—e sin 5 



-2=l+Je2+2eco8 {it+l'—&) 
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(12) 
in which 



A=Ao r2=Ao[l+ Je2+2e cos {it+V—m)\ 



-i4o=the yalue of A at the eun's mean distance, a' 



According to Leverrier's Tables du Soleil, we have for Washington 
mean noon, January 0, 1882, 

(13) Z'=280o 16' ai=280o 54' 
*=0.9856o=.01720 in arc e=0.0168 

62. By means of the preceding relations and values the expression 
of J in (10) may be put into the following form : 

(14) J=Aa (Oo+ Ci cos {it—Ci)+Gi cos (2 it-c2)+&o. 

=Ao JC, cos {sit—c,) 

in which c„ =0 and the other constants C, and 0. have the numerical 
values in the following table for each tenth degree of latitude : 



Lati- 
tudes. 


0, and Cb. 


Soutliem heouBplieTe. 


Co. 


Oi. 


0,. 


Ci. 


ci. 


02. 


01. 


Oi. 


02. 


Cl. 


C2. 


0°... 


.3053 


.0101 


.0131 


.0001 


o / 
30 


O ' 

169 8 


o / 
318 24 


.0101 


.0131 


o ' 
30 


o / 
159 8 


lOo... 


.3010 


.0247 


.0136 


.0001 


166 22 


160 4 


318 24 


.0444 


.0113 


352 2 


158 


20° .. 


.2885 


.0585 


.0128 


.0001 


167 46 


161 4 


318 24 


.0776 


.0084 


350 56 


156 4 


30°... 


.2682 


.0909 


.0107 


.0000 


168 30 


163 31 




.1084 


.0042 


350 38 


150 24 


40°... 


.2411 


.1200 


.0069 


.0001 


168 50 


165 64 


138 24 


.1359 


.0016 


360 23 


6 44 


60° .. 


.2085 


.1456 


.0009 


.0003 


169 4 


207 no 


138 24 


.1592 


.0092 


350 12 


343 6 


60°.,. 


.1732 


.1667 


.0089 


.0004 


169 11 


332 


138 24 


.1780 


.0201 


360 6 


342 14 


70° .. 


.1413 


.1824 


.0270 


.0017 


169 17 


335 34 


138 34 


.1917 


.0393 


350 


340 50 


80°... 


.1509 


.1909 


.0909 


.0017 


169 16 


338 37 


138 24 


.2009 


.1037 


360 1 


339 50 

1 



For the expressions of these constants, from which the numerical 
values here given are computed, and the method by which they are ob 
tained, the reader is referred to Professional Paper of the Signal Service, 
'So. XIII."^ 

The expression of (14), together with the numerical values of the 
constants in the table, is important in the comparisons with tempera- 
ture expressions of the same form on difierent latitudes of the globe, 
in order to observe the relations between the changes of the constants 
in (14) for the different latitudes and those of the corresponding con- 
stants in the temperature expressions. 

The expression of (14) is not applicable within the polar circles to 
the times in which the sun does not rise and set, and consequently 
within these circles it is not a continuous function through the year. 
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The mean solar intensity for the year for any latitude up to the 
polar circle is expressed by the first term of (14) -4o Go] and hence, 
according to the values of Oo in the table, it decreases with increase of 
latitude. Since (14) has been deduced from (10), and the latter from an 
integration extending from sunrise to sunset, (14) is not applicable 
within the polar circles while the sun does not rise and set, and con- 
sequently Ao Go does not express the mean annual intensity there. 

It is seen from the numerical values of Oi that the annual inequality 
of solar intensity is very small at the equator but rapidly increases 
with increase of latitude. The values of G, indicate a small semi- 
annual inequality at the equator which gradually decreases with 
increase of latitude up to the parallel of about 50° when it becomes 
very small, and then increases again toward the poles. The inequality 
having a period of one-fourth of a year, it is seen from the values of G4, 
is so small that it can generally be neglected. 

The values of Ci for the southern hemisphere, compared with those 
of the northern, show that the annual inequality in the intensity of 
solar radiation is much greater in the former than in the latter. This 
arises from the circumstance that the sun is nearest the earth in the 
summer of the southern hemisphere. 

Times of maxima of the inequalities. 

63. If we put 

' T,= the times of maxima of the several components, 
these, by (14), are determined by the conditions that sit — c„ which give 

• s% 

This gives for the time of maximum of the annual inequality ou the 
parallel of 45°, where by the preceding table Ci = 168° 57'. 

„ c 168° 57' 
^'=I=-0j856-=l^^-*'i^y- 

Since the era, or time * = 0, in the table is Jan. 0, noon, Washington 
time, this indicates that the maximum occurs in the afternoon of the 
171st day of the year, Washington time, or by the Table XI, during 
the afternoon of the 20th of June. 

For lower latitudes, since there the values of Ci in the preceding 
table are smaller, the time of the maximum is a little earlier. 

Since the other components sensibly vanish in the middle latitudes, 
as is seen from the values of 0^ and O4 in the preceding table, Ti may 
be regarded as the resultant maximum of all the components. 

Expressions of intensity where the sun does not rise and set. 

64. The expression of J for the time the sun does not rise and set 
is obtained by integrating (4) for 24 hours, that is, from h = —.J ;r to 
h = i7t, where h is expressed in arc in terms of the radius, instead of 
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from sunrise to sunset, and dividing by 2 n, just as.in the preceding case. 
We get, of course, the expression of (6) except that R in this case 
becomes n, and consequently, sin ^=0. We have, therefore, in this case, 

J=^A sin A sin & 

This, by means of the relations of (11) and (12), can be put into the 
form 

(15) J = A„ J 0. sin (s it-c,) 
in which 

(16) Ci=sinAsmai G^ = 2e&\\im Ci= - ^'=790 36' 

C2 = c3 -2i!' = 80O6' 

This expression of J, it must be borne in mind, can be used for the 
time only that the sun does not set, and consequently withiu certain 
limiting values of t. These limiting values are the times when the 
polar distance of the place is equal to the sun's declination— that is, 
when 6 = ^ 7t — \. Hence we get from (llx) and (11^) 

ztsiu (Jtt— A)=sin oo [sin {it+l')-\-e sin^ t^+2 I'—w—e sin c3] 

as a condition for determining these limits for any latitude X. Substi- 
tuting the numerical values of sin co, sin <», I', and w, it becomes' 

(17) ±?^5_ii^=i)_.0164=sin(tf+280O24') + .0168 8in (2it+7905i') 

The negative of the double sign must be used for the southern hem- 
isphere. For each hemisphere there are two values of t which satisfy 
(17), which are the limiting values required. These are likewise the 
limiting values of t in (14), where it is applied within the polar circles, 
for the time that the sun rises and sets. 

Table of vertical and normal intensities. 

65. In Table XI are contained the vertical intensities of solar radia- 
tion J, in terms of the mean solar constant Ag, for each tenth parallel 
of latitude of the northern hemisphere, and for the first and sixteenth 
day of each month, computed by (14), with the values of the constants 
0, and e, in the table of § 62, for all latitudes below the polar circle and 
for latitudes within the polar circle during the time that the sun rises 
and sets. Within the polar circle for the time that the sun does not 
set, determined by the condition of (17), they have been computed 
by (15), with the values of the constants given by (16). The table also 
contains the values of the angle it for the given dates, and likewise the 
values of A in terms of Aq, both of which will often be found very useful 
and convenient. All values for intermediate dates of the table can be 
10048 SI&, VT 2 6 
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readily obtained by interpolation. The numbers between the horizontal 
lines in the columns for latitude within the polar circle belong to the 
time during which the sun does not set, the blank places to the time it 
does not rise. 

In the southern hemisphere the values of Jin Table XI differ for any 
given time of the year on account of the differing values of the constants 
Ci! Cj, Ci, and c^ in t he table of § 62. For the mean of the year, how- 
ever, the terms in (14), containing these constants, are eliminated, so that 
the mean intensities for the year, contained at the bottom of Table XI, 
are the same for both hemispheres. 

The era, or time <=0, in the table and the formulae, is noon of January 
0, for the average of four or a long series of years, but for single years, 
where great accuracy is required, the following may be used : 

January 1* 3^ a. m., for leap year. 

January 9 a. m., for the first after leap year. 

January 3 p. m., for the second after leap year. 

January 9 p. m., for the third after leap year. 

In the column of dates one day must be added in January and Feb- 
ruary in leap years. 

For the absolute vertical intensities J, and normal intensities A, the 
numbers in the table, which express simply the relative intensities, 
must be multiplied into Aq. There is, however, considerable uncertainty 
yet with regard to its true value, and for the present we must be content 
with approximate values, each one using that which he considers the 
most probable value. 

Equal amounts of heat received by the whole earth in equal times. 

66, From Kepler's law of equal areas in equal times we have, using 
the notation of § 61, 

(18) lr''dl=cidt 

in which c is a constant depending upon the eccentricity of the earth's 
orbit. The integration of this for the time of one revolution T, since iT 
in arc is equal to 2tt, gives 

the integral of the first member being the area of the ellipse of the 
earth's orbit, which is na^ \/v^. From this we get c=\a^ ^/\^^, and 
with this value of c (18) gives 

02 1^ dl^ 

r^~iVI^^^~dt 

With this value of a':r^ in the first form of the expression of A in (12) 
we get 
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Hence the normal intensity of solar radiation at any time is propor- 
tional to the rate of change of longitude, equal amounts of heat being 
received upon each unit of normal surface for equal parts of longitude 
passed through in any part of the orbit. Ou account of the spherical 
figure, or nearly so, of the earth, the amount of normal surface for the 
whole earth, receiving the sun's heat, which is the area of a great circle 
of the earth, is the same at all times. The amount of heat, therefore, 
received by the whole earth is proportional to the angular change of 
the earth in orbit, or of the sun in longitude. 

This, however, is not strictly true where there is a secular change in 
the eccentricity e of the earth's orbit, and this change, in the course of 
a very long series of years, might cause a sensible change in the annual 
mean of J., and consequently in the amount of heat received by the 
earth during a year. The greater the eccentricity the greater the 
amount of heat received, but it is seen from (19) that the change in e 
would have to be considerable to produce much effect. 

Since the amount of heat received by the earth is proportional to the 
longitude passed through, and not to the time, and the sun while north of 
the equator has the same relation to the northern hemisphere that it 
does to the southern hemisphere while it is south of the equator, it fol- 
lows that the same amount of heat is received in the course of a tropical 
year by both hemispheres. 

Expressions of intensity within the eartWs atmosphere. 

67. For any body within the atmosphere or at the earth's surface, in- 
stead of (o), we have approximately for the vertical intensity at any 
■hour /i, neglecting the small terms in (101) Chapter I, 

(20) J=Ap' (sin X sin &+ cos A. cos 6 cos h) 

As both e and h are functions of t, the diurnal inequalities of intensity, 
although (20) is a discontinuous function, we know from actual observa- 
tion, can be represented by 

(21) J=^K, cos (s nt—Tt.) 

in which 

n = the rate of change of the hour angle h, 
and in which K, and Tc, are constants which can only be determined by 
observation. Although J entirely vanishes from sunset to sunrise, yet it 
can still be represented very nearly by (21) without talking very many 
terms, for as there are two constants K and Ic for each inequality, the 
bi-hourly observations for 24 hours could be accurately represented by 
six terms of such an expression besides the constant Ka independent of 
#, and the deviations between these intervals would be small. The ex- 
pression is rounded off by the effect oip', which causes the normal inten- 
sity to become small as the sun approaches the horizon, so that (21) is 
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more convergent at the earth's surface than it would be at the top of the 
atmosphere, or at the earth's surface in case of no atmosphere. 

From an inspection of (20), of which this is a development with re- 
gard to the variable li=nt, it is evident that K, must in general, espe- 
cially ^1, be greatest at the equator where the extreme values ot 
p'. differ the most and cos A is greatest, and gradually decrease to the 
poles, where they all vanish. And since the difference between the ex- 
treme values of p' are greater in summer than in winter, the values of 
K, must be greater in the former season than in the latter. They must 
also decrease somewhat as p' decreases and vanish when p vanishes, 
and hence vanish in very cloudy weather, in which we havep=0. 

In the case of the mean diurnal intensity, which would be obtained 
from the integration for one day of (20) put into the form of (4), the in- 
equalities depending upon nt, as expressed in (21), vanish, and we have 
left only the mean diurnal intensity and the inequalities depending upon 
it, of which both e and 6 in (20) are functions. The expression of J, 
therefore, can be put into the form 

(22) J=IK.coB{sit—lc,) 

similar to that of (14), with inequalities of the same periods, but in 
which the values of the constants are different. As we approximate to 
the top of the> atmosphere, however, where the value of p' becomes 
unity, the values of K, and Ic, approximate to those of A^G, and c, in (14), 
and at the top become the same. 

Since this is the development of (20) with regard to the variable I, 
which by (llj) is a function of it, Ki, in this expression, must be small at 
Ihe equator where sin A=0, and must gradually increase with increase • 
of latitude. The values of K, must also be in general less than those 
in (21), because in middle latitudes where sin A and cos A are nearly equal, 
the coeflacient of sin I in (11), which is the expression of sin S, is much 
smaller than the average of cos d in the last term of (20) upon which 
(21) depends. In high latitudes, however, the reverse may be true. 

II. — The Conditions Detekmining Temperature. 
Introduction. 

68. With the relative intensities of solar radiation for different times 
and places on the earth's surface, we are far from knowing the absolute 
or even the relative temperatures at different times and places resulting 
from these intensities, for there is no proportionality, or other known 
and simple relation, between them. 

We may expose a black-bulb and bright-bulb thermometer, a piece 
of glass or other diathermanous body, and a number of opaque bodies 
of different qualities and shapes, in a vacuum to the same intensity of 
the solar rays; and yet the static temperatures of all these bodies will 
differ, the temperature of the black bulb will be greater than that of tbe 
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bright, and the temperature of the latter greater than that of the piece 
of glass, and the temperatures of all the other bodies will differ accord- 
ing to their different qualities and shapes. If they are all exposed in a 
similar manner in the open air there will still be differences, but not so 
great, the conduction and convection of the air having an equalizing 
effect, especially when in motion. 

Again, if these same bodies be exposed to a varying intensity, such 
as is represented by (21) or (22), the corresponding inequalities of tem- 
perature will have relations to one another very different from those of 
the inequalities of intensity of solar radiation, the ranges of the in- 
equalities and times of maxima and minima being very different in the 
different bodies. The ranges of inequality of larger bodies will in gen- 
eral be greater than those of smaller ones, and those bodies of the same 
shape and size but of different qualities, and of bodies of the same size 
and quality but of different shapes, will differ very much one from an- 
other, all exposed to the same inequalities of solar i«adiation. Much 
also depends upon the surroundings of the bodies. 

The important problem to be solved here is, having the conditions 
of shape, size, quality, &c., of a body, its surioundings, and the inten- 
sity of solar radiation to which it is exposed and its variations, as ex- 
pressed in (21) or (22), to determine the resulting temperature and its 
variations. The problem is mostly too complex to obtain absolute 
quantitative results, but very important general relations can be estab- 
lished between the intensity of solar radiation and the resulting tem 
perature depending ujion the conditions which enter into these relations. 
The principal circumstances upon which they depend are the laws and 
rates of radiation and absorption of the bodies, their size, shape, and 
capacity for heat, the temperature of surrounding bodies, and when in 
contact with other solid bodies or immersed in fluids, upon the conduct- 
ing power of the solids and the convective ])ower of the fluids for heat 
with which they are in contact. Where also the intensity of solar radi- 
ation is variable, subject to inequalities of longer or shorter duration, 
these relations depend very much upon the periods of the oscillations 
of intensity. 

Laws of radiation and, absorption. 

69. Every part of the surface of a body radiates heat in all directions 
from it. The intensity of the radiation is a function of the quality of 
the radiating surface, called its radiating po^er, upon its temperature, 
and also upon the angle of emission with reference to the normal to the 
surface. Let us put 

A=the heat of any body B; 
^=its temperature; 
<Zs=a differential element of its surface; 
dff=im element of a solid angle with vertex at ds; 
i=X\\e angle of emission with reference to the normal to the 
surface. 
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Ftg.2. 




The rate of radiation, then, from any differential element of the sur- 
face of the body B regarded as a point, within the element da of a solid 
angle, is expressed by 

(1) ' ^=Kp cos i(p{i)q}(6)dsda 

in which ^ is a constant depending upon the absolute radiating power 
of a lamp-black surface of temperature ^=0 in a direction normal to the 
surface, the radiating power of such a surface being a maximum; p is 
the relative radiating power of any other kind of surface — that is, radi- 
ating power relative to a lamp-black surface; (p(i) is a function of i 
which generally differs but little from unity, causing the radiating 
power to vary a little from the law of cos i called the law of cosines; 
and (p{6) is a function of the temperature to be determined from experi- 
ment. 

In the case of a lamp-black surface we have p=l, and as in this case 
the radiation in the different directions follows the law of cos i we have 
in this case q)(i)=l also. 

For any other body B', distinguishing the quantities h, 6, ds,.&c., by 
an accent, we have 

dh' 

-^=Kp' cos i'(p{i')(p{d')ds' da' 

for the rate by which heat is radiated from ds' within the solid angle 
da'. Expressing ds! and Aa' in terms of da and ds, we have, putting 
/=the distance between ds and ds' 

A lamp-black surface absorbs all the heat falling upon it, while others 
absorb only a part and reflect the balance if they are adiathermanous; 
but if they are diathermanous they reflect and transmit all which is 
not absorbed. A lamp-black surface, therefore, has a maximum ab- 
sorbing power, and in other bodies it is less and is also a function of 
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the angle of incidence i. The relative absorbing power may therefore 
be expressed for any given direction by acp'{i). We shall therefore 
have for the rate with which the heat is received from ds' and absorbed 
by ds 

(3) (-^=Kcp{6')p/cp{i') cos i'a(p'(i)ds' da' 
Putting for da' its value in (2), this becomes 

(-^j=Kcp{d')p' cos i'<p[i')—p-oi<p'{i)^' ds 

In like manner we have for the rate with which heat is received from 
ds and absorbed by ds', by inverting the accented and unaccented letters 
in the preceding expression required in an inversion of the case 

^ j=E(p{d)p cos iq)(i)-yf~a.'q)'(i')dsds' 

If in these last two expressions we put 

(4) 6=6' p^{i)=a(p'{i) p'<p{i')=acp'{i') 

they become the same. The first of these conditions expresses equality 
of temperature of the two bodies, and the other two equality in the 
radiating and. absorbing powers of the two bodies for equal angles of 
emission and incidence, expressed in both cases by i or i'. Hence if two 
bodies in the same vicinity have the same temperature, and the absorb- 
ing and radiating powers of each one are the same, though differing in 
the two bodies, the heat received by any differential element of the surface 
ds of the one body from any differential element ds' of the other and ab- 
sorbed ^is precisely equal to the heat received by ds' from ds and absorbed. 
As it is only absorbed heat which affects temperature, the equality of 
the temperatures are therefore not affected by any interchange of heat 
between the two bodies where the radiating and absorbing powers are 
equal for all angles of emission and incidence. 

70. It is usually said that radiation and absorption are equal, and it 
can be shown that this is the case where the temperatures of the source 
of heat and of the body absorbing and radiating the heat are the same, 
but it does not seem to be true as a general proposition. According 
to Knoblauch=3 tljg radiating power of a body is the same be the calo- 
rific rays with which it is heated of ever so different tinds, and this seems 
to be generally admitted. But the absorbing power seems to depend 
upon the temperature of the source of heat. Since the absorbed heat 
is simply the difference between the incident and reflected heat, this is 
best shown from observation of the reflecting powers. The following 
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table contains the results of experiments made by MM. de la Provostaye 
and Desains on the reflecting power of several of the metals :" 



Metals. 


Locatelli 
lamp. 


Solar rays. 


Alcohol 
lamp. 


Polished silver plate 


0.97 
0.95 
0.93 
0.86 
0.85 
0.80 
0.83 
0.84 
0.77 
0.74,0.75 


0.92 

0.87 




Gold 






0.945 




0.64 
0.60 


Pewter 


0.86 


Polished platinum 


steel 


0.60 


0.88 


Zinc 


Iron 

















The complements to unity of these several reflecting powers are the 
absorbing powers. Hence it is seen that the absorbing powers of the 
metals are much greater for the heat of the solar rays than for the heat 
of a Locatelli or alcohol lamp. 

With regard to different angles of incidence it seems, from the results 
of the same experimenters, that the reflecting, and consequently the 
radiating, power of metals is the same for all angles of incidence up to 
70°, after which the reflecting power diminishes, and at about 80° it is 
nearly 0.94 of its value at small angles of incidence. From the reflect- 
ing powers, the same experimenters found that the radiating power of 
glass is 0.90, with an incidence of 0° ; 0.836" when the angle is 60° ; 
0.7504 for 70° ; 0.653 for 75° ; and 0.55.44 for 80°. These are the values 
in this case of p(p{i) in (4), and hence p cos i cp(i) is the radiating power 
for an angle of emission i, and as the values of pq){i) above decrease 
with increase of angle of emission, the radiating ijowers of glass de- 
crease with increase of i more than in the case of a lamp-black surface, 
in which it is, by Lambert's law, as cos i. 

Magnus^^ obtained 8.4 for the per cent, of heat reflected by a glass 
plate which was radiated from a silver plate, imperfectly coated with 
lamp-black, at an angle of incidence of 45°. The temperature of the 
source was 150° G. This makes the ratliating power of glass consider- 
ably greater than it is by the experiments of MM. de la Provostaye and 
Desains. 

In diathermic bodies the absorption is diminished by the amount 
of heat transmitted through the body as well as by that reflected. In 
this case, therefore, the relation between radiation and absorption is 
often very different from what it is in the case of adiathermic bodies. 
In the latter we have seen that the relation depends in some measure 
upon the temperature of the source from which the heat comes, the ab- 
sorption for several of the metals being greater in the case of the solar 
rays than in that of the Locatelli lamp, while the radiating power is the 
same in both, though for equal temperatures between the bodv receiv- 
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iug the rays and the body from which the rays come, the radiating and 
absorbing powers are equal, and sensibly so in the case of any ordinary 
differences of temperature. But in adiathermic bodies, while the ra- 
diated heat is the same for the same body whatever the source from 
which it receives heat, the absorbed heat depends upon the size of the 
body and its transmissive power for heat. For low- temperature sources 
of radiation the transmitted heat is in general inseusible. This is shown 
by the experiments of Melloni". Seven plates of glass of different de- 
grees of thickness, submitted to the action of four sorts of calorific rays, 
gave the following transmissions: 







Per cent, of transmissions 




Thickness 
of plate. 








Looatelli 


Incandescent, Blackened 


Blackened 




lamp. 


platina . , copper, 390° C. 


copper, 100° 0. 


mm 










0.07 


77 


54 


34 


12 


0.6 


54 


87 


12 


1 


1.0 


56 


31 


9 





2.0 


41 


25 


7 





4.0 


37 


20 


5 





6.0 


35 


18 4 





8.0 


33.5 


17 3. 4 






The temperatures of the first two are unknown, but the first is greater 
than the second, and the second than the third. Now, a single glance 
at the table shows that the number of rays transmitted through the 
same plate differs with different sources of calorific rays, and that the 
transmissibility seems to increase with the temperature of the source. 
This, however, does not seem to be a general law, for Melloni fouud two 
exceptions. Pure rock salt is penetrated by heat, according to Melloni, 
from every source in a uuiforui manner, and prepared rock salt, accord- 
ing to Melloni and Forbes, is penetrated by heat in a degree which 
decreases as the temperature of the source is increased ^^j 

The following are the per cents, of transmission through a plate of 
several diathermanous bodies of 2.6°™ in thickness for the several differ- 
ent sources of heat, as given by Melloni : ^' 



Substance. 


Locatelli 
lamp. 


Incandescent 
platina. 


Blackened copper. 


300° C. 


100° c. 




92 
65 
78 
39 
39 
6 


92 
65 
69 
28 
24 



92 
65 
42 
6 
6 



92 
65 
33 







Flaate of lime (clear, colorless) — 

Iceland spar (clear, colorless) 

Mirror glass (clear, colorless) 

Ice, very pni e (clear, colorless) 
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In all these cases, except that of rock salt, the transmissivity in- 
creases with the temperature of the source of radiation. In the case 
of the solar rays, on account of the high temperature of the sun, there 
is perhaps no diathermic body through which the heat is not trans- 
mitted with greater facility than that from terrestrial sources of com. 
paratively low temperature. The reflected rays of the sun ha%'e also 
very nearly, if not quite, the same high penetrative power, the quality 
of the rays not being much changed bj reflection, so that the sun's re- 
flected heat penetrates glass with apparently the same facility as the 
rays before reflection, while that radiated from terrestrial objects of low 
temperature, and even by the flame of combustion, is almost wholly cut. 
off by a thin plate. It is, however, well established that the transmis- 
sivity of the same body differs very much with the source of the heat, 
and consequently that in diathermic bodies the relation between radia- 
tion and absorption differs in different bodies, the former being generally 
greater than the latter, and most probably always so where the source 
of heat is the sun. 

In the case of a plate of glass one millimeter in thickness, allowing 
10 per cent, for reflection, it is seen, from the first of the preceding 
tables of results, that 44 per cent, is absorbed of the heat from a Loca- 
telli lamp, 59 of that from incandescent platina, 81 from blackened, 
copper of 390° 0., and 90 of that from blackened copper of 100° C, 
while the radiation is the same in all. If we take a plate four milli- 
meters in thickness the amount of absorption is considerably greater 
for all sources of radiation, while the radiation is nearly the same, this 
depending merely upon the extent of surface. Hence the difference 
between radiation and absorption diflers both with the source of the 
radiation and the thickness of the plate. 

The eflect of the temperature of source upon the diathermancy of 
glass plates is shown by the experiments of Schneebeli.^" The absorp- 
tion coefficient k was reckoned from the formula 



J^zJae-" or k: 



logj" 



in which 

,r = the thickness of the absorbing plate ; 

Jo = the intensity of the ray falling upon the plate ; 

J = the intensity of the transmitted ray. 
He obtained the following values of h for the different temperatures 
of the radiating body in the first column, the thickness of glass plate 
being 1.75""". 



Temperature of body. 


Value of h. 


100° C. 
£50 
About 1,000 


2.4 

1.47 

0.42 
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It is seen when the temperature of the radiating body was 1,000° the 
absorption coefficient was only about one-sixth as much as when its 
temperature was only 100°, and hence the diathermancy of the glass 
for heat from a high temperature source was much greater. The con- 
stant k includes reflection and absorption, but there was most probably 
but little difference in the reflections in the several cases, and therefore 
the differences are mostly due to different absorptivities. 

Law and rate of the cooling of bodies in vasuo. 
71. If we put 

5=the difference between the heat radiated by B and that re- 
ceived from B' by B and absorbed; 
C=the capacity* of B for heat; 
we shall have 

/K\ ' „de dM 

<^) ^Tt=^ 

The integration of (1) with regard to ds and da gives the rate with 
which B loses heat by radiation. In like manner the integration of (3) 
with regard to ds' and da' gives the rate with which heat is received 
from B' by B and absorbed. We therefore have 

dW 

(6) -nj-=—K(p{6) J'pq){i) cosidaj" ds 

■\-K<p{e')J'a(p'(i)da' fp'cp{i') cos i'ds' 

The first term of the second member, expressing the rate with which 
B radiates heat in all directions from its surface, must be integrated 
with regard to da so as to include in the integral the whole solid angle 
in which the radiations from ds are 
contained. For a spherical body or Fig. t 

any other which does not have de- 
pressions in its surface, this solid 
angle is a hemisphere. But if any 
element ds of the surface oiB is in 
a depression, as in Fig. 2, then this 
solid angle of integration is less 
than a hemisphere, and conse- 
quently the rate of radiation from 
As is less than for an element any- 
where on a convex part of the 
surface where radiation takes place 

in all directions above a tangent plane. For every couvex part of the 
surface the rate of radiation is the same, so that where there are no 
depressions the radiation is in proportion to the surface, whatever the 

* As used here the heat required to raise the temperature of the body from 0° to 1° 
C. ; the specifie heat capacity, or specific heat simply, being used to denote the heat re- 
quired to raise the temperature of one unit of weight through the same range of tem- 
perature. 
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figure of the body may be, but where there are depressions the rate of 
cooling is less than in case of a body of the same extent of surface which 
•is all convex. The integration with regard to ds must include the whole 
surface of B. In the last term of the expression of (6) the integral with 
regard to da' must be taken for each element ds', through the solid 
angle subtended by the body B, and with regard to ds' so as to include 
all the elements of surface which emit rays to B. 

In the case of a body of which all parts of the surface are convex the 
integral /'p(p{i) cos idff has to be taken for each element ds through a 
solid angle of the extent of a hemisphere and consequently this integral 
is a constant for each of those elements, and we have 

rpcp{i) cos ida fds=sj'pcp [i) cos idff 

In the case of a lamp-black surface we have p=l and (p (*)=!. 
Hence if we put 

r=the radiating power of a convex surface relative to that of a 
convex lamp-black surface, 

we shall have 

/'l"P{i) cos idff ff>(p{i) cos ida 
~ J'cos idff n 

From this and the preceding equation we get 

(8) fpcp(i) iioi^ idff fds=Tirs 

in which s is the whole surface of B. 

The integration in the last term of the expression of (6) cannot be 
accurately obtained in many cases, but approximately in all. 
Let us put 

?t=the value of i' for the ray passing from ds' toward the center 

of 5, supposed here to be spherical; 
(i7=the angle between the ray of which the angle of emission is 

u and that of which the angle of emission is i'; 
ol'=the extreme value of oa where B is a sphere; 
i)=the distance between ds' and the center of B; 
dy^=the difl'erential element of a solid angle subtended by ds' as 
seen from the center of B; 
We shall then have cos uds'=D'^dip and by means of this we can put 

(9) /a<fy{i)dff'fp'cp{i')cosi'ds'=ar'I)\/cosaadff'/dtp . '^'^^l'^^^^^^' 

in which 

a=the mean relative absorbing power of B for all angles of in- 
cidence, 
r'=tbe mean relative radiating power for all angles of emission. 
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It is seen from Fig. 3 that the ray of which the angle of emission is i' 
may be in any direction around that of which 
the angle of emission is m, and consequently 
the former is less on the one side and greater 
on the other than m, and cos oo differs but 
little from unity unless the body B is such 
and so placed as to subtend a very large 
solid angle as seen from dn'. In the case of 
a lamp-black surface of B and B' both cp'\i) 
and (p{i') become unity, and for any kind of 
surface they mostly vary so little with dif- 
ferent angles of incidence and emission that 
they may be regarded as very nearly con- 
stant within the ranges of the integrations. 
We shall therefore incur very little error in 
the integrations by regarding the last factor 
in the second member above as a constant 
and equal to its mean value, obtained by put- 
ting i'=u. 

In the integration ofycos oadd it will be 
necessary to express dia in terms of doo. 
For this purpose we must put, where B is 
a sphere, dff'=2;r sin wdw. With this we 
get 

J' <ios wda'=J'2Tt sin w cos 0Dda)^2TiJ's,\a w d sin cBi=7r sin'' oo 

in which oo is the limiting value of oo including the whole body B. Let 

us put 

iB=the radius of B when a sphere; 

>S=the sectional area of a great circle of JB; 

we shall then have, as is readily seen from Fig. '■', D sin qo'=B, and 

hence, by means of the preceding equation, 

(10) D^ /cos 00 da'=niy sin^ <»'= nW^8 

Hence this is a constant for all values of B. By means of this we get 
from (9) 

(11) J" aq) {i)dff\f p q}{i') cos i'ds'=ar'SpQ 

in which f is the solid angle subtended by the body B', and in which 

/"^(p {i)cp{i') cos i'\ 
l^"^) V— ^'v^ cos « cos &j J 

is a function which in general does not differ sensibly from unity unless 
the angles i', u, and oo are very large. The integration with regard 
to dip is entirely independent of the figure of the body B', and conse- 
quently (11) holds for a body of any shape. 

As the second member of (11) is an expression of the heat received 
from B' by B and absorbed, if we put a=l it becomes the expression of 
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the heat received from B' by B, since when a=l all is absorbed which 
is received. Hence the heat received by a spherical body from any body 
B' of any figure is proportional to the solids angle subtended by B' as seen 
from the center of B, except so far as it is slightly changed by the vary- 
ing values of Q in (12), with change of distance, or change of figure 
of the body upon which the values of i', u, and ca for the different ele- 
ments of surface ds[ depend. 

Where B' is a spherical body the value of Q in (12) differs most from 
unity for the elements of ds' on the outer part of the solid angld or disk 
as seen from the center of B, since for these elements the values of i' 
and u in (12) are large, and where the body B is such also as to sub- 
tend a large angle as seen from ds', in which case the value of a? and 
the difference between i and u may be large, and the value of Q a little 
less than unity, where the integration extends to these border elements 
of surface ds' only. 

The function (p'{i) depends upon different absorbing powers of the 
surface of B for different angles of incidence, but this difference is gen- 
erally very small and entirely vanishes in a lamp-black surface, where 
all are absorbed and (p'{i) becomes unity. The function <p(i') depends 
upon the different radiating powers of the surface of B' for different 
angles of emission i, the effect of which would be that a little more or 
less l^eat is received from the central part of the disk of a spherical body 
than from a part of the exterior part of the disk subtending the same 
solid angle. 

Where the element ds' is normal to the direction of the center of B, 
Fig. 3, we have u—0, and Qo=i', and also gj{i')=l, very nearly, since in 
this case the angles of emission are all small unless B, as seen from 
ds', subtends a large solid angle. In this case, therefore, the value of 
Q is very nearly unity, and exactly so where the surfaces of B and B' 
are lamp-black surfaces. 

72. By means of (2) we can put 

(13) ^f aq) {i.)d.a' J' p (p{i') cos i'ds'=J'acp'[i) cos ids J" p q){i')da 

in which da is the solid angle corresponding to any element of ds' of 
Pjq 4 the surface of the body B'. Where the 

two bodies are so far apart that the solid 
angle of each one as seen from the other 
is very small, the rays passing from all 
Jc I'arts of B' to B may be regarded as par- 
allel, and the solid angle subtended by B' 
as seen from B may be regarded as the 
same for each element ds of the surface of 
B. Hence we can in this case put dff=dp. 
Letting S here represent the section of 
B, normal to the direction of the parallel 
rays, which intercepts the greatest num- 
ber of rays, Fig. 4, we shall have in this 
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case, whatever may be the figure of B, cos ids=d8. If we, therefore, 
pat 

a=the relative absorbing power of the body for parallel rays 
falling upon it at the several angles of incidence, 

we shall have 

...> _J' a(p'[i) cos ids _^f a(p'(i) C0& ids 

J^ cos ids S 

By means of this, and the relation of dff=zdip, (13) gives, where (p{i')=l, 

(15) ya(p'{i)dff'^fp'(p{i') cos ids'=ap'8tp 

which is the same result as obtained in (11) for a spherical body in the 
case of lamp-black surfaces and with B' at an infinite distance, for in 
this case we have, in (12), Q=\. 

73. By means of (8) and (11) we now get from (6) 

(16) -^=K[7rrs(p{0)-ar'8ijQ<p{e')] 

in which Q can generally be taken as unity without incurring any sen. 
sible error. 

In the case in which the rays can be regarded as parallel, using (15) 
instead of (11), we get, where (p'{i)=l, as it is with a lamp-black surface, 
and very nearly in all cases, the same expression of (16), except that in 
this case we have Q=l precisely, and 8 is the.section of the body inter- 
cepting the greatest amount of the rays from B'. In this case the body 
B may have any figure whatever, unless there are concavities on its 
surface, and the result is the same. 

If there are n bodies such as B', then the effect of each one upon the 
rate of cooling of B is the same as if the others were not present, unless 
they are so situated that the different solid angles which they subtend, 
or their disks as seen from B, interfere or overlap. In this case the 
solid angle f for each body must comprise the visible part only, un- 
less the intervening bodies are diathermic. We, therefore, get, instead 
of (16), in the case of several bodies radiating heat to B, by regarding 

(17) -^=^[^rsg,i0)-2„ar'8^cp(d')] 

in which the quantities r', ip, and 6' under the sign JS„ may have differ- 
ent values for each of the several bodies. The value of S will also be 
different for each of the different bodies unless B is spherical, in which 
case the section 8 intercepting the rays is the same for all directions of 
B' ; but this would not be so for a body of any other form, such as is 
represented in Fig. 4. 
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The first term in this expression is the rate by which a single body cools 
in space where it receives no heat from any other body. This rate is 
less in large than in small bodies of the same figure, since C in the de- 
nominator is as the ciibic dimension of the cooling body, while 8 is the 
superficial dimension. It is seen that the presence of iJ' diminishes 
this rate, and the more so the greater are a and 8, the absorbing power 
of B and its maximum sectional area wh( re B is spherical. It also de- 
pends upon, and is proportional to, the radiating, power r' of B' and 
the solid angle ?/> which it subtends, as seen from B. 

Where B', Fig. 5, is an infinite plane statum, as seen from B, it sub- 
tends a solid angle of a hemisphere, and hence in this case we must put 
iu (IP), f=27r, and, where B is spherical, s=4 8=iB''7T. With these 
values in (16), neglecting Q, we get very nearly 



(18) 



di 



-%"=^B;'7t'-^\r(p{0)- 






■^ar'(p6'] 



But this is applicable in the case only in which B is spherical, since for 
any other figure 8 is not the same for all directions of the elements ds' 
of the surface of the body B'. 

The same expression is applicable to any body which forms a hemi- 
spherical inclosure, whether the surface whicli radiates to B is that of 
an infinite plane, or is parabolic,. hemispheric, or that of any other figure, 

Fig. 5. 




-B' 



since the only condition required in (18) is that it shall subtend a solid 
angle of a hemisphere. 

In the preceding expressions the radiated heat only of B' has been 
taken into account. In (16) a single body, even when small, might have 
a form which would reflect some heat back to B, and in (17) where there 
are supposed to be a number of bodies from which B receives heat, 
there might be considerable heat reflected to B if the bodies B' are 
reflecting bodies. Whenever this is the case it is necessary to take the 
reflected heat which reaches B into account, whether this is its own 
radiated heat reflected back or that of some other of the bodies B', or 
from a different part of B' when there is only one. Iu the case of the 
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infinite plane, or of the body B', with a parabolic reflecting surface, no 
heat reflected from B' reaches B, either of its own radiated heat or that 
from some other part of B' ; but in the case of the hemispherical inclosure 
it nearly all comes directly back to B, and all would if B were a mere 
point. No heat, however, even in this case, which is radiated from any 
part of B' is reflected by another part of B' to B. 

74. In the case in which B' forms a complete inclosure, whether spherical 
or otherwise, it is very important to take into account the reflections, 
if it is a reflecting body; for in this ciase no heat which is radiated from 

Fig. 6. 




each point in all directions is reflected out so as not to return, as in the 
preceding cases, but it is reflected and re-reflected in all directions from 
side to side, except the part which is absorbed at each reflection, until 
the radiated and reflected heat from any part of the inclosure is exactly 
equal to that which would be radiated by a lamp-black surface, however 
small the radiating power of the inclosure may be. 

The radiating power of any element of the surface of B' for rays 
emitted in all directions, as from a to b, b', &c., is expressed by r in (7) 
in a function of the angles of emission i. The rays coming in from all 
directions to 6, b', and c, c', &c., whatever the figure of the inclosure, 
are reflected, likewise, in all directions, and if the radiating and absorbing 
powers are the same the part absorbed at b, b', and c, c', &c., is rr, and 
the part reflected r(l—r). At the second points of reflection the (1— r) 
part of this is reflected, and hence the part of the ladiation from a which 
is reflected at the second reflection is r{l—r)(l—r). At the third refleo- 
.10048 SI&, PT 2 7 
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tion it is r{l—r)(l—r){l—r), and so on. Hence we shall have for the 
sum of the heat radiated from a and the sum of all the reflections, 

(19) r+r{l—r) + r{l—ry+r{l-rY+&c.= 



l-(l-r) 



which is the radiating power of a lamp-black surface since the radiating 
power here is expressed relatively to that of such a surface. This holds, 
whatever may be the law of radiation and reflection, with regard to the 
angles of incidence and emission with regard to i, whether as cos i or 
any other function, cos i(p{i). 

In the numerous reflections and re-reflections some of the rays fall 
upon, and are reflected by B, and also the rays radiated by B are re- 
flected by the inclosure B', and if B has the same radiating and reflect- 
ing powers as the inclosure, and the same temperature, the result is 
the same, and for every part of the inclosure and of B the sum of the 
radiated and reflected heat is equal to that which would be radiated 
by a lamp-black surface, assur .ed here as unity. If the radiating power 
of B, or even some part of t'i< > inclosure B', were not r but r', thus some 
of the factors in (17) would be (1— r') instead of (1— *•), but the final 
result would be the same. Suppose we have {l—r') at the third reflec- 
tion and put 

r+r(l—r)+r{l—ry+r(l—ry(l—r')=a 

If we then suppose the law to continue as before, we shiiU have 
a+a(l-r)+a(l-rf+a{l-ry+&c.=l 

If there was another deviation from the regular law, as (1— r"), in 
the second series of reflections, it would be shown in the same manner 
that the final result must still be unity; and so, if there were any num- 
ber of such deviations from (1—r). The only effect upon the final 
result would be a little acceleration or retardation in arriving at it by 
the several approximations ; but finally the radiation from any point of 
either B, or the inclosure B', together with the sum of all the reflec- 
tions is equal to unity — that is, to the radiation from a lamp-black 
surface. 

In the case of a complete inclosure, therefore, we must put, in 
(6), p'<p(i')—l since the heat emitted from all parts of the inclosure by 
radiation and reflection together is the same as that radiated by a sur- 
face of maximum radiating power. 

In this case, therefore, we can put in (13) 

J" aqJ {i)dt,a' f p' q>' {V) COS i'ds'=J'dsJ'a(f/{i) cos Ida 

In this case the last integral of the second member becomes the same 
for each element ds of the surface of B^ provided there are no depres- 
sions in the surface, since the integration with regard to do, for all 
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parts of the surface of B, must extend through the same solid angle of 
a hemisphere, for the rays come in to ds from the inclosure in all direc- 
tions above a tangent plane at that point. We therefore get 

(20) J'aq)'[i)d'a ^p'cp{i') cos i'ds''= 71 as 

in which 

_ J'af\i) cos ida facp'{i) cos ida 



^ ' >- ^ JJQg ^^g. 



is the absorbing power of the surface of ^.(relative to that of a lamj)- 
black surface) for rays of all angles of incidence. 

This expression of a is the same as that of r in (7), if we put a(p'(i)= 
p<p{i) — that is, the absorbing equal to the radiating power for each sepa- 
rate angle of emission or incidence. It, however, differs a little from 
that of a in (14), unless B in that case is spherical or has a maximum 
absorbing power, since in (14) the rays do not have all angles of 'inci- 
dence where B is not spherical. 

By means of (5), (8), and (20) we now get from (6) 

As both (8) and (20) are indepetident of the figure of the body B, ex- 
cept that it must not have depressions in its surface, and likewise of 
the figure of the inclosure, this expression applies to a body B of any 
figure, with the exception stated, and to any kind of a complete in- 
closure with any radiating power whatever. 

The preceding expression for a special and comparatively simple case, 
where B is spherical, is almost exactly deducible from that of (16) for 
the general case of only partial inclosures, and exactly in case B has a 
lamp-black surface; for in the case of a complete inclosure we have, in 
(16), tj}=4:7t and s=4s, and in case of a lamp-black surface f/=i.i and, as 
is seen from §65, Q=l. With these values (10) becomes the same as 
(22). 

The expression of (22) is substantially the same as the result obtained 
by Pouillet^^ in the case of a spherical body within a complete spheri- 
cal inclosure, if we assume the absorbing and the radiating power of 
the body to be equal. But it is important and interesting to have the 
rates and laws of cooling for the more general conditions of partial in- 
closures, and bodies of various figures, since from these the equations 
of condition are" formed for determining the temperature under these 
various circumstances. In this more general treatment of the subject 
it is necessary to consider the law of relative radiation and absorption 
with reference to the angles of emission and incidence, since these are 
now known to differ in different bodies with reflecting surfaces, as has 
been seen in § 70. The effect, however, arising from this consideration, 
is in general small. In the simple case of a spherical body in a complete 
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spherical inclosure it is only necessary to have the mean radiation and 
absorption for rays emitted and received from all directions vrithin a 
hemisphere, as given in (7) and (21), wliether the radiation and absorp- 
tion for all angles of emission or incidence are the same or not. 

75. So far no account has been taken of the heat reflected either in 
the case of partial or complete inclosures, except of the reflected heat 
in the latter case corresponding to the radiation of J5 when it has the 
same temperature as the inclosure, in which case we have sien the heat 
emitted from the body B by radiation and reflection together is the 
same as that which it would radiate with a maximum radiating power, 
assuming that the radiating and absorbing powers are equal. This, 
however, is not the case where B has a greater temperature and so a 
greater absolute radiating power than the inclosure. In this case the 
part of the heat arising from this increased radiation which is reflected 
by the inclosure back to B tends to diminish the rate of cooling. If the 
body B therefore were situated in the center of a perfectly spherical 
inclosure the part of the whole heat radiated by B which would be re- 
flected back to B would be (1— r'), r' being the radiating power of the 
inclosure. The rate of cooling, therefore, with B thus centrally located 
in the inclosure would be less than it would be in an inclosure with 
maximum radiating and no reflecting power. If, however, the body 
B is so placed, as it may, that none of the reflected rays come back to 
it, except from irregular reflection, then the rate of cooling is the same 
for reflecting and non-reflecting inclosures. 

76. In all the preceding expressions of the rate of cooling under the 
various circumstances, there is the function (p (6), a function depending 
upon the temperature, which can only be determined by experiment and 
observation. This has been done by Dulong and Petit" in the case 
of a large thermometer bulb of glass, 6 centimeters in diameter, filled 
with mercury and placed in vacuo within a spherical inclosure with 
lampblack surface, 'ihe rates of cooling were observed in the inclosure 
at the several temperatures of 0°, 20°, 40°, 60°, and 80° 0. The ob- 
served rates of each of these temperatures of the inclosure were found 
to be well represented, through a range of 240° C, by an empirical 
formula of the following form: 

(23) ~~di^^"' (/"*-/^*')=»»/<*'(/"'~*'— 1) 
in which 

(24) TO=2.037 /(=1.0077 

After values of these constants m and /t had been determined, which 
represented the observations satisfactorily, still other observations were 
made and compared with the values computed from the formula with 
these values of the constants. 

It is in accordance with universal experience that a body, when placed 
within a complete inclosure, cools down to the temperature of the iu- 
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closure. At this point the first member of (22) vanishes, and in order 
to satisfy the equation for 6=6' it is necessary to have r=a — that is, 
the relative radiating and absorbing powers equal. The truth of this 
principle, therefore, depends upon observation, as well as the law of 
(23). But r and a are simply the average for all angles of emission and 
incidence, as expressed in (7) and (21), when they have a range of a 
whole hemisphere; but these expressions and the temperature of the 
body and inclosure could not be equal under all the varying circum- 
stances of figure of both the body and the inclosure, unless each ele- 
ment of the surface of the one should receive from each element of the 
other and absorb as much heat as is returned to the other and absorbed, 
which we have seen (4) requires that radiation and absorption must be 
the same, not only for all angles of emission and incidence taken to- 
gether, but separately. 

Putting r=a, and comparing (23) with (22), since the conditions of 
(20) correspond with those of the experiments, we get 

(25) !^^=}w=2.037 (p{6)=H-' (p{6')=ix»' 

Since, however, the experiments did not extend down to temperatures 
below freezing, this last equation cannot be safely extended to very low 
temperatures, for the law, being merely empiric, may not hold, even 
approximately, if applied far beyond either of the limits of the range 
of temperature for which the experiments were made. 

The constant K, as it has been used, expresses the rate of radiation 
of a unit of surface of maximum radiating power through a unit of 
solid angle as measured by the surface of a sphere of unit radius, if 
the intensity of radiation were .the same for all angles of emission. 
JiTT, therefore, expresses the rate of radiation of a unit of surface in all 
directions within a hemisphere. If we therefore put, as Pouillet has 
done, 

^=the rate with which heat is radiated from a unit of surface of 
maximum radiating power, 
we shall have by (25) 

(26) Ktt^bJ^-^^'^ ^ 
' rs 

With the capacity for heat G known from the weights of mercury 
and glass in the cooling body, and their specific heats, and with the 
value of s, the surface of the body, and an assumed value of r=0.8 for 
glass, Pouillet^^ determined the value of B to be 1.146. The units of 
surface, temperature, and time being respectively the centimeter, degree 
centigrade, and minute, the rate is in calories per minute. 

This value of B, however, must be regarded as only approximate, 
since there was an uncertainty, both with regard to the size of the bulb 
used by Dulong and Petit, and also with regard to the exact radiating 
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power of glass. The experimenters had in view the law simply of cooling 
and not the absolute rate of losing heat, and hence the exact dimension 
of the bulb was not needed for their purpose, and therefore was per- 
haps not- very accurately determined. With regard also to the true 
radiatipg power of glass there is still considerable uncertainty, but it 
is now generally supposed to be greater than 0.8, which Pouillet used. 
A better determination of this important constant ought to be made 
from experiments with a body of maximum radiating power and accu- 
rately-determined extent of surface and capacity for heat. 

77. The value of r may be determined from (7) by means of mechan- 
ical quadration through a hemisphere, with the values of p(p{i) given 
for glass in § 70. Putting in (7) dff=27r sin i di, we get 



(27) 



r=:2/pq) (i) cos i sin i 6i=fp(p {i) sin 2i6i 



From the several values given in § 70 we get for intervals of 5°, with 
considerable probability, the values given in the second column of the 
following table. For these intervals we have 

With this value of 6i we get the third column in the following table: 



i 


l4i 


p<fi{i)sin2i(K 


a 






2.5 


.899 


.0068 


7.5 


.897 


.0200 


12.5 


.896 


.0330 


17.5 


.892. 


.0446 


22.5 


.888 


.0548 


27.6 


.883 


.0632 


32.5 


.878 


.0696 


37.6 


.874 


.0736 


«2.5 


.869 


.0756 


47.5 


.863 


.0762 


52.5 


.855 


V . 0722 


57.5 


.843 


.0668 


62.5 


.818 


.0688 


67.6 


.776 


.0480 


72.5 


.703 


. 0350 


77.5 


.604 


.0182 


82.5 


.602 


.0114 


87.6 


.395 


.0030 




r=. 8298 



The sum of the numbers in the last column of this table gives ap- 
l)roximately the value of r. The method of quadrature is sufflciently 
accurate where there is so much uncertainty in the data. This gives 
the value of r very nearly 0.83, which is greater than the value used by 
Pouillet. According to Magnus, § 70, it would be still greater. With 
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these greater values (26) would give a value of jB a little less than 1.146; 
but on account of the uncertainty of the data throughout we cannot do 
better than to retain for the present Pouillet's value. 

It is seen in all the precedingf expressions that the radiating power r 
of the cooling body, as well as that of the inclosure r', is an important 
element in the conditions determining the rate of cooling and, as will- 
be shown, the temperature of the body. This has been determined by 
Leslie and others for a number of substances, but the results which they 
have obtained must be regarded as only approximate. They are as 
follows : 

Leslie. 

Lampblack 100 

White lead 100 

Writing paper 98 

Ordinary white glass 90 

Isinglass 80 

Taruisbed lead 45 

Mercury 20 

Polished lead 19 

Polished iron 15 

Tin, gold, silver, and copper 12 



MM. de la Provostaye and Desaina. 

Lampblack 100 

Platinum, laminated 10.80 

Burnished platinum 9.50 

Silver deposited chemically on 

copper 5. 36 

Copper foil 4.90 

Gold leaf 4.28 

Pure silver, laminated 3.00 

Pure silver, burnished 2. 50 

Pure silver deposited chemically 

and burnished 2. 25 



78. Putting in the general expression of (16) for (p{6), (p{6') and ItTt their 
values m (25) and (li6), we get, when the body B is spherical and conse- 
quently 8=4:8, very nearly in all cases 



(28) 
in which 

(29) 



fidd__dE_ 
cLt~ dt~ 



--BS{rjj.^—ar'e/A.«') 



4:7t 



is the proportion of solid angle subtended by the partial iuclosure in 
comparison with a complete inclosure. In some cases in which the 
body B', or the partial inclosure, is very near to B, we have seen that Q 
may vary sensibly from unity, and in such cases (28) would be only 
approximate. In case of a complete inclosure, or partial inclosure with 
lampblack surface, we have r'=l. 

In the application of this general expression to the cases of § 73 we 
should have e= J, but in that of a complete inclosure we must put e=l. 
In the latter case also r' becomes unity for all kinds of surfaces, since 
the radiated and reflected heat together become equal to that radiated 
by a surface of maximum radiating power. 

Although in adiathermanous bodies we have r=a where 6=:d', yet it 
is seen in § 70 that when the source of heat has a high temperature, as 
in the case of the sun, a may change while r does not, and hence in 
such cases we do not have r=a. In the case also in which B is dia- 
thermanous to the heat received a may be very much less than r, since 



104 REPORT OF THE CHIEF SIGNAL OFFICER. 

most of the heat received and not reflected may pass through without 
being absorbed, and consequently without affecting the rate of cooling. 
Where the body B is not spherical the expression of (28) is not appli- 
cable except in the case of a complete inclosure, since then we do not 
have the relation of s=4/S between the surface and the section of the 
body intercepting the greatest amount of the heat radiated by B', but 
the relation differs with the rays coming from different parts of the 
partial inclosure. If, however, B' and B subtend solid angles as seen 
from each other so small that the rays coming from B' to B may be re- 
garded as parallel, we have from (16) 

(50) -^=B{rsM'-ar'8tp/^e') 

in which s and S do not have the relation of the surface of a great 
sphere to a great circle of it, but one which may differ very much with 
the different figures of the body. 

From (17) we get. in the same manner in the case of several bodies 
radiating heat to B 

(31) -^=B(rsM'-2„ar'S<pM0') 

in which all the quantities under the sign 2„ may be different, except ;Si 
where the body B is spherical. In case B is spherical and the quanti- 
ties a, r', and 6' are the same, this case is included in the general ex- 
pression of (28), the value of i/: thien iu 29 depending upon the sum of 
the solid angles subtended by the several bodies. 

Hffect of gases on the law and rate of cooling. 

79. The rate of cooling of a body in a complete inclosure containing 
a gas is of course more rapid than in a vacuum, since in the latter case 
the body loses beat by both radiation and the conduction and convection 
of the gas. The body, being warmer than the inclosure and the gas, 
gives rise to convective currents by heating the part of the gas in con- 
tact with and near its surface. Dulong and Petit made numerous ex- 
periments to determine the rate of cooling due to different gases under 
different tensions and with different temperatures. They found that 
the rate was not changed by a change of temperature and of den- 
sity, provided the changes were such as to leave the elasticity the 
same. The rate therefore can be expressed in a function of the tension 
and of the difference of temperature between the body and inclosure 
without regard to its density. Putting y=the rate of cooling due to 
any gas, they obtained from experiment the following empiric formula: 

(32) V=np'f-^^' 

in which jp is the tension audi is. the difference of temperature between 
the body and inclosure, n a constant which changes with the nature of 
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the gas and tlie dimensions of the body, and c a constant which is the 
same for all bodies, but which changes from One gas to another. The 
exponent 1.233 was found to be the same for all gases. The values of 
care: for air, 0,45; for hydrogen, 0.38] for carbonic acid, 0.517; and 
for oleflant gas, 0.501. 

Still more experiments are needed to show whether (32) holds for very 
low tensions. 

The part of the rate of cooling due to air of ordinary pressure in the 
inclosureof 30*"" diameter was a little less than the part due to radiation 
of a naked thermometer. Different gases were found to have very dif- 
ferent effects. Putting the effect due to air equal unity, for liydrogen 
of the same tension it is 3.45; for carbonic acid, 0.965. 

In the case of a silvered thermometer the air was cooled 5 or 6 times 
as much by the effect of the air as by radiation. 

The preceding law ^32) was subsequently verified by MM. de la Pro- 
vosta.ve and Desains^^ in the case of air in a spherical inclosure, but 
from experiments made with an inclosure of 24°™ and IS*"" in diameter 
they found that the rajte of cooling due to the air was greater in the 
smaller than in the larger inclosure, whatever the state of the surface 
of the cooling body, and ,the differences were the greater the more 
feeble the tensions. The value of the constant n, therefore, seems to 
depend upon the dimension of the inclosure as well as upon that of the 
body and upon the nature of the gas. 

In a cylinder 0°™ in diameter and 20"" in length the rate of cooling 
due to the air was greater than in the large inclosure from a tension of 
760™™ down to about 45™™, but the contrary for smaller tensions. In 
the case of the cylinder they found that the law of (32) did not hold 
accurately. 

For the complete rate of cooling, therefore, in an inclosure containing 
gas, F, (32), must be added ito«(22), and OF to (28) when the latter is 
applied in case of a complete inclosure. The value of n must be de- 
termined from experiment in each special case. 

Where the body B is placed in the open air in motion with a velocity, 
V, we can assume, at least for small ranges of temperature, that the 
rate of losing heat is proportional to the velocity of the current and the 
difference between the temperature of the body d and that of the air 
denoted by 6'. We shall therefore have in this case instead of (32) 

(33) v JcHO-e') 

G 
in which fc is a constant independent of velocity and (6—0'). 

Effect of diathermic envelopes. 

80. Where the body B is surrounded by a diathermanous envelope, 
solid, liquid, or gaseous, the rate with which the body loses heat is less 
than it is where the body has no such envelope. For the heat in pass- 
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ing out through the envelope is partly reflected back in the numerous 
irregular reflections and re-reflections, especially if the envelope is gas- 
eous, such as the atmosphere, and a part also is absorbed, one half 
of which is radiated back to the body and only the other half escapes 
out through the envelope. • . 

The intensity of radiation from each element ds of the body B with 
an angle of emission i, if the envelope touches the body, as the atmos- 
phere does the earth, is diminished in the ratio of 1 to j)% in which e is 
the secant of «, just as the intensity of the solar rays is diminished in 
passing through the atmosphere into the earth's surface, as expressed 
in (94), § 46, in which A is the intensity before the ray enters the at- 
mosphere. The value of p in any case depends of course upon the 
thickness of the envelope and its transmissive power, as is seen from 
(96) of § 47. The relative radiation for all angles of emission i, which 
in case of no envelope is expressed by (7), now becomes rm, in which 

(34) ^= /r(^osid0 

Tt 

omitting here, for the sake of simplicity, the small effect of (p (i), which 
expresses the variation from Lambert's law of cosines, and which van- 
ishes in the case of a lampblack surface and is very small in most cases. 
In like manner the raj-s coming from each element ds' of the inclosure, 
with an angle of incidence i to any element ds of the body B, are like- 
wise weakened in the ratio of 1 to jj's, so that instead of the expressions 
of (21) for the relative absorption for the rays falling upon ds with all 
angles of incidence in case of no envelope, we have now a«, in which 

(35) ^ Jv'.^o^ida 

The less the thickness of the envelope and the greater the transmis- 
sive power the more nearly j) andjp' approximate to unity, and conse- 
quently when the envelope vanishes m and n become unity. These, 
therefore, express the ratio between radiation or absorption as affected 
and not afi'ected by the envelope. If the transmissive powers, which 
are the complements of a in (96), § 43, are the same for the heat radiated 
by B^ and for that received from the inclosure, then we have ^' = jj, 
and consequently n = m. If we substitute for r and a in the expres- 
sions of (28) and (30) rm and aw, the factors m and n express the effect 
of the diathermanous envelope. 

Effect of the atmosphere 

81. The rate with which the body B loses heat by radiation is ex- 
pressed by the term BS rp.^ in (28) and (30). But if the body is not in 
a vacuum, but in air or some kind of gas, the rate of cooling is increased 
very much by the conduction, and especially the convective currents 
which arise while the body B is warmer than the inclosure and the 
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mediam. The effect of this is expressed by Fin (32), and consequently 
the effect on the rate of losing heat is 

With this added to the second number of (28) we get, by means of (6) 
(36) —^=Bs{rjn»+kf'^—ar'eM'')=B8/A«'(rM«-«'—ar'e+kf'^) 

in which 

Onp° 



Tc= 



Bsfi' 



is a constant independent of t, but depending upon the various other 
conditions contained in its expression. 
By development we get, giving to /< its value, 1.0077, 

.0077^ 

(37) /(»-»' = l+.0077(6i-^')+— 2— ('^-i^')(^-i9'-l)+01 

Supposing the temperature of the gas to be the same as the inclosure, 
we- have t=d—6', and we can put 

(38) lcf'^=Uxt'^=e{d-d') 

in which 

CnpH'^ 



(39) c=W^= 



Bsjii^' 



is very nearly a constant, at least for small ranges of t, and may be so 
regarded where we do not wish to obtain exact quantitative results, but 
merely to show the general effect of the gas on the rate of cooling. For 
instance, if t=10°, we have ^'''=1.7, and when ^=20°, we have t-^=2. 
By means of (37), using only the first two terms of the expression, 
and (38), we now get from (36) 

I? 77 

(*^) — ^=Bsyu«'[(.0077»-+c)(^-^')+»"-a^'e] 

In a complete inclosure we have e=l, »-'=], and putting a=r, as we 
must in this case, we get 

JJT 

(41) —^=BsiJ'{MTir+c){e-B') 

In the case of no gas in the inclosure, c vanishes. From the experi- 
ments of Dulong and Petit, with an inclosure 30°" in diameter, contain- 
ing air of ordinary tension, the part depending upon c was nearly equal 
to the part depending upon radiation, and hence in that case c=.0077r 
nearly. When the radiati-ng ijower r of the body is small, e is much 
greater than .0077r, and hence in the case of silvered thermometers 
Dulong and Petit found the effect of the air to be 5 or 6 times greater 
than that of radiation.* 
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The expression of (40) is applicable to the cooling of a body in the 
open atmosphere without motion, except that arising from the convect- 
ivc currents due to the higher temperature of the body than that of 
the air. The value of c, however, would be different, and most probably 
some less, since according to the observations of MM. de la Provostaye 
and Desains, the effect of the gas was less in larger inclosures. Where, 
however, the air is in motion, this couvective effect is, perhaps, entirely 
lost in the far greater one due to the currents, in which case the effect 
on cooling is expressed by Fof (33), and on the rate of loss of heat by 
CY-=kv{6—6'). Using this value of GV instead of the preceding one, 
and proceeding in the same manner as in the preceding case, we get, 
instead of (40) 

(42) --^=Bsfj.^'[{.mHr+hv){e-e')+r-ar'e\ 

In this case the part depending upon Tcv may be very much greater 
than that depending upon radiation, according to the velocity of the 
wind V. In fact it may be so great that the other sensibly vanishes in 
comparison. This expression is only applicable where the air or gas is 
of the temperature 6' of the partial inclosure, as in the case of the 
atmosphere and earth's surface. 

Effect of the sun^s heat. 

82. The effect of the sun's heat may be expressed by the last term of 
(30), in which case r', 6', and V are respectively the radiating power, 
the temperature, and the solid angle of the sun's disk. But neither r' 
nor 6' are known, neither can the law of Dulong and Petit, expressed 
by /(*', be extended to so high a temperature as that of the sun. The in- 
tensity of the radiation of the body B' in (30) is Br'ippP'. This, in the 
case of the sun, becomes A, called the solar constant. Hence we have 

(43) A=Br'iP)j." 

But tlie intensity of solar radiation within the earth's atmosphere, 
we have seen, is I=Ap' (100), neglecting the very small term arising 
from the want of homogeneity in the solar rays. In this case, therefote, 
instead of Br'ipjx^' in (30) we must imt Ap% and with this substitution 
the last term of (30) becomes —aSAp for the effect of the solar rays. 
With this added to the general 'expression of (2S) we get, by means of 
(5), in the case in which the effect of the sun's rays is added to that of 
a complete or partial envelope, 

(44) - G^= 8Bj^^'{rf^'-^'-ar'e)-a'SAp' 

in which the absorbing power of the body for Solar heat is distinguished 
by an accent, since some bodies, § 70, absorb more of solar heat than 
of the heat from an inclosure or any body nearly of their own tempera- 
ture. 
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, Except for a very short time in which the direction of the sun's rays 
does not change much with regard to the body B, this expression is 
applicable to a spherical body only, since with any other figure 8, which 
is the area of the section of the body intercepting the most rays, does 
not remain constant. In the case of a spherical body we have s=4*', 
and with this relation the expression can be simplified in this case. 

In this expression S, as defined in § 72, is the sefction of the body B 
which intercepts the greatest amount of the solar rays, and which, in 
the case of a spherical body, becomes the area of a great circle. 

At the top of the atmosphere, or in case of no atmosphere, p' be- 
comes unity. 

Where the cooling body is not in vacuo, and exposed to the sun's 
rays, we must subtract the term a' S Ap' from the last member of (40), 
and we then get 

(45) _o_^g£^9' [(.0077 r+c) (e-e')+r-ar'e]-a'SAp' 

In case the body is exposed in currents in the open air to the sun's 
rays, we must subtract this term expressing the effect of the . sun's 
rays from the second member of (42) and we thus get 

(46) -C-j^ = sB^»' [{.OOnr+Jw) (d-e')+r-ar'e]+a'SAp' 

In both these expressions with a complete inclosure, as has been 
explained, we have r—ar'e=0, but in the last we cannot have a com- 
plete inclosure unless the atmosphere is too cloudy to permit radiation 
from the earth's surface through it. 

In these expressions e, (29), may include either a whole or a partial 
inclosure, but if the former, the inclosure must be diathermanous, as in 
the case of a thermometer in vacuo with a glass inclosure, else the 
sun's rays would be excluded. If the inclosure is not perfectly diather- 
manous the heat cut off by it must not be taken into account. In the 
case of bodies near the earth's surface, in open space, tlie earth is a 
partial solid inclosure subtending a solid angle of a hemisphere, in 
which case ip=27V in (29), but on the other side the atmosphere, when 
the body is within it, forms also an inclosure imperfect, when clear, 
radiating and reflecting back to the earth nearly or quite as much heat 
as would be radiated by a solid envelope of the same temperature as 
the earth's surface. This, of course, differs with difierent states of the 
atmosphere, but when it is clear the rate of cooling is greater than it 
would be in case of a complete inclosure or of very cloudj' weather, 
the term a' Ap' remaining the same, or being entirely absent, as at 
night. 
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III.— Temperature op Bodies near the Earth's Surface.. 
General expressions of the temperature and its variations. 

83. The conditions which must be satisfied in determining the tem- 
perature of bodies exposed near the earth's surface to the sun's rays are 
expressed by the equations (44), (45), and (46). The first is applicable 
where the body is in vacuo ; the second, where the body is in air or gas 
of some kind in an iuclosure without motion except convective cur- 
rents arising from the heat of the body; and the last, where the body 
is exposed in currents of the atmosphere. The first is included in either 
of the last two, so far as their approximate applications extend, which 
is only to quantities of a second order in the developments upon 
which they depend. The flrstis retained, therefore, for a more accurate 
application in special cases. By putting c=0 in (45), or Jcv=0 in (46) 
we get (44), except the small terms of the third and lower orders omit- 
ted in the developments in obtaining (45) and (46). 

Having given the surroundings of a body, consisting of an iuclosure 
either complete or partial according to the value of e; its temperature 
6' and radiating power r'; the intensity of solar radiation Ap'; the 
magnitude, shape, radiating and absorbing power and capacity for heat, 
of the body ; all of which enter into the equations of conditions, what 
is now required is to deterinine the temperature 6 of the body under 
the circumstances. 

The normal intensity of solar radiation Ap is a variable function of 
the time t, since it contains A, which varies slightly with the sun's va- 
rying distance from the earth; p, which varies abnormally with differ- 
ent states of the atmosphere; and s=sec z, which depends upon the 
sun's zenith distance at different times. The vertical intensity upon 
any part of the earth's surface is Ap' sin s, which may be represented 
by expressions of the form of (31) and (22). We can also suppose Ap^ 
to be represented by a similar expression, with regard to its variations 
of both diurnal and annual periods and their submultiples, and can, 
therefore, put 

(47) . Ap'=2K, cos (u,t-]c,) 

in which u, is the rate of change of the angle for any inequality indicated 
by the suffix s, and K, and Ic, are constants generally unknown, or at 
most only approximately. 
With this expression (44) becomes 

(48) - G-^=sB{rjj?-ar'epi'>')-a'82K, cos {u,t-Jc.) 
and (46) becomes 

(49) -G -^^=sB/j.^'[{.OO17r+hv){0-d')+>--a.r'e]-a'8:SK. cos (u.t-lc.) . 

in which the quantities under the sign 2, varying in the different com- 
ponents of which the characteristic is s, are as in (47). 
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Equation (45) becomes the same as this with c instead of lev. 

For reasons already given, § 83, these expressions are applicable in 
general in the case only in which the body B is spherical. 

The solution of (48) or (49) is necessary for determining the tempera- 
ture of the body under the conditions expressed by the equation. 

If )J=^)j?' . /<*-«' in (48) is developed, as in (37), and terms of the third 
and lower orders neglected, it becomes the same as (49). In an ap- 
proximate solution, therefore, in which these terms are neglected, 
which is all that can be attempted here, the former becomes simply 
a special case of the latter in which we put lcv=Q, as in the case of a 
vacuum. The solution of the latter, therefore, will be applicable also 
to the former in all cases in which the solution cannot be completely 
made. 

The solution of (49) must necessarily give an expression of 6 of the 
form of (47), and we can therefore put 

(50) e^ea+:sA, cos («.*-«',) 

Where the earth's surface and the atmosphere become the inclosure 
with temperature 6', this likewise becomes a variable, since it is 
changed for the same reason as the temperature of the body. We can 
in this case put 

(51) e' = d'o+:SA'. cos {n.t-ti) 

in which e' will in general diii'er but little from e, since the maximum 
of 6 will in general occur nearly at the same time as that of 6'. 
We can put in (49), neglecting terms of the third and lower orders, 

(52) ;ti«'=/<«»'./i«'-»»'=yu''«'[l+.0077 {6' -da')'] 
With this in (49), we get by means of (50) and (51), 

(53) _G—^sBix^''' {Mnr+lcv) JSA.cos {uj:-s,) 

+sB/x'<'' [(.0077r+^-i') {eo—6'o) + r—ar'e] 
-a'SKo-sB/j.^-' (.0077 ar'e+kv) 2 A'. cos [ufi—e'.) 
-a'82K,cos {u,t-l!,) 

By combining the last two terms by the usual method,* the result- 
ant may be put into the form : 

* The general form of suoli reduction is given in (35) and (36) 5 276, from which, we 
have, in the case of two terms only 

• A\ cos <l>i-\-As cos <p2=R cos (^i+;3) 
in which 

, -. — ; , A^ sin (02 — 03 — ) 

iJ= VA,+A, cos (0,-0i)+^» sm (02-0,) tan ^=^j+j, cos (0,-0,) 

Putting in the last two terms of (53) for each pair of terms of which the character- 
istic is s, ^i=a'&,0i=w«— fc«^2=4.B/'*» (.0077 ar'e+lcv)SA' and ^=ziisi—Ea, substi- 
tuting these values of Ai, Ji, 0i and 02, and putting K' for B and hs—h's for /3, we 
get the expressions of (55). Hence — fc'j=— fci+/?and st k' sis the epoch of the result- 
ant, which differs from fcs by the effect of p. 
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(54) 82K',cos{u.t-lc'.)=82K', cos u,t cos ¥.+ 8 2 E'. sin u.t sin fc'., 
in which, putting s=4<S, as we must in case of a sphere, 

/ [«'A.+ (.0077 ar'e+to) 4£/'*'X cos (A;.-^)]' 
^'= /\J +[{.0077 ar'e+liv) iB/J'^A', sin {K-<)f 

v_ (.0077 ar'e+Z;»)45/'°A; sin (fc.-f'.) 
tan (''^.-'^.-a/j5:^+(.oo77«r'e+7i:'y)4ii/i»'»A. cos (fc.-O 

From (50) we get, 

(56) e=2A. cos [{u,t-K)-{^-K)] 

= 2a. cos (u,t—K) +2/3, sin (m.<-A;;) 

in which 

(57) a.=A, cos (f.-ZO /3.=2A, sin (e.-fc;) 

From this we also get 

(58) _ ■^=2u,a, sin (M,^-7(;;) + :5'M.y3. cos {u,t-K) 

Substituting the seconcj form of (54) for the last two terms of (53), 
this latter becomes by means of (56) and (58) 

(59) 0=sjB/^''°J[.0077r+A;'i;][:S'tt',cos (M.*-A;;)-:^7i,sin [u,t-K)] 

+ 8/5t'^'[{.OOnr+1cv){do-di)+r-ar'e]\ 

— 02u,a, sin {u,t—lc',)+Guj3, cos {u,t—'k'.) 
-82K: cos {u,t-y.)-82K[ sin [uf-lQ-a' SK^ 

For the constant terms under the sign 2, depending upon the con- 
stant iu (47), we must put u,—0 and 7c;=0. 

By equating the coefficients of the cosines and the sines, and like- 
wise the constant terms independent of the time, we get the following 
three equations: 

0=4i>V^*'°[(.0077r+to)(e„-6'„)+J--ar'e]-a'JS'o 

(60) {)=sBl'^'\milr-\rlv)a-Gu,(i-8K' 
0=sBf^'\.0077r+lcv)i3,-Cti.a, 

84. From the first of these equations we get for the difference between 
the constant parts of 6 and 6' in (50) and (51), since 4,s=S and »•=« 

_ a'SKo _ r(l— r'e) 

(61) C^o- 6* 0- (IJoT^T+Zo;") sBpi^°~ milr+kv 

The first term expresses the part of {do—O'o) depending ujion the con- 
stant JTo in (47), and the last one the part independent of solar radia- 
tion but arising from the incompleteness of the inclosure on account of 
which the body stands at a lower temperature than that .of the partial 
inclosure. In a complete inclosure e, by (29), becomes unity and, § 74, 
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r'==l. Where the body and the inclosure have the same temperature, 
or nearly, we also have sensibly r=u. In this case, where Ko=0 — that 
is, where there is no heat received from the sun — we have ^q— 6''„=0. 
The body then stands at the same temperature as the inclosure. 

In the preceding expressions 6' being assumed as the temperature of 
either the air or the earth's surface, the incompleteness of inclosure 
represented by e must.be understood not only deficiency of radiating 
matter surrounding the body receiving radiations from the earth's sur- 
face and the atmosphere, but likewise deficiency in the radiations arising 
from an average temperature of the atmosphere and the earth's surface 
lower than the temperature of 6'. 

If we put ^"=the value of 6, where Ko is equal 0, we get from (Gl) 

in which 0" may be called the shade temperature since it is the static 
temperature of the body independent of any solar radiation, but de- 
pending only on the radiations of the inclosure, complete or partial, and 
becomes the same as that of the inclosure where this is complete. 
From this, and 61, we get 



(03) 6^-6" = 



a'SEo 



(.0077r-f-fcy)s£yu«'« 



From the last two of equations (60) the values of a and /? may be 
determined, and then from these the values of A and (e— A) in (57), from 
which, with the known value of Ic', the value of e becomes known. The 
values of A and e being known, we obtain from (50) the value of 6, the 
temperature of the body, at any given time t. Putting for brevity 

{mT7r+j!v)sBjA^ „_a'SE' 

^ (M. ^~ Gu. 

the last two of (60) give 

The solution of these gives 
._ PQ 



a,=-t±. /3. 



1+p^ ' ' 1+f 

Substituting for a, and fi, their values in (57), and for p and q the ex- 
pressions above, we then obtain trom them the following expressions: 

8K', 



' yf[(.mir+-kv)sBiJ'oY-\-{Gu.) 
tan {e.-kJ)=-^-^-^_^''^-,-—^ 
10048 stG, PT 2 8 
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Putting 

iJ=the time, called the retard, by which the maximum of any 
iuequality in the temperature, of the form of (50), follows 
the time of the maximum phase of the corresponding 
inequality of radiation from the sun and the inclosure, 
(54), 

we' get from (47) and (54), 

(G5) B=^'~^^'' 

When E,—lc, is so small that we can use the arc instead of the tangent, 
we have from (G4) and (65), 

G 



(CG) R= 



'{.wnr+kv)sBjj.''o 



The preceding expressions are apiilicable to each of the inequalities 
of the intensity of solar radiation in (47), where we confine ourselves 
to an approximate solution only by neglecting the terms of the third 
and lower orders in the developments of (37) and (52) ; but if we attempt 
a second approximatiou by taking in another order of terms, the prob- 
lem, and likewise the resulting expressions of A and tan (f— fc') in (G4)j 
become very complex. It is seen from these developments that if we 
confine ourselves to small ranges of (0—6') the neglected terms are 
small. For ordinary ranges of temperature oscillations on the earth's 
surface the effects of these neglected terms are small, but for large 
ranges the expressions become inaccurate. 

lu case of no temperature inequalities of the inclosure Jl'. and e', in 
(55) vanish and we have K',=a'K, and A;'=0. We thus have, instead 
of (G4), 

, _ a'SK. 

g^j ' V(.00n r+lcv)sBMe''f+{Gu,)'' 

If the oscillations of temperature of the inclosure coincide in epoch 
with those of the intensity of solar radiation we have from (47) and (51) 
the angle l;=s,. With this relation we get from (55), 

^, ^ E'.-a'E. 



' {Mil ar'e+Jiv) 4:BjJ'<> 



If in (C4) we put the usually very small term Cu,=0, we get, since 
then e',—1c,=0, and consequently by (55) K',=a'K„ 



'{mnr+iiv)^B^«''' 
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In a complete inclosure we have r' = l and e=l. Hence in tbis case 
we get, by subtracting the former of the last two equations from the 
latter, 

^^^^ '^'~^''.^(.U077/-+Av)457?«' 

This expression of A,— A', is in general very nearly the same as that 
of A, in (07), on account of the usually very small value of Gu, in the 
latter. The epochs of the temperature oscillations of the air and earth's 
surface are very nearly the same as those of the body, so that, unless e 
should differ very much from unity, or Gu, should be very large, (G7) 
may be used instead of (04), if it is understood that A, and s, are the 
amplitude and epoch of the temperature of the body relative to that of 
the atmosphere and earth's surface. And this is especially the case 
upon the ocean, where the amplitudes of the temperature oscillations of 
the air and earth's surface, both diurnal and annual, are very small ; 
but even in the interior of the continents, where these oscillations may 
be quite large, the error would in general be very small. In what fol- 
lows, therefore, we shall use (07) instead of the more complex expres- 
sions of (04), and understand the temperature, 6, of the body to be that 
relative to the temperature of the air and earth's surface, where the 
lattei is not constant. 

Deductions from the preceding expressions. 

85. From (01) and (07) we readily see the effect of the various circum- 
stances which enter into the expressions, u|)on the constant of tempera- 
ture {6a— Ot,'), and the amplitudes and epochs of the temperature oscil- 
lations of the body, corresponding to any given inequalities in intensity 
of solar radiation in (47). First, let us consider, where the body is in 
the atmosphere near the earth's surface, the effects of ventilation. If 
in (01) and (07) we make kv infinitely great we get 6—6'o, A„ and s,, 
each equal to 0, and hence the temperature of the body is reduced to that 
of the temperature of the air. But a finite, and perhaps even a small 
value of t>, may often so reduce the temperature of the body as to make 
it sensihly the sarre as that of the air. It is seen, where kv is very great, 
that the value of v required to reduce the difference to an insensible 
quantity is proportional to the intensity of solar radiation represented 
by -BTo a-Dd K, and the absorbing power a' of the body for solar heat; 
for when Tcv becomes very great the term in the denominators contain- 
ing >• as a factor can be neglected without much error. The greater, 
therefore, the intensity of solar radiation and the absorbing power of 
the bodj"^ for solar heat, the greater must be the ventilation and very 
nearly in proportion. In obtaining the air temperature, therefore, by 
means of the sling thermometer, we see the great advantage of doing 
'this in the shade rather than in the sunshine, since in the former case 
Ko and K nearly vanishes, and merely represents the part of the solar 
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rays reflected by tbe atmosphere to the thermometer where it is not 
completely sheltered from them. Also the advantage of having a ther- 
mometer with a small value of a', as in the case of a silvered thermom- 
eter, since in that case the numerators in (61) and (07) are compara- 
tively vtery small, and consequently only a' proportionate amount of 
ventilation is required to reduce the temperature of the body sensibly 
to that of the air. 

The value of k inv(Cl) and (07) depends mostly upon the density of 
the air or other fluid iu which the body may be immersed. With water 
instead of air 7,; would have a very large value and only a very small 
Viilue then of v would be necessary. In this case we could substitute 
c in (39) instead of lev, so that the temperature of the body would be 
sensibly the same as that of the fluid, merely by the effect of conduc- 
tion and convection. 

The values of the expressions of (01) and (67) also depend upon the 
ratio between 8 and s, which in the case of a round body is that of 1 to 
4. These expressions are applicable in the case of a round body only, 
as has been stated, unless we understand 8 to be the average value of 
the intercepting normal section for all positions of the body with 
reference to the sun's rays. This in a cylindrical body would be much 
less in ()roportion to s than in the case of a round body, and the more 
60 the longer the body in comparison with its cylindrical diameter. 
The temperature of a cylindrical thermometer is therefore more readily 
reduced approximately to that of the air than that of a spherical one. 

Where kv in the denominators of (04) is very large, the term contain- 
ing r depending upon the radiation of the body becomes so small in 
comparison that it may be neglected, and we then have (6*0—0') in pro- 
])ortion to the absorbing power of the body. A less value of kv, there- 
fore, is required to reduce (i9o— 0') to an insensible quantity when the 
body has a small than wheu it has a great absorbing power. 

The best kind of a sling thermometer, therefore, as deduced from the 
I)receding equations of the conditions determining temperature, is one 
of a cylindrical form with a silvered surface, and the best place for 
slinging it is where the fewest rays of the sun reach it, either directly 
or by reflection. The absorbing power of a silver surface for heat from 
a low temperature source is ouly about 0.03, but for the sun's heat, from 
what we have seen, §70, it may be as much as 0.08. But even this 
would be only about one twelfth of that of lamp-black, and conse- 
quently only about one-twelfth as much ventilation would be required in 
the case of the silvered as in the case of the black-bulb thermometer of 
the same form. 

In the case of a body in quiet air v in the preceding expressions 
vanishes, but there is still au effect arising from convection and con- 
duction which is indicated by using c instead of kv. The value of this 
constant depends upon the nature of the air or gas, its density, and the 
size of the iuclosure, as has been shown iu the experiments of Duloug 
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and Petit and those of MM. Provostaye and Desains, §79. The effect of 
this in the case of ordinary air is to more than double the rate of cool- 
ing which the body would have in a vacuum from radiation alone, and 
consequently to cause a body of maximum radiating power to stand 
where in a state of static equilibrium of temperature in the sunshine, 
at a temperature which differs from that of the inclosure only about 
half as much as that of a black-bulb thermometer in vacuo, as is ob- 
served in actinometers of the forms of Secchi's, Soret's, aud VioUe's, in 
which the thermometers are exposed in the air and not in vacuo. 

Nocturnal cooling of bodies. 

8G. If in (64) we put Ko=0, we get, by putting a=r, as we must in 
this case, 

The first member of this equation expresses the difference between 
the static temperature 6e of the body and that of the air 6'o, where 
the body is not exposed to solar radiation, as during the night. The 
satisfying of the conditions of this equation determines the temperature 
of the body where that of the air 6'q and the quantities entering into 
the second member are known. The difference of temperature (6'o—Oo) 
is said to be due to nocturnal radiation, but it is seen from the second 
member of (G7) that the radiations in the ease are simply the ordinary 
ones which have entered into all the preceding more general expressions. 
By nocturnal radiation, therefore, we must not understand that any- 
thing mote is meant than ordinary radiation producing its effect under 
nocturnal conditions, as expressed in (69). 

The effect is due to imperfection of inclosure, as defined in § 84. If 
in (69) we put e=l, as we must by (29), where the inclosure is perfect, 
in which case we have seen, § 74, we also have r'=l, then the second 
member of (69) vanishes, and we have 6'o—6o=0 — that is, we have none 
of the effect attributed to nocturnal radiation. When, however, the 
body is exposed in the air near the earth's surface, subtending in that 
case a solid angle of half a hemisphere, this surface forms the inclosure 
on the one side, but the atmosphere around and above the body, espe- 
cially when very clear, does not complete the inclosure, and the effect ia 
the same as if some part of the inclosure were entirely wanting. The 
more incomplete the inclosure — that is, the more the value of e differs 
from unity — the greater, by (09), is the value of {6'o—Oo). 

Where there is a static equilibrium of temperature a complete inclos- 
ure returns to the body by radiation and reflection as much heat as it 
receives from it, but if a part is transmitted into space, the body re- 
ceives just so much less than it radiates, and the inclosure is incomplete 
in' this ratio. The radiation of the body in vacuo in any direction with 
reference to the zenith through a unit of solid angle being regarded as 
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unity, the amount transmitted througli the element of solid angle da 
into space isp^da, in which p has the value in (34) depending upon the 
transmissive power of the atmosphere for radiations from terrestrial 
bodies. We therefore have for the whole amount of heat transmitted 
into space J'p^da, in which the integration must be extended over a 
hemisphere with the zenith in the center, if the earth's surface is a 
plane, but less if the body should be in a valley between mountain 
ranges. The whole amount of radiation from the body into spape 
through a vacuum, and consequently the amount of heat received from 
a perfect inclosure, is fda, integrated through two hemispheres, which 
gives 4/T. We therefore have 

(70) e= ^LA =1— f p'd0=l—m 

in which 

(71) m=^fp^d<T 

Where there is no transmission into space we have p=0, and conse- 
quently e—\, which by (29) is its value for a perfect inclosure. The 
value of p for solar heat iu a clear atmosphere is about 0.75, but for 
terreslrial heat, though unknown, it is supposed to be very much less. 
If its value were known the last term in (70) could be obtained by some 
means of integration. 

Pouillefs actinometer'. 

87. It may, however, be approximately determined from certain ex- 
periments made by Pouillet^^ with an instrument which he called an 
actinometer. It consisted of several layers of swan's-down resting one 
upon another, so as not to experience any compression, the swan's skin 
itself forming the foundation of the layers. This system was inclosed 
in a first cylinder of silver plate enveloped also in swan's skin, and con- 
tained in a larger cylinder. A thermometer was placed on the upper 
down in such a position with reference to the sides of the top part of 
the cylinder that it could radiate toward two thirds of the hemisphere 
of the sky. Having observed the temperature of the thermometer on 
the swan's down, he instituted au artificial sky of maximnm radiating 
power, with such temperature that the heat radiations would keep the 
temperature of the thermometer the same as when it received, instead, 
the radiations from the clear sky. This he called the zenithal tempera- 
ture. If this were the same as the temperature of the air and the ther- 
mometer suspended in it at the same height, the thermometer on the 
swan's-down would receive as much heat from the artificial sky as it 
radiated to it, § 86. With the zenithal temperature it radiates to the 
thermometer as much as it receives and does not transmit into space, 
supposing it had the diathermancy of a clear atmosphere. Hence the 
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difference between the radiations of this artificial sky with the temper- 
ature of the air, and with zenithal temperature, is the part of the radia- 
tion from the thermometer which passes" into space. Putting ^j for the 
zenithal temperature, these radiations are as yu» to p?', and therefore we 
shall have by integrating through two-thirds of a hemisphere 

Hence we get, (71), 

(72) TO=^;ryV»<Zo-=.00257(^-(9,) 

■where the integration is extended through two-thirds of a hemisphere, as 
required in Pouillet's experiments. 

The average of the values of {6—6^) from 35 observations made by 
Pouillet*'"' at different hours, evening and morning, of fine clear nights, 
is 160 C. With this value (72) gives 

(73) m=0.041 

Where bodies are exposed on a plane in the open air, the value of m 
is somewhat greater, but as the remaining third of the hemisphere lies 
around near the horizon where e is large, the integral, on account of the 
smallness of p for terrestrial radiations, is not very much increased by 
extending it through this remaining third. In this case we may perhaps 
put, with small error, 

(74) , TO=0.05 

With this value we get from (70), for clear weather, e=0.95, indicating 
almost a complete inclosure. With a complete inclosure we also have 
r=l, and with an incomplete one it must decrease somewhat in the 
ratio of e, for small deficiencies of inclosure. We can therefore put 
approximately r'e=e^=l— 2m, (70), and with this (69) becomes 

2rni 

(75) ^^°-^°= .0077r+/o. 

in which m must have the value given by (71) with the integration 
extended through the whole solid angle ff subtended by the open sky, 
or through a whole hemisphere where the body is exposed in the open 
air above a level plane. 

Effect of cloudiness and increase of altitude upon nocturnal cooling. 

88. Where the atmosphere is adiathermanous to terrestrial heat 
radiations, as in cloudy weather, in which case we have p=Q, and by 
(71), m=0; or, where the air has motion, such as to give a very large 
value to hv in the denominator of (75); {6'o—0o) in both cases sensibly 
vanishes, and it is then said that there is no nocturnal radiation. 
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Where the air about the body is perfectly quiet v vanishes, and 
instead of lev we must put c, and (73) then becomes 

(76) e'o-eo=- -''"* 



mnr+e 



For very small values of v neither formula is strictly applicable, 'but 
they are generally used in the extreme cases, (75), and all previous 
expressions in which lev occurs, to show the effect of ventilation, and 
(70) where there is no motion of the air, to indicate the law and amount 
of nocturnal cooling. 

From an inspection of (70), in connection with (71), it is readily seen 
that there can be no nocturnal cooling in cloudy weather, and that in 
clear weather it must be somewhat in proportion to the clearness of the 
atmosphere, or at least to the proportion of heat, represented by m, 
which escapes through the atmosphere. A#we ascend a high moun- 
tain p iu (71), as is seen from (90), Chap. 1, increases from a small value 
with decrease of barometric pressure, and soon becomes comparatively 
large, and of course the powers of p much more so, so that the value 
of m increases rapidly with increase of elevation. This is very evident 
when wo consider that at sea-level in clear weather its value is approxi- 
mately that of (74), but for the top of the atmosphere, where i>=l, (71) 
gives TO=0.5, or ten times greater. But not only does the value of m 
increase with increase of elevation, but the constant c decreases, some- 
what in jiroportion to the rarity of the atmosphere. The value of 
{6'o—0o), therefore, is increased from both causes as we ascend to greatet 
altitudes, and hence arises the comparatively large amount of nocturnal 
cooling of bodies observed on mountain tops. 

The value of c in (70) can only be determined by observation. It 
depends upon the part of the rate of cooling of a body in the atmos- 
phere in comparison with that due to radiation, which, we have seen, 
§ 79, varies with the density of the air and size of inclosure in a com- 
plete inclosure, and no doubt varies considerably in incomplete or open- 
air ex)iosures. 

In Pouillet's actinometric experiments he found the following relation 
between the air temperature d'o, that of the thermometer on the swan's- 
down, do, and the zenith temperature 6^: 

(77) Oo'-O.=i{0o'-Oo) 

The average of his determinations of (do— 6^), we have seen, was 10° 
C Ilenco, in the case of his actinometer, we have iu (70) (d„'—6o)—l° 
very nearly. His thermometer seems to have been au ordinary ther- 
mometer, for which we will put r=0.85. With these values and the value 
of m in (73), which is the value for an exposure to two-thirds of the 
sky hemisphere, (70) gives c=.0034. This makes the rate of cooling 
and the effect in (70) depending upon c only about half that depending 
upon radiation, which is smaller than in the experiments of MM. de la 
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Provostaye and Desains, but may not be much ia error for Pouillet'a 
actinometer, since it was found to be less for large than for small 
inclosures. But perhaps the value of 
m used is a little too small. F^<*' ''• 



MellonVs experiments. \ 

89. Experiments similar to those of 
Ponillet with his actinometer were 
made by Melloni^" with vessels formed 
of tin-plate, and of the shape of a 
truncated g)ne inverted, as repre- 
sented in the figure, the radius of the 
lower ends being 2 centimeters, and 
that of the upper ends 7 centimeters, 
and the height 8 centimeters. They 
were supported by trii)ods 50 centi- 
meters in height, formed of slender 
tin-plate tubes, which communicated 
very little heat from the ground, and answered the purpose of the 
swan's-down in Pouillet's actinometer, which is a poor conductor. 

The thermometers were coated with armatures of different radiating 
powers, and the thermometers within gave the temperatures to which 
these armatures were cooled, and the differences between these temper- 
atures and that of the air was taken as the relative radiating powers of 
the substances forming the different armatures. 

The following are some of the results obtained by this method: 




Name of radiating body. 


Tomperatuves. 


Difference 


Hatio3. 


r 


Of the body. 


Ofthoair. 




o 
14.21 
13.94 
14.10 
13.67 
13.63 
13.60 
17. 383 


o 
17.61 
17.30 
17.42 
10.93 
10.79 
16.52 
17. 522 




3.40 
3.36 
3.30 
3.26 
3.16 
2.02 
*0. 139 


1.00 
.99 
.07 
.96 
.93 
.86 
.04 


1.00 
0.98 
0.93 
0.91 
0.85 
0.73 
0.018 


Carbonate of lead 

Varnish 


Glass 


Polislioa silver 



* Instead of this difference Melloni used 0.108, which seems to have ai isen from an error in sabtraction. 

In these experiments the portion of sky toward which the substances 
radiated, as seen from the preceding figure, was very much less than in 
the case of Pouiliet's actinometer, but being near about the zenith, the 
value of m given by (71) would be in a much greater ratio than the pro- 
portion of sky subtending the solid angfe of radiation, especially where 
the value oip is as small as in terrestrial radiations. We may therefore 
suppose its value would be only about one-half, or less, of what it is in 
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the case of Pouillet's actinometer. With the value of m taken at one- 
half the value in (73) and the value of r=0.85 and c=.0034: as deter- 
mined from Pouillet's experiments, we get from (76) for glass ^'— ^o=3.50° 
instead of 3.1G in the table above. 
From (7G) we get 



(78) 



2m— .(mi ((9„'-(9o) 



This expression gives the radiating power of the body from the ob- 
served value of {6„' — 6„) where the constants c and m are known. 

The value of c in cases in which the body is suspended in air, as in 
the case of the experiments of Dulong and Petit and of 'MM. de la 
Provostaye and Desains, and the various kinds of actinometers in 
wLich the thermometers are exposed in the air and not in vacuo, 
seems to be such as to make its effect about equal to that of radia- 
tion, and hence in the case of a black-bulb thermometer in which r=l, 
as seen from (7G), it must be about .0077. In the case, however, of the 
thermometer in Pouillet's and Melloni's experiments, in which it lies in 
the former on the swan's-down, and in the latter at the bottom of the 
cup, there can not be any convective cuirents, as in the other cases, but 
the value of cmust depend entirely upon the conduction of the air around 
the thermometer, and therefore should probably be much less, though 
not so small as the value .0034 which we have obtained from Pouillet's 
experiments. 

Putting c=.006, and r=l, we get from (78), with the first difference in 
Melloni's table, 3 42°, the valne of m=.0233. Using now this value of m 
and the preceding assumed value of c, we get from (78), with the observed 
values of {9o' — 6o) in tlie iireceding table, the corresponding values of r in 
the last column of that table. 

These values, it is seen, differ considerably from those of Melloni's, 
but agree better with those obtained by Leslie and others. It is true 
there is considerable uncertainty with regard to the proper values of 
the constants c and m to be used, but this uncertainty is not so great 
as to affect the results very much, though they must be regarded as 
being only approximate. From a mere inspection, however, of (78), it is 
seen that we cannot assume, as Melloni has done, that observed values 
of {Of! — Bo) are relative measures of radiation, unless the value of the con- 
stant m in the denominator were so great as to make the term contain- 
ing {6o'—0o) as a factor, infinitely small in comparison with the other. 
In fact there is no admissible value of c, and corresponding value of wi 
obtained upon the conditions that r=l for a lamp black surface, which 
would give values of r differing greatly from those we have obtained 
with the assumed value of c=.00(i. 

If the cups used by Melloni had been wider at the top, so that the 
solid angle indicated by the dotted lines in the figure had included 
more of tbe sky, as in the case of Pouillet's actinometer, the observed 
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effect would have been much greater, for this, by (71), would have in- 
creased the value of the constant m in (76). With the solid angle in the 
case of the actinometer, including two-thirds of the sky hemisphere, the 
effects were more than double, and would have been still greater if 
Pouillet had had the true air temperature. This was obtained by 
means of an ordinary thermometer suspended in the air at the height 
of the actinometer. But this thermometer, just as the one on the 
swan's-down, and for the same reason, indicated a temperature lower 
than that of the atmosphere, but the difference was not nearly so great. 
We have seen that in both the actinometer and Melloni's cups the 
atmosphere above and around so nearly completes the iuclosure that 
the radiating power of the partial iuclosure, the swan's-down and sides 
of the upper part of the inclosing cylinder in the one case, and the 
cups in the other, scarcely comes into account, since the less the radi- 
ated the more the reflected heat, the two together being nearly the 
same as would be radiated by a lamp-black surface, as they are quite 
in a complete inclo.sure, § 74. The principal, advantage of the swan's- 
down in the cylinder, and of the cups, is to prevent convective currents. 
In the case of the thermometer suspended in the air, as fast as the air 
immediately arouud the bulb becomes cooled down below the rest, it 
drops down and other warmer air takes its place, so that a current 
is established which continually carries away the cold arr and conveys 
warmer air to it. In the actinometer and in the bottom of the cups, 
the cold air settles to the bottom and remains entirely stagnant, and 
the thermometer bulb cools down to a temperature at wliich heat ia 
conducted from the inclosure to the bulb as fast as it is radiated by the 
bulb through the atmosphere into space, the effect of convective cur- 
rents not coming into account. 

Temperatures in case of no atmosphere. 

90. The results deducible in this case from the general expressions of 
(Gl) and (67) are not only very surprising but also instructive with re- 
gard to the great effect of the atmosi)here upon the temperatures of 
bodies near the earth's surface. Putting, hs we must in this case, 
kv = 0, we get from (61), where 6' is constant and equal 0'„ by putting 
« = 4/5 and giving B its numerical value 1.146, 

^'•^^ '^^ Mb'irix^' .0077 

and from (67) 

(80) ^.= -77i^nf^i:>;.TT^;7^ t^" ^-^ ^''' 



V(.0077rsByU«7+(CM.)* ' .OOnrsB/^^' 

But since (79) depends upon the developed expression of /i^—^' in 

(37), in which terms of the third and lower ordi^rs of terms are neglected, 

it is only approximate and becomes inaccurate when the range of {d„ — 6') 

8 large, though very nearly correcr. in the preceding applications in 
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which the term kv, as we have seen, tends to reduce it and always to 
keep it small. We can, however, in this case, in which Jcb disappears, 
obtain an expression from (48) independent of any approximate devel- 
opment, from which the value of (i9o — 6') can be accurately computed. 
From this equation we get, putting d6=0, 

(^^) ^'"-'=0^-+'"^' °' ^o-e'^:m log (^^^+r'e^ 

Where there is no solar radiation we h.ave Ko=0, and 

(82) /^«"-«'=r'e, or ^"— 19'=300 log r'e 

in which 6" is the shade temperature. 
From (81) and (82) we get 

(83) "«°-'"=i^'+l 

which gives the relation between do the mean temperature of the body, 
and 6" the temperature which it would have in the shade under the 
same circumstances. 

The value of Ko here is the mean normal intensity of solar radiation, 
undiminished by passing through an atmosphere where it can be ex- 
pressed in a function of the form of (47), which can bedone in this case for 
the annual mean and inequalities of annual period and its submultiples, 
as in (14), § C3, the values of the amplitudes and epochs being contained 
in the accompanying table. Since the sun shines on the body only one- 
half the time, the value of Kg is one-half that of the solar constant, say 
1.1. If we suppose the earth's surface to have a maximum radiating 
power we have a'=r, and for most radiating surfaces the difference 
perhaps is very small. For a body suspended near the earth's surface 
we have by (29), or from (70) by putting^=l, as we must in this case, 
e:=0.5. If the earth's surface has a maximum radiating power we also 
have r'=l. With these values of Ko, r, and e, and the assumed value 
of ^'=0, and putting a'=r, we get from (81) with the numerical value 
of i? in § 76, 9o — 6'= — 39°, This result shows that the mean temperature 
of a spherical body near the earth's surface, supposed here to be kept 
at the temperature of freezing since we assumed ^'=0, would be 39° 
below this temperature. 

If there were no solar radiation we should have from (82) in this case 
6" — 0'= — 90°, if the law of Dulong and Petit, upon which these expres- 
sions depend, can be extended to so low a temperature. 

If the body were snsppnded between ranges of mountains so that only 
two thirds of the sky hemisphere were visible, we should then have 
e=0.GG7, and consequently the value of {6" — 6') greater, or the differ- 
ence between 6' and 6" less. If, however, the earth's surface had a small 
radiating power r', then the temperature of the body would differ from 
that of the earth's surface still more. 
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If the body were placed at such an altitude above the earth's surface 
that the solid augle subtended by it would be considerably less than a 
hemisphere, then by (29) we should have e<0.5, and consequently (he 
temperature of the body would differ still more from that of the earth's 
surface. A few miles, however, would give, contrary to what might be 
thought, scarcely any sensible difference for the temperature at which 
the body would stand. 

If, in the case of no atmosphere and no solar radiation, a small body 
were placed in the focus of a parabolic partial inclpsure of poli!sh<^d 
silver, subtending a solid angle of half a hemisphere, as in Fig. 5, § 73, 
the temperature of the body would be still much lower than that of the 
iuclosure on account of the small value of r' for polished silver. (82) 
in this case gives no consistent result, because the law of Dulong and 
Petit, upon which it is based, cannot be extended to so low a tempera- 
ture. 

From (80') we readily see, from mere inspection, the general tendency 
which the various conditions of radiation, absorption, capacity of the 
body for heat, and the period of the inequality have upon the relation 
between the amplitude if of the inequality in the intensity of solar radi- 
ation, and the amplitude J., of the corresponding inequality of tempera- 
ture depending upon it, and when the quantities entering into the 
expression are known their effiects can be computed. If the body is so 
large, or the period of oscillation so short, as to make the value of {^Cuf 
very large, then A is small for any given amplitude of inequality in 
intensity of solar radiation, and is very nearly in proportion to the ab- 
sorbing power o', since then the term in the denominator containing r, 
which is generally very nearly equal to a, becomes small in comfiaiison. 
Hence large bodies with small absorbing power are very little affected 
by inequalities in intensity of solar radiation of short period. If, how- 
ever, the value oi{Guf is very small in comparison with the conjugate 
term, as in the case of a very small body or long period of tempera- 
ture oscillation, then A is very nearly proportional to K. 

In diurnal inequalities of solar intensity the value of u is 365 times 
greater than in the case of annual ones, and hence the value of (Cm)^ 
is very great in comparison unless there is a corresponding decrease in 
the size of the body and value of 0. 

Retard in the variations of temperature. 

91. From (8O2) it is seen that the greater the capacity for heat (x the 
shorter the period the greater is the epoch e; for the capacity of the 
body for heat (7, being as the mass, increases in a greater ratio than 
the surface of the body s in the denominator of the expression. It is 
also inversely as the radiating power r of the body, and hence e is 
largest in bodies of small radiating power, all other circumstances being 
the same. 

Where the conditions are not such as to make the value of e by (SOj,) 
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SO great that the arc cannot be used instead of the tacgent, we get in 
the case of a sphere from (06), by putting Jcv=:0, and for B its uumerLcal 
value 1.146, 

(84) R ^^^ 

in which 

i)=the diameter of the sphere; 
/)=it8 density ; 
c=its specific heat. 
In the case of the blackened bulb of a mercury thermometer 1™ in 
diameter, in which r—l, J=13.6, and c=.033, we get with ^'=30°, in 
which case /^*'=1.26 

P 13.6x0.033 .^ 

for the time in minutes by which such a bulb, where the temperature is 
increasing or decreasing, is retarded in arriving at the temperature of 
static equilibrium which the conditions would give for the solar intensity 
of radiation at the time ; and this would be true not only in the case of one 
of the inequalities of (47) into which the varying intensity may be resolved, 
but approximately so for the sum of the effects, provided the values of 
e by (SO2) in any of them does not become very large, as they would in 
very abrupt changes of intensity of solar radiation. 

If the bulb were silvered, in which case we should have very nearly 
r=.03, it is seen from (84) that we should have this retard about 33 
times greater, amounting to nearly 4 hours. If two thermometers, 
therefore, of the same size, one blackened and the other silvered, were 
exposed side by side to a varying intensity of solar radiation, with com- 
ponents of diurnal periods and its submultiples, they would at times 
indicate very different temperatures, for the silvered one would lag far 
behind the blackened one, and both behind one indicating the true 
static temperature. And it is readily seen that this also would be the 
case if the one thermometer bulb were much larger than the other, but 
the same in other respects — the larger one would lag behind the smaller 
one. 

If we had a sphere 25" in diameter of the specific heat by volume of 
water, we should have from (84), with 6"=15o, 

2500 
-^= .0528x Ll22~^^^^^ minutes, 

or very nearly a month for the amount of the retard. Of course this 
would not be applicable to a diurnal inequality; but for an annual period, 
on account of the small value of u in this case, we should have by (SO^) 
the value of e equal about 30°, in which the arc is approximately equal 
to the tangent, and so (81) is approximately applicable in this case. 
The temperature of such a body at any season of the year would be 
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very nearly the same as that of an ordinary thermometer, with black 
bulb, one month before, and hence would be much less during the spring 
and much greater dhring the tall. In this case the amplitude A of tem- 
perature oscillation, given by (80), in comparison with that of a small- 
bulb thermometer in which [Guy sensibly vanishes -in comparison with 
(.0077 rsBjA^'f, would be as cos e to unity. Hence there would not only 
be a lagging behind in the case of the large body, but its whole range 
of temperature oscillaliou would be less. 

"Where there is an atmosphere surrounding these bodies, and especially 
where it is in motion, we have seen that the effect of it is to reduce 
the temperature of all the bodies to its own temperature whatever that 
may be, but still, even in this case, there is the tendency to assume the 
temperatures which they would have in the case of no atmosphere, and 
. they do in some measure unless there is a strong ventilation. 

Static temperatures. 

92. Where the intensity of solar radiation can be regarded as con- 
stant, as at times of maxima and minima, or where variable, if the rate 
of change is so slow, or the body so small, that the first member of (44) 
sensibly vanishes, we get, in case of a vacuum or no atmosphere 

«'^P^ J_r'« nv fl_fl'— Jinn Intr f P^ . 



(85) ' ;i<'-«''=^,+r'e, or ^-^'=300 log (jg,,+»-'e) 
which 

(86) p='- 



in which 

a[B 
rs 

and in which J has its value in (94) or more accurately in (101), Chap. 1, 
and S must be taken as defined in § 72. 
From (82) and (80) we get 

which is substantiaHy the same as (81) in the case of mean solar inten- 
sity, and shows the relation between the static temperature of the body 
and its shade temperature under the same circumstances. 

It is seen from these expressions that the temperature 6 of the body 
depends not only upon the normal intensity of solar radiation I and the 
temperature of the inclosure 6', but likewise upon the value of p, and 
hence, by (86) upon the relation between the radiating power of the 
body r and its absorbing power for solar heat a', and upon the ratio 
between S and s, and therefore upon the shape of the body. Any 
change in these relations which increases the value of p increases the 
static temperature of the body, and vice versa. 

In the case of an adiathermic spherical body of maximum radiating 
and absorbing powers, or in any case in which we can assume that a' is 
equal r, we have by (86), since in a sphere s=4S, 

(87) P=l 
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In a cylinder such that the area of the ends may be neglected in com- 
parison with the whole surface, if the sun's rays fall upon it perpen- 
<licular to its axis, we have, when a'=:r, as it doeS usually very nearly, 

(88) • p=i:=0.318 

It 

If the body is in the form of a flat disk, such that the surface of the 
edges may bo neglected in comparison with the whole, and the sun's 
rays fall perpendicularly upon it, since «=2^Mn this case, we have, where 

(89) p=\ 

If, however, the edge of the disk were toward the sun, the value of p 
would be very small. 

If the disk has a radiating power which is different on the two sides, 
the value of r in (SO) must be the mean of both. If the disk, there- 
fore, had a maximum radiating and absorbing power on the side ex- 
posed normally to the sun's rays, and a radiating power on the other 
of polished silver, say 0.03, we should then have 

(««) ^= ^(1+0^3)X2 =»-^^^ 

But if the bright side were exposed normally to the sun's rays we 
should have 

(9J ) p= ?--? =0.0291 

^ ' ^ J(1+0.03)X2 

If we had a horizontal and very thin disk, with equal radiating and 
Absorbing powers on both sides, with the snu's rays falling upon it with 
varying angles of incidence at different times, we should have the re- 
lation of S=\s cos z, in which z, as heretofore, is the sun's zenith dis- 
tance. We should therefore have in this case, with a'=r, 

(92) p=^ cos z 

If the value of a' should differ a little from that of r, as it may in 
some cases, the preceding values of p would be modified accordingly. 

93. In the case of a bright thermometer bulb of glass and mercury 
the consideration of the effect of the diathermic envelope of glass sur- 
rounding the mercury, which has scarcely any absorbing power for the 
solar rays, but a very great one for the heat radiated by the mercury, 
comes iu as a modifying circumstance. The absorbing power of the 
bnlb, taken as a whole, for the sun's heat, which passes mostly through 
the glass is that of the mercury, the part absorbed by the glass being 
extremely small. Putting the part which is transmitted through the 
glass equal to O.SO, it being very nearly the whole heat which is not 
reflected, and the absorbing power of mercury equal 0.2, we get 0.80 X 
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0.2=0.16 for the absorbing powers of the bulb. But the radiating 
power of the bulb is not that of a thick plate of glass, since radiation 
does not take place from the surface merely, but from some small 
depth within. Magnus found that the radiating power of a plate of 
glass one millimeter in thickness was only 0.64, while that of a thick 
plate is supposed to be about 0.8. The deficiency, however, in the 
radiation of the thin glass is in some measure compensated by the 
radiation of the mercury through the glass, and would be quite if, the 
radiating power of the mercury were as great as that of the glass. The 
glass of a thermometer bulb being generally much less than one milli- 
meter in thickness, the radiating power of the bulb is less than that of 
a plate of glass one millimeter in thickness, or 0.64, as was observed by 
Magnus. If we put it equal 0.5, and the absorption, as above, at 0.16, we 
shall then have from (86) in the case of a spherical bulb, in which s=4:S. 

(93) p=0J6.j=0.08 

III this it is assumed that the diameter of the sphere of mercury and 
that of the whole bulb are sensibly the same. Since 8 in this case is 
the great circle of the mercury sphere and s the surface of the glass, if 
the thickness of the latter were considerable we should have s consid- 
erably greater than 4>S', and consequently the value of p in (93) consid- 
erably less in this case. Where, however, the glass is very thin, a 
small increase of thickness would have the contrary effect, since in this 
case the increase of radiating power from the increased thickness of 
the glass would have a greater effect in increasing the value of p, than 
the decrease of S would have in decreasing it. 

94. In the case of no intensity of solar radiation, by putting 1=0 in 
(85), we get (82), which is the equation for determining the static tem- 
perature resulting from nocturnal cooling, which has already been con- 
sidered in § 90. In the case of solar radiation, in which I does not 
vanish, (85) becomes the same as (82) if we^ut the mean intensity Ko 
for the varying intensity I at any time ; for where the body is so small 
that it assumes very nearly at each instant ^ the static temperature, I 
can be regarded as a constant sensibly for the time. It is seen, how- 
ever, from (83) and the applications following, that (85), in the case of 
ordinary diurnal variations of I, is strictly applicable in the case of 
very small bodies only unless it is near the time of maximum intensity 
about noon. 

In the case of no atmosphere the static temperatures, and all such as 
can be so regarded for the time, as in the case of the mean temperatures 
in § 90, are reduced very much from the effect of incompleteness of in- 
closure depending upon the value r'e in (85) in which e becomes in this 
case equal 0.5. 

It will be interesting and instructive to make a few applications of 
(85) to small bodies of different shapes and radiating and absorbing 
10048 SIG, PT 3 -9 
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powers, iu order to see how much the static temperatures depend upon 
these circumstances. 

If we suppose the earth's surface to stand at the temperature of 
freezing and to have the maximum radiating power, we shall have 
r'=l, r'e=0.5, and m''=1; and in the case of no atmosphere, I=A, 
equal, say, to :i.2. In the case of a sphere we have also by (87) p=0.25. 
"With these values (85) gives 

/0.25 X 2.2 "\» 

^=300 log(^— j-^^j-+0.5 WsOOx -.0088=-2.6o 

The temperature of such a body, therefore, exposed to the full intensity 
of the sun's rays, would stand 2.6° below the temperature of the earth's 
surface. If we suppose the temperature of the earth's surface to be 30°, 
we have /^''— 1.26, and we then get 

/ 25X-22 \ 

^-^'=.300 log (i7[46^7o6+0.5 ) = -16.5o 

and hence (^=300-16.5=13.5°. 

In the case of a cylinder witb the rays falling upon it perpetidicular 
to the axis, using the value of p in (88) in this case, and assuming d'=Q, 
we get ^=13.6°. 

^Vith a thin disk, and 6'=0, using the value of p in (89) in this case, 
we get ^=49.2°. If the disk were of polished silver on the side not 
ex])osed to the sun's rays, using the value of p in (90), we get ^=112°. 
But with the silvered side exposed to the sun's rays, using the value of 
p in (91), we get ^= — 70.5, a temperature 188.5° lower than when the 
other side is exposed to the sun's rays. 

If we had a very thin horizontal disk, such that it would arrive sen- 
sibly at each instant to its temperature- of static equilibrium, using the 
values of pin (92), (85) with 6''r=0, would give for the sun's altitudes 
of 15, 30, 45, 60, 7.J, and 90°, the corresponding temperatures respectively 
of -37.0°,-2.6°, 22.1°, 38.1°, 47.0°, 49.2°, while a small spherical body, 
we have seen, would romaiu stationary at —2.6°. These altitudes at 
the equator would correspond to the several hours of the forenoon or 
afternoon. 

95. If the bodies were placed in a vacuum within a diathermic iu- 
closure in the atmosphere, the temperatures would be somewhat dif- 
ierent, both because of the weakening of the intensity of solar radia- 
tion in passing through the atmosphere to the bodies, especially where 
the sun is near the horizon, and also because the inclosure in this case 
would be very nearly or quite complete with reference to the radiations 
from the body, so that instead of e=0.5 in (85) we should have it very 
nearly equal to unity. We have seen, (70) and (74), that the atmos- 
phere itself nearly completes the inclosure with reference to terrestrial 
radiations, and if with this is included the immediate inclosure of the 
vacuum, which may be diathermic in a high degree to solar radiation, 
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but yet transmits but little of the heat radiated from the body, it must 
add to the completeness of the inclosure for such radiations. The 
temperatures of the bodies, consequently, would stand but little belovr 
that of the air and immediate inclosure of the bodies at night when the 
sun does not shine on them, since with a nearly complete inclosure or 
e=l, (85) gives, wheu 1=0, very nearly B—d'=0. On this account the 
temperatures of the bodies would all be greater, but the range of tem- 
perature depending upon the varying values of I in (85) from to maxi- 
mum, would remain somewhat the same as in the case of no atmosphere, 
except thai; the extreme value of I at the earth's surface, even for a 
vertical sun, falls considerably short of »he value of the solar constant. 

96. If, then, we had a number of small bodies of different radiating 
and absorbing powers, shapes, and positions, exposed near the surface 
of the earth, without an atmosphere to solar radiation, or in a vacuum 
within a diathermic inclosure, they would stand at any instant at very 
diiferent temperatures, and the ranges of temperature, depending upon 
the changes in the intensity of radiation, or value of /, would likewise 
be very different in the diff'erent bodies. At night also, and during 
polar winters, the temperatures of such bodies would be very far below 
that of the earth's surface. 

Where, however, there is an atmosphere, and such bodies are in con- 
tact with it, and especially where the atmosphere has motions relatively 
to the bodies, the temperatures of the bodies are all reduced, as has 
been shown in the case of large bodies, very nearly to that of the at- 
mosphere; but still it is seen from the results above how great the 
tendency is for the bodies to assume temperatures which differ very 
much from one another and from that of the air surrounding them, and 
consequently, in order to obtain the temperature of the air by means of 
that of a body immersed in it, how important it is to have a strong ven- 
tilation of the body, since it is only by means of this that the tempera- 
tures of the two become sensibly the same, either by day or by night. 

Blaclc-hulh and bright-bulb thermometers in vacuo. 

97. On account of the smallness of the bulbs usually (85) is approx- 
imately applicable in this case, and the more so the smaller the bulbs. 
If the glass inclosure, together with the earth's surface on one side and 
the atmosphere around and above on the other, can be regarded as a com- 
plete inclosure, we have re=l in this case, and the temperature 9 of the 
body, where there is no solar radiation, becomes the same as 0, the 
temperature of the glass inclosure, as seen from (82), which (85) be- 
comes when I—Q. But observation shows that both the black and 
bright bulbs during a clear night stand about 2.3° F. below the tem- 
perature of the air in which the inclosures are suspended, and there- 
fore, unless the inclosures stand at a temperature as much below that 
of the air, which is not probable to the full extent, the bulbs do not in 
this case assume the temperatures of their inclosures, but are a littl© 
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lower, and hence the glass inclosures cannot be regarded as complete 
inclosures, and we cannot put in (85) r'e=l. And this may also be in- 
ferred from the experiments of Melloni, § 70, from which it is seen that a 
small part of the heat radiated from a body at the temperature of 100° 
passes through thin glass, and therefore some of the heat radiated 
from the thermometer bulbs in vacuo must pass through both the glass 
inclosures and through the atmosphere, when it is clear, into space, 
and hence they cannot form a complete inclosure. We cannot infer, 
however, from the result of his experiments, that this lack of complete- 
ness and its effect can amount to much, but still the temperature of the 
bulb, where there is no solar radiation, no doubt, stands at a tempera- 
ture a little below that of the glass inclosure, and still more below that 
of the surrounding air, unless this inclosure is so ventilated as to keep 
it sensibly at the air temperature. 

Tbe inclosure is so nearly complete and the radiating power of glass 
so nearly equal to unity, that we can put in (85) in this case, r'=1, 
without sensible error, and we then get 

(94) ^ ;.e-»-^.fl_m 

in which m is a function of the form of (71) except that^ in this case is 
the diatliermaucy constant of both the atmosphere and the glass in- 
closure, and consequently smaller than in the case of the atmosphere 
alone. The value of m is therefore smaller than in the case of a bulb 
exposed in the open air, as given in (74), or even in Pouillet's actinom- 
eter its given in (73). With one observation of {6—6') at night (94), by 
I)utting J=0, will furnish an equation for determining its value. For 
a very cloudy atmosphere of course its value vanishes. 

9S. The value of in and of I being known in any special case, (94) is 
ai)i)licable in the case of either the black or tlie bright bulb. For the 
former we must use the value of p in (87), and for the latter some value 
approximately equal that given in (93). The latter, we have seen, 
varies considerably in different bright bulbs, and therefore the tem- 
peratures of different bright bulbs may vary considerably among 
themselves witli the same intensity of solar radiation, while those of 
the black bulbs, if they have a maximum absorbing and radiating 
power, and they lose heat by radiation only aud not by conduction up 
the stem, should all be the same. On account of the widely different 
values of p in the two cases, the corresponding values of {6—6') are 
very different. 

If in (94) we put m= 0.015 instead of the value in (74), we get, by 
putting J=0, 

e-d'^ma log o.9S5=-2o 

for tlie nmount by which the temperature of the thermometer is less 
than that of the glass inclosure, or of the air where the inclosure is " 
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kept at the air temperature by ventilation. The value of [6—6') in this 
case is entirely independent of the radiating and absorbing power of 
the body, and consequently the same for both black and bright bulbs. 
If we suppose the intensity of solar radiation to be 1.6, which is about 
the intensity at the earth's surface of a vertical sun in clear weather, 
and put m=0.015, we get from (94), with the value of p in (87), suppos- 
ing the temperature of the inclosure to be 30°, with which yu«'=1.26, 

(9-^'=300 log /^-i^^i::*^+0.985^=30.3o 

for the difference between the temperature of the black bulb in vacuo 
and the temperature of its glass inclosure. In like manner, using the 
value of p in (93), we get 

6^-0'=3OOlog(^jM||l:|_+O.985^=9.3o " 

for the difference between the temperature of the bright bulb in vacuo 
and the temperature of the iuclosure. 

If the temperature of the glass inclosure were assumed to be that of 
freezing, we should have //*'=! instead of 1.26, and hence the value of 
{O—ff) considerably greater. The same intensity, therefore, causes a 
greater difference between the temperatures of the thermometers and 
the inclosures in cold than in warm weather. 

99. From (94) we get for the black bulb 

pI=Bjj.»-(l-m)Bfz«' 

Distinguishing p and 9 by means of a suffixed accent in the case of the 
bright bulb, we get in this case 

p,I=B/x»,—{l-m)B/j.^ 

Eliminating I from these equations, we get 

(95) jj.e'=cjj.«,+{l—c)jx» 
in which 

(96) c=^ " 



(P-P/)(l-»») (l-4=P/)(l-»») 

by putting for p its value in (87) in the last form of expression. 

Having given the observed values of 6 and 6', the temperatures of 
the black and bright bulbs, (95), gives 6', the temperature of the glass 
inclosure and sensibly that of the surrounding air where there is venti- 
lation. For this purpose, however, it is necessary to know the value 
of the constant c, which, by (96), depends upon the values of p, and m, 
neither of which is accurately known in any case, and both vary a little 
with different bulbs and glass inclosures, the former for reasons given 
in § 95, and the latter by (71), because inclosures of different degrees of 
diathermancy require a different value of jp, and consequently of m. The 
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latter also varies with different degrees of transparency of tbe atmos- 
phere, but may be regarded as a constant for all kinds of plear weather. 
The constant c, therefore, must be detem.ined from observation for 
each pair of conjugate thermometers, the glass inclosures of which 
should be of the same transparency. This may be done from (95) with 
one observed value of 0, 6,, and 6', which give an equation which 
determines c; but a great many sets of observations of 6, d„ and 6' may 
be made, which give as many equations of condition for determining c 
by the method of least squares. 

Examj)les. 

1. In the case of no atmosphere if a thermometer were suspended at 
night near the earth's level surface having a temperature ^'=15°, and 
a maximum radiating power, at what temperature would it stand ? (82) 
and (29.) 

2. What would be its temperature if it were surrounded by mountains 
so that only two-thirds of the sky could be seen, and the temperature 
of the earth's surface were at the temperature of freezing? 

3. What would be the difference between the thermometer and a para- 
bolic partial inclosnre, as in Fig. 5, § 73, of the radiating power 0.8? 

4. What would be the amplitude of temiierature oscillation of a 
spherical body 6 centimeters in diameter, of the density .8, specific heat 
0.4, maximum radiating power, and (9'=20°, corresponding to a diurnal 
inequality of the form of one of the components of (47) of amplitude K 
=2.0? (80.) 

5. What would be the retard of such a body? (84.) 

6. What would be the retard of a bright-bulb thermometer 0.8°" in 
diameter, of radiating power of 0.75, and the temperature of the earth's 
surface, 6"=10o? (84.) 

7. With a solar intensity 1=1.5, and temperature of the earth's surface 
^'=15°, what would be the static temperature of a spherical body 
of maximum radiating power in vacuo, supposing the inclosure com- 
plete? (85.) 

8. What, under the same circumstances, would be the temperature of 
a bright-bulb thermometer? (85) and (93). 

9. What would be the temperature of a very thin disk in vacuo of 
maximum radiating power, exposed normally to the sun's rays, of inten- 
sity 1.8, which would be about the intensity of a vertical intensity on 
the top of a very high mountain, with the temperature of the air and 
earth's surface at freezing? 

10. What would be the temperature of a black-bulb thermometer in 
space away from the influence of the earth's radiations, but at the 
mean distance of the earth from the sun ? (85) and (87), e=0. 

11. What would be the temperature of the bright-bulb thermometer 
under the same circumstances, supposing' the law of Dulong and Petit 
to hold for so low temperatures ? (85) and (93), e=0. 
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IV. — Temperature o'F the Atmosphere. 
Decrease of temperature with increase of altitude. 

100. The preceding conditioas for determining temperature, and their 
applications in the determination of temperature under different cir- 
cumstances, have been confined to the comparatively simple case of 
solid bodies near the earth's surface, either in the, air or in vacuo. 
Those for the determination of the temperature of the atmosphere at 
different altitudes and in the different latitudes under the varying con- 
ditions of solar radiation, are contained in Professional Paper No. 
XIII of the Signal Service, but the whole subject is too complex to be 
treated here in so general a manner. We must, therefore, confine our- 
selves here to a less general and more simple view of the matter, and 
in this we can avail ourselves, to a certain extent, of the more simple 
relations and expressions with reference to solid bodies near the earth's 
surface. 

The atmosphere being diathermic, any small part of it may be regarded 
as so much volume of a diathermic solid body of very small density, so 
that its temperature will depend mostly upon the same conditions, as 
those which determine the temperature of the diathermic solid. The 
principal difference is the greater uncertainty with regard to the radiat- 
ing power of a portion of the atmosphere and its absorbing power for 
the solar rays, and especially upon the relation between the two. 

The static or the mean difference between the temperature of a body 
near the earth's surface and that of the surface itself is determined by 
the condition of (61). As any small portion of the atmosphere, however, 
may be regarded as floating in the surrounding parts and having no 
relative motion with regard to them, except in case.s of great disturb- 
ances, the term lev in this case disappears, and as it may be regarded 
also as having so nearly the same temperature- as the surrounding 
parts that there is no sensible conduction of heat to or from it, it is not 
necessary to substitute the constant c, § 81, in its place. The condition 
then to be satisfied in determining the temperature of such a portion 
of the atmosphere is that expressed by (81). Eow we have seen that 
by this condition the temperature of a body is the greater the more 
complete the inclosure, and that the difference between the static 
temperature 6 of the body and that of the earth's surface or partial 
inclosure 6', supposed then to be at the temperature of freezing, ranges, 
in case of no solar radiation, from in the case of a complete inclos- 
ure to about —90° in the case of no atmosphere or at the top of the at- 
mosphere, which corresponds to e= J or a half inclosure. It is seen 
from (70) and (71) that the inclosure, which is nearly complete at the 
earth's surface, becomes rapidly less so with increase of altitude and 
so of the value of p, so that we have now arrived at the important 
conclusion, tliat in the case of no solar radiation, if the earth's surface 
were maintained at the temperature of freezing, the temperature of 
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the strata of the atmosphere would decrease from a few degrees below 
freezing at the earth's surface to about —90° at the top, or to very 
nearly that temperature at au altitude of only a few miles, since even 
there the inclosure, or value of e in (70), is very nearly reduced to 0.5. 
It is here supposed that the earth's surface is maintained at a constant 
temperature, and does not communicate heat to the atmosphere .in con- 
tact, in which case, on account of a small lack in the completeness of 
the inclosure, it would stand a few degrees below the temperature of 
the earth's surface, just as the thermometer on the swan's-down or in 
Melloni's cups stand a few degrees below the temperature of the sur- 
rounding air and earth's surface. 

Effect of the mean solar radiation. 

101. With the mean intensity of solar radiation, however, it is seen 
that the static temperature of a dark body, or any one in which the ra- 
diating power and the absorbing power for the sun's heat are equal, at 
or near the top of the atmosphere would be only 39° less than that of 
the earth's surface. On account of the uncertainty, in the case of air 
with regard to the relation between r and a' in (81) in the term depend- 
ing upon the solar radiation of mean intensity Ki,, we do not kuov¥ 
what effect solar radiation would have in raising the temperature of 
the air, but we know that the absorbing power of the air for the sun's 
heat is considerably less than its radiating power, and therefore that 
the effect upon air is much less than upon a body of maximum radiat- 
ing and absorbing power, or of any one in which a'=r. At the earth's 
surface also the temperature of the air would stand considerably higher 
than that in the case of no solar radiation, but not so high in general 
as the temperature of the earth's surface, on account of the smaller 
value of a' with regard to r in the case of the atmosphere. In either 
case, therefore, both of solar radiation and without any as at night and 
during the polar winters, in the static mean temperatures of the differ- 
ent strata, the difference between the temperature at the earth's sur- 
face and at the top is at least about 90°, so far as this depends upon 
the conditions of radiation, absorption, law of cooling, «&c., without 
any consideration of the effects of conduction of heat, or convection in 
ascending and descending currents, of evaporation and condensation, 
and of cooling by expansion as the air rises, or heating by compres- 
sions as it descends and comes under a greater pressure. 

Since the inclosure is rendered less complete and the value of e by (70) 
less, somewhat in proportion to the quantity and not the depth of at- 
mosphere above any body under consideration, and so likewise the weak- 
ening of the solar intensity, whether the rays fall perpendicularly or 
obliquely upon the earth's surface, the decrease of temperature with in- 
crease of altitude must be rather in proportion to the mass of air left 
below than in proportion to the increase of altitude, and hence the rate 
of decrease with increase of altitude must be much greater below than 
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above, as it is shown from observation to be. A decrease of, say, 100" 
through a homogeneous atmosphere of 8,000 meters of altitude would 
be one degree for each 80 meters, or 1.25° per 100 meters. This below 
would cause even dry air, § 38, to be in a state of unstable equilibrium, 
but above, as the air becomes rare, the rate would be a rapidly decreas- 
ing one. 

There is also another effect which should be taken into consideration 
here, as in the case of solid bodies in the atmosphere, where there is a 
considerable depth of atmosphere between the body or portion of atmos- 
phere under consideration and the earth, since this intercepts some of the 
earth's radiations to the body, and consequently its temperature is less 
than it would be if there was no intervening atmosphere. As there is 
no such effect on the air near the earth's surface, the rate of decrease 
of temperature with increase of altitude is therefore greater from this 
cause than that which has been determined from the preceding condi- 
tions, in which this has not been taken into consideration. 

The effect of solar radiations is to cause a greater decrease of tem- 
perature with increase of altitude in the equatorial than in the polar 
regions of the earth. If we consider any small portion of air a near the 
equator E, and a similar one, a', near 
the pole P, in the figure, but both near 
the earth's surface, it is seen that the 
solar intensity on a is stronger than on 
a', because the rays have to pass 
through a distance of atmosphere oa in 
the one case less than c'a' in the other, 
and consequently the effect on the tem- 
perature of the former is greater than 
upon that of the latter. But with re- 
gard to similar portions of air h and V 
on the same latitudes at or near the top 
of the atmosphere, the solar intensity 
is sensibly the same, and consequently 
the temperatures of both are increased 
the same amount by solar radiation. If, therefore, the temperature 
of a is increased more by solar radiation than that of a', but the tem- 
perature of h is increased only as much as that of &', then the tend- 
ency of solar radiation is to make the difference between the tempera- 
ture of a and h greater than the difference between a' and 6', and con- 
sequently to cause the rate of decrease of temperature with increase of 
altitude greater in the equatorial than in the polar regions. There is a 
greater tendency, therefore, to a state of unstable equilibrium in the 
equatorial than in the polar regions, and hence there are more cyclones 
and tornadoes in the former than the latter. In high latitudes it is said 
that not even cumulus clouds are ever seen, so that it would seem that 
there the atmosphere is never in the state of unstable equilibrium. 
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All the preceding results have been deduced in a more general man- 
ner in Professional Paper of the Signal Service, No. XIII. 

Modifying causes. 

102. It is now important to consider the various causes which modify 
the preceding deductions from the conditions aloue of radiation, absorp- 
tion, &c. The evaporation of water cools the air near the earth's surface 
and in the lower strata, and the condensation of the vapor above in- 
creases its temperature there ; and thus the great difference of tempera- 
ture between the lower and upper strata, which would result from the 
conditions of radiation and absorption alone, is decreased somewhat by 
this process, especially in the lower part of the atmosphere, where the 
rate of decrease of temperature with increase of altitude was found to 
be the greatest, and where condensation as well as evaporation mostly 
takes place. Where saturated vapor ascends, the rate of decrease is as 
given in Table XIII, but in all places where the air descends, the tend- 
ency is tovpard the rate of 0.98° per 100 meters, though on account of 
the very slow rate generally of descent, this rate is only approximately 
reached. 

As there is more evaporation in the equatorial than in the polar re- 
gions, the tendency from this cause to equalize somewhat the tempera- 
tures above and below is stronger in the former than the latter. From 
Table XIII it is also seen that the rate of decreasing temperature in 
ascending currents of saturated air is less in the equatorial regions 
where the air has a high temperature than in the polar regions of low 
temperature, so that this also tends to equalize the greater rate in the 
former and smaller rate in the latter arising from conditions of radiation, 
absorption, &c. 

But the greatest of all the modifying causes of the terapei'ature of 
the atmosphere is undoubtedly the contact of the atmosphere with the 
earth's surface. The whole atmosphere is comparatively a thin stratum 
only surrounding the earth, and from contact with its surface must par- 
take in a great measure of its temperature, whatever the tendency 
may be to assume, in accordance with the conditions of radiation, ab- 
sorption, &c., a higher or a lower temperature. Hence there is little 
difference between the mean temperature of the earth's surface and 
that of the air in contact with and near it, so that the actual tempera- 
ture of the atmosphere in different latitudes depends more upon that 
which the earth's surface assumes, under the conditions determining its 
temperature, than upon any relation between its radiation and absorp- 
tion, and the varying solar intensity as it affects directly the temperature 
in different latitudes. We have seen that from these conditions alone 
the temperature at the top of the atmosphere would be the same in all 
latitudes, as at h and h' in the preceding figure, though differing con- 
siderably near the earth's surface. But on account of tlie great differ- 
ences between the temperatures at different latitudes of the earth's sur- 
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face, tliere are -nearly the same differences in the temperatures in differ- 
ent latitudes of the upper strata of the atmosphere. 

It is also from contact with the earth's surface that the mean tempera- 
ture of the air differs at different longitudes on the same parallels of 
latitude, for it partakes of the same local variations of temperature 
which the earth's surface has in different longitudes from ocean currents 
and other causes. As there is more evaporation on the ocean than on 
land in proportion to the condensation, the air over the ocean is cooler 
and that over the land warmer from this cause, and this affects a little 
the relations between the temperature of the atmosphere on the ocean 
and on land, both in latitude and longitude. 

Variations of air temperature. 

103. The variations of the temperature of the atmosphere correspond- 
ing to the variations, diurnal and annual, of the intensity of solar radia- 
tion, so far as they depend alone upon the conditions of radiation and 
absorption, and are independent of convection and conduction, should 
be given approximately by (80), which is especially applicable to a body 
near the earth's surface. By this expression the less the absorbing 
power a' of the body for solar heat in comparison with its radiating 
powers r the less is the amplitude A of the temperature variation cor- 
responding to any inequality of the intensity of solar radiation of which 
the amplitude is K. A small portion of the atmosphere is very much 
like a piece of glass which transmits most of the heat of the solar rays 
throngh it and absorbs but little. The value of a', therefore, in (80i) 
when applied to the air, as in the case of a piece of glass, is small in 
comparison with r in the denominator, and hence the range of tempera- 
ture oscillation is small, large changes in intensity of solar radiation 
causing only small ones in the temperature. We know in the case of 
the atmosphere that a' is much less than r, and consequently that the 
amplitude A of temperature oscillation corresponding to a given in- 
equality of intensity of solar radiation is much less in the case of air 
than in that of a black-bulb thermometer in vacuo, in which case we 
have a'=r—l. 

In the case of annual variations, on account of the small value of u in 
these, the term {Cuy in the denominator in (80) is so small as to be insen- 
sible in comparison with {.OOllrsB/x^'f, so that e sensibly vanishes and 
the temperature at each instant is sensibly that of static equilibrium, 
but in the case of diurnal variations it may be comparatively large, 
and so decrease very much the value of A, so that the amplitudes of 
diurnal temperature oscillation are no doubt much less than those of 
the annual corresponding to the same amplitude ^ of intensity of solar 
radiation in the two cases. It is probable, therefore, that the diurnal 
temperature oscillations of the upper strata of the atmosphere in the 
open air away from the influence of contact with the earth's surface are 
extremely small. This, however, cannot be indicated by'observation 
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on high mountain tops, since the warm heated air in contact with the 
warm sides of the mountain during the day is continually ascending 
and giving rise to a higher temperature than that which generally pre- 
vails at the same level in the open air at a distance from the mountain 
top. 

V. — Tempeeaturb of the Earth's Stjepace. 
Mean temperature of the wJiole globe. 

104. The expression of the rate by which a cooling body in space, 
without a diathermic envelope and away from any sensible influence 
of the sun's radiations, loses heat, is given by (28), § 78, by putting 
e=0, since in this case there is not even a partial inclosure. At the 
mean distance of the earth from the sun the rate by which a spherical 
body receives and absorbs heat from the sun is a'SAo in which, as 
already defined, a' is the absorbing power of the body for solar heat, S 
the area of a great circle of the body, and At, the mean solar constant. 
Since the rate of losing heat in the absence of the sun's heat must be 
diminished by the rate at which it receives and absorbs solar heat, we 
have for the rate of losing heat in this case 

-^==:Bsr/i0-a'SAo 

Eegarding the atmosphere as a diathermic envelope which has a greater 
transmissive power for solar than for terrestrial radiations, we must, by 
§ 80, put rm instead of r, and a'n instead of a', and we then get 

(1) -^=Bsrm/xd-a'nSAo 

in which m and n have their values in (34) and (35), § 80, the former 
expressing the proportion of the radiations from each point of the sur- 
face of the body with all angles of emissions within the solid angle of a 
hemisphere, which escape through the envelope, and the latter the pro- 
portion of the solar radiations which penetrate through the envelope to 
the body with similar angles of incidence over a hemisphere of the body. 

105. If the body were very small — as athermometerbulb,forinstance — 
or its conducting powers for heat infinitely great, 6 might be regarded 
as a constant for all parts of the surface. The static temperature, then, 
or the mean temperature in case of a variable intensity of solar radia- 
tion A, is given by the preceding equation by putting the first member 
equal 0, and we thus get 

^oN „e-«'''^SAo_ nAo 

rm sB m B 

in which p lias its value in (87). Prom (96), § 47, and (34) and (35), § 80, 
since m and n are exactly similar functions, both requiring to be inte- 
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grated through a solid angle of a hemisphere, and diifer only in the 
different values of a in (96), § 4=7, in the two cases, we get 



n 



-o6 



(3) i^=^.=e(«'-«)!' 

in which the value of a for terrestrial radiation is distinguished by an 
accent, and in which 6=P : Po is the barometric pressure in terms of the 
standard pressure of 760""". For sea-level, therefore, we have very 
nearly 6=1 in all cases. Hence, it is seen that the more nearly a' ap- 

n 
proximates to a or 6 to 0, the more neasly -- approximates to unity. 

If either al=a or 6=0, we have by (3) — =1. If, therefore, the atmos- 
phere or any diathermic envelope had the same transraissive power 
for the terrestrial radiations as it has for the solar, we should have the 
same value for fx" in (2), and consequently for ^, the temperature of the 
body exposed to any intensity of solar radiation Jlo, as we should have 

in the case of no atmosphere or envelope, the value of 7- being unity 
in both cases. By putting B=1.146, and iLo=2.2, we therefore get from 
(2) and (87) § 92, for a sphere, in either of these cases, if we assume 
that the body has an absorbing power a' for solar heat equal to its radi- 
ating power r, as it has in case of a lampblack surface, and very nearly 
in all cases, 

(4) ;u«=0.48 

Where the body is so large, as in the case of the earth, that the sur- 
face, on account of the unequal distribution of solar radiation, does not 
assume the same temperature in all parts, then B must be understood 
to mean the uniform surface temperature of the body which would ra- 
diate as much heat as it receives from the sun and absorbs. This would 
differ some from the mean surface temperature of the globe, and also 
from the mean static temperature of the whole mass, especially if the 
difference between the equatorial and polar temperatures were very 
great. The expression of (4) is the same as is obtained from (81) for a 
small body away from the sensible influence of the earth, in wliich case 
we must put e=0. 

From (4) we get ^=—96° for the approximate mean temperature of 
the earth if it had no atmosphere, if the law of Dnlong and Petit, upon 
which the expression is based, can be extended to so low a temperature. 
And as the moon has no atmosphere this must be approximately its 
mean temperature. 

106. In the case of an atmosphere surrounding the earth as a diather- 
mic envelope (4) becomes 

(5) iaP^^A%^- 
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We know that the average temperature of the earth's surface is 15.4°, 
and with this value of we get from this expression 

(C) -=2.343 

With this value the relation between a' and a could be determined front, 
(3) by putting 6=1. It is readily seen that this condition gives a value 
for a', the transmissive power of the atmosphere for radiated solar 
heat, much greater than that 'of a, its transmissive power for terrestrial 
heat radiations, for any probable assumed value of a. This may be 
api)roximately determined for clear weather from (96), §47, by putting 
jp=0.75, its approximate observed value at the earth's surface for the 
standard barometric pressure of P=Po=760°"". 

The value of m in (6), as deduced from Pouillet's experiments on clear 
nights with an artificial sky, is only 0.05. With this value (6) gives 
w=0.117, which is a ^'alue very much smaller than that which would be 
given by (35) with a value of ^=0.75. With the true value of w, there- 
fore, and with a value of m depending upon the radiation of terrestrial 

heat radiations through the atmosphere, we should have a value of — 

much greater than that in (6), and consequently a value of 9, or mean 
temperature of the earth's surface much greater than what it is if the 
atmosphere were clear. In cloudy weather the solar heat radiations 
are mostly absorbed and radiated at a considerable altitude above the 
earth's surface; but still the effect is felt indirectly at the earth's sur- 
face on account of the convective interchanging vertical currents be- 
tween the upper and lower strata, and for this part by (34) and (35), 
§ 80, the ratio of n to m becomes more nearly equal to unity, since it 
approximates to and becomes unity at the top of the atmosphere. But 
we would still have for the whole amount of heat received and radiated 
a ratio of w to m greater than that in (6), and consequently a mean tem- 
perature of the earth's surface greater than that observed. All this, 
however, is based upon the hypothesis that all the radiated solar heat 
which penetrates through the atmosphere to the earth's surface has to 
be radiated directly back through the whole depth of the atmosphere 
into space, which is not the case. A great part of this heat is consumed 
in evaporation over all parts of the earth's surface, but especially upon 
the oceans, and'is then conveyed to the upper strata of the atmosphere 
by ascending currents as latent heat and given out again in condensa- 
tion at an altitude from which it is radiated out with much more facility 
thau it is from the earth's surface. For all this part, therefore, of the 
heat received at the earth's surface the value of m in (5) is much greater 
than in the case of that which has to be radiated from the earth's sur- 
face through the whole depth of atmosphere, for which the value of m 
by (74), §87, is only 0.05. 

The mean annual evaporation of the whole torrid zone, according to 
Pr, Haughton,*! is 216™. The number of heat units required to evapo- 
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rate one cubic centimeter ot water at an average temperature is about 
587. If we therefore suppose that the whole annual average evapora- 
tion over the whole surface of the earth is only 125«™, we shall have 

125x587 _^o.l38 



365.25x24x60 

for the average amount of beat used in evaporation per minute on each 
square centimeter over the whole surface of the earth. If we put «=0.5 
in (35), § 80, we shall have 

pnJ.o=i X 0.5 X 2.2=0.275 

for the average amount of heat received from the snn per minute on 
each square centimeter of the earth's surface. Upon this hypothesis of 
M=0.5, nearly half the heat received from the sun at the earth's surface 
is carried as latent heat up to higher strata of the atmosphere, from 
which it. is radiated out with more facility, and for which, consequently, 
the value of m in (5) is much greater than it is at the earth's surface. 
In this way the ratio of n to m is reduced to that given in (6), which is 
required to give the observed mean temperature of the earth's surface. 
If the whole atmosphere were without motion, or if the whole surface 
of the earth were dry, the small value of m in (34), § 80, which would re- 
sult from such conditions, would give a value of ~ in (5), which would 

m ^ ' 

give a value of 9, the mean temperature of the earth's surface, very 
much greater than it is. 

107. In what precedes, no account has been taken of what is called 
the temperature of space. If there is any sensible temperature of that 
kind it would be taken into account by supposing the earth to be sur- 
rounded by an inclosure of maximum radiating power of very low tem- 
perature, such that the heat radiated and received by the earth would 
be equal to that received from the stars. This would be the tempera- 
ture of space, and the cooling earth removed from the effect of solar 
radiations would finally reach this low temperature. In this case, in- 
stead of putting e=0, as has been done, we should have e=l, r'=l, 
but the value of 6' so small that the effect of the term would be very 
small. 

If the black and bright bulb thermometers in vacuo furnish in any 
manner, however rude, a measure of the intensity of solar radiation, 
and the sun is not a remarkable exception amongst the innumerable 
heat radiating bodies of space, then, as has been shown, the tempera- 
ture of space is extremely low, if not entirely insensible. This may ' 
also be inferred with considerable certainty from other considerations. 
If the stars generally are of the same nature as the sun, it is natural 
and reasonable to suppose that the ratio between the heat of the sun 
and that of all the stars combined is somewhat as the ratio between 
the light of the sun and that of all the stars, and consequently that the 
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amount of heat received from the stars is extremely small, and its effect 
upon the mean temperature of the earth insensible. 

108. Regarding the earth as a cooling body in space, which has not 
yet arrived at its static temperature, as we must, since in all parts there 
is found a temperature gradient conducting heat from the interior to 
the surface, then a small part of the observed mean temperature of the 
surface depends upon the rate with which heat is conducted to the sur- 
face from the interior; for this requires just so much greater rate of 
radiation from the surface, and consequently a higher surface tempera- 
ture. The effect is precisely the same as if so much more heat were 
received at the earth's surface from the sun. It has been "ascertained 
from numerous underground temperature observations at many stations 
in iilraost every part of Europe, and from the known laws of the conduc- 
tion of beat, that the rate by which heat is received from the interior at 
the earth's surface is about 0.0001 of a calorie per minute. This, com- 
pared with the average rate over the whole surface with which heat is 
received from the sun, namely, 0.275, as is seen above, imdicates that 
the effect of the internal heat of the globe upon the mean temperature 
of its surface is very small. It has been shown in Professional Paper 
No. XIII that it increases the surface temperature at the equator 0.039°, 
but that the effect in the polar regions would be a little greater.''' 

100. The average rate of increase of temperature with increase of 
depth from observation is approximately 1° P. for each 60 feet. This 
of conr.se differs in different localities, since it must dei^end upon the 
conductivity of the strata for heat. With the average rate of increase 
obsei'ved, the heat at no great distance toward the center would be so 
great as to keep, even under great pressure, the mass of all rocks in a 
liquid state, and hence there must be a comparatively thin solid shell, 
inclosing a liquid interior, composing the greater part of the earth's 
mass. This theory is the most plausible, and is required to explain a 
great many geological phenomena which do not seem to admit of ex- 
p'nnation in any other manner; butit is by no means generally accepted. 

110. With regard to secular and long period changes of mean annual 
temperature, we have no series of temperature observations sufficiently 
reliable and extending through a sufficiently long period of time to indi- 
cate any gradual secular change in the mean temperature of the earth, 
but they suffice to show that there cannot be any considerable changes 
of that sort. This would require a corresponding change in the inten- 
sity of solar radiation, but it is not probable that there has been any 
such change sufficiently great to produce any sensible effect upon the 
earth's temperature within a period of many centuries. 

It is now known that there are regular periodical changes of the sun's 
surface, which, it has been thought, might affect the intensity of solar 
radiation, and thus the mean annual temperature of the earth's surface. 
A number of very accurate discussions of long series of temperature 
observations have been made at different places on the earth with ref- 
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erence to the 11-year inequality of sun-spot areas, but, as yet, it has 
not been clearly shown that there are any corresponding inequalities 
in the mean annual temperature. It is, however, probable that there 
are inequalities of this sort too small to be detected amongst all the 
other changes, diurnal, annual, and abnormal, of the earth's tempera- 
ture. Such inequalities, having a common origin in the sun's surface, 
would have to be synchronous and similar over all parts of the earth's 

surface. 

Mean temperatures of latitude. 

111. An expression which gives the mean temperature of any given 
latitude may be obtained from (28), § 78, in the same manner that (2) has 
been obtained, but instead of pnA^, which expresses the mean normal 
intensity of the solar- heat radiations as they reach the earth's surface 
after having passed through the atmosphere, we must substitute the 
vertical mean intensity ^o of the latitude in (47), § 83. In this way we 
get in this case, instead of (2), 



(7) u»=0.8726^=0.8126-^J 



m 

in which J is the vertical intensity of solar radiation at the top of the 
atmosphere, as given at the bottom of Table XI, in terms of Ao, and /j. 
is the ratio in which it is diminished after the rays have passed through 
the atmosphere. /< is with relation to the rays of all zenith distances, 
at any latitude and for all seasons of the year, what n in (2) is with re- 
lation to the rays from a given direction in space falling on a hemisphere 
of the earth at all angles of incidence. Hence, toward the equator pi is 
greater than n, but toward the poles the reverse, and — is a medium of 
all the values of — over the globe. 

According to this expression the values of 6 for the different latitudes 
depend mostly upon the corresponding values of Kq, which we have 
seen, (§ 67), are a maximum at the equator and become comparatively 
small toward the poles. It also depends somewhat upon the varying 
values of m for the different latitudes, for, although these are independ- 
ent of temperature, yet they may be considerably affected by the dif- 
ferent hygrometric conditions of the atmosphere in the different lati- 
tudes, and, as we have just seen, also upon the diii'ereut amounts of 
evaporation and condensation. These would tend to increase a little 
the value of m in the warmer equatorial regions, where, also, lu is 
greatest, and thus tend, in some measure, to equalize the equatorinl 
and polar temperatures, which differ greatly on account of the much 
greater values of Ko in the former than the latter. Since there is con- 
siderable uncertainty in the values of both Kq and m on account of the 
uncertainty in the effect of the atmosphere upon both the solar and ter- 
restrial heat radiations in passing through it, we cannot determine by 
means of (7) the values of ff for the different latitudes, but we can only 
infer that as the values of Ko are very much greater in the equatorial 
10048 SIG, PT 2 10 
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than in the polar regions, so must be also the temperatures or values 
of^. 

The value of yw iu (7) is greater toward the equator than toward the 
poJes, since the average zenith distance of the sun for all seasons of the 

year is less and, as we have seen, m is also greater, the value of — jjer- 

haps does not vary much from a constant, but it is, no doubt, some 
greater at the equator than at the poles. 

If we suppose — to be constant and to have such a value as satisfies 

(7) on the parallel of 30°, where (9=200, and by Table XI, J'=2.2x 0.268 
=0.590, we shall have it equal to 2.265. With this value (7) gives at 
the equator, where J=2.2x 0.305=0.671, 

(9=540 

for the mean temperature of the earth's surface there. But at the poles, 
where J^=2.2+0.120=0.277, we get 

(9= -78° 

for the mean temperature. This large difference of 132° between the 
equator and the ijoles would, no doubt, be considerably increased by 

taking into account the greater value of— at the former than at the 
latter. 

112. This enormous difference between the equator and the poles 
which would exist in case of an earth with entirely dry-land surface, 
without transfer of heat from equatorial to the polar regions by means 
of ocean currents, is very much diminished, in the real case of nature, 
from the effect of such currents. It is estimated by Dr. Haughton 
that the Gulf Stream alone carries out of the tropics into the North 
Atlantic Cceau more tlian one-twelfth of the total heat received by the 
northern half of the torrid zone. He also estimates the amount carried 
away by the Kurosiwo, or Japanese current, at two and a half times as 
much. Putting it at the same only as the Gulf Stream, then one-sixth 
of the whole heat received by the northern half of the torrid zone is 
carried to the northern polar regions. We cannot say exactly in what 
manner the heat is distributed — that is, how much is lost in any given 
latitude of the equatorial regions and how much is gained in the polar — 
but as the spaces between meridians become narrower and vanish at the 
poles, with a loss of one-sixth part at the equator, there must be a gain 
of about twice as much at the poles. 

A loss of one-sixth part at the equator is equivalent to reducing the 
value of J from 0.071 to 0.559, a decrease of 0.112. Twice this added to 
the preceding value of J^=0.277, would give J'=0.501. With these new 
values of J", decreased at the equator and increased at the pole, we now 

get at the equator 

(?=31o 
and at the pole 

0=160 
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But this small difference between the equator and the pole which we 

now obtain would be considerably increased by the decrease of — from 

the equator to the pole, which iu the preceding computations has been 
regarded as a constant. 

It is seen, therefore, how great a difference of temperature there 
would be between the equator and the poles with a wholly land surface 
of the earth, and how this great difference is kept down to thait actually 
observed by no unreasonable hypothesis with regard to the transfer- 
ence of heat from equatorial to polar regions by means of ocean 
currents, one whifch requires a transfer much smaller than that given 
by the estimates of Dr. Haughton. 

As the southern hemisphere has more water surface than the northern, 
the interchange of water between the equatorial and polar regions, and 
the transfer of heat from the former to the latter, is a little greater than 
in the northern hemisphere, and consequently tbe tropical regions of 
the southern hemisphere are a little cooler and those of the higher lati- 
tudes a little warmer than the corresponding parts of the northern 
hemisphere. This, however, may not extend to the pole of the southern 
hemisphere, for if there is an antarctic continent, its temperature, from 
what has been shown, must be extremely low, as that of the northern 
polar latitudes would be, if the north pole were not surrounded by 
water which feels the influence of the Gulf Stream, and also, in some 
measure, that of the Japan current. Since both hemispheres receive 
the same amount of heat during the course of the year, theory requires 
that their mean temperatures should be very nearly the same, and this 
now seems to be the case, though formerly, before observations were 
had from the higher southern latitudes, the southern hemisphere was 
supposed to be the colder. 

The preceding results are important in showing what immense changes 
in climate may have occurred in many places in geological past ages from 
changes in the distribution of land and water. If this were such as to cut 
off mostly the interchange of the warm waters of the equatorial regions 
with the cold waters of the polar regions, the difference would be nearly 
that above in the case of a wholly land suri^ce. On the top of a high 
mountain, or on a very high plateau, the volume of m, § 80, is enor- 
mously increased, while there is a comparatively small increase in the 
value of p.. The mean temperature, therefore, of the mountain top or 
high plateau, as given by (7), is very much diminished. The value of 

— on the parallel of 30°, which gives the true normal temperature of 

latitude, we have seen, is 2.265. If we suppose the value of m with 

relation to /< to be so increased by elevation as to make the value of ^^ 

only half so much, we then get from (7) 

for the mean temperature at that elevation. 
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From the computed values of m in § 80 for the different altitudes, 
we see that it may be increased more than oue-half at an altitude much 
less than that of Pike's Peak. And its temperature by the conditions 
of radiation and absorption alone, as given in (7), would be very low. 
But this merely indicates that the tendency is to a very low tempera- 
ture, but the continual ventilation of the mountain top tends to keep 
the temperature very nearly, but not quite, up to the general tempera- 
ture of the open air in the strata at that altitude, which depends upon 
conditions different from those expressed by (7). 

113. Ill the case of no atmosphere we have ^=1. With this, and 

m 

the value of (7=0.671, as obtained above, we get from (7) 

for the mean temperature at the equator, in case of no oceanic currents 
to convey any portion of the heat received from the sun. 
With the value of J—0.'227, obtained in like manner, we get from (7) 

(9= -211° 

for the mean temperature at the poles under like circumstances, if the 
law of Dulong and Petit can be extended down to so low a temperature. 

Both these results, falling so far below the observed mean tempera- 
tures at the equator and the poles, indicate the great influence of the 
atmosphere upon the surface temperature of the earth. 

If the sun were confined to the equator we should have J=0 at the 
poles, and thus they would cool down to absolute zero, or at least down 
to the temjDerature of space, if this is a sensible quantity; for the heat 
conducted from the equatorial to the polar regions through the solid 
earth would be too small to produce any sensible effect at the poles. 
As the sun does not shine on the poles of the moon, these must have 
sensibly the temperature of absolute zero. 

Variations of mean temperature in longitude. 

114. If the surface of the earth were homogeneous, either all water 
or all laud of the same nature, or in any case where the temperature 
depends on the inteusity of solar radiation alone, and not upon heat 
received from oceanic or aerial currents, which may differ very much in 
different longitudes, there would be the same mean temperature in all 
longitudes on the same parallels of latitude. This, however, is far from 
being the case, especially in the northern hemisphere. The transfer of 
heat from the equatorial to the polar regions, by which temperature 
is decreased in the former and increased in the latter, takes place 
mostly in the oceans in the manner already exi:)lained, the j)art trans- 
erred by the atmosphere being comparatively small on account of the 

smallness of its mass and specific heat. The equatorial regions, there- 
fore, where the oceau exists, are cooled down by this transfer of heat, 
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and the temperatures of the polar oceans to which the heat is transferred 
are much increased, while on land the tendency is to retain in a great 
measure the same great difference of temperature between the equator 
and the poles which would exist if the whole surface of the earth were 
land and there was no transfer of heat from the equatorial to higher 
latitudes, either by oceanic or .aerial currents. This causes theobserved 
higher temperatures on land than on the ocean in the former, and the 
reverse in the latter. On the ocean the tendency of oceanic circulation 
is to equalize the temperatures of lower and higher latitudes, and the 
more so the greater the interchange of warm equatorial water for the 
cold water of the polar seas. But this equalizing effect is not confined 
to the oceans, but is in some measure felt on the continents also on ac- 
count of the westerly component of the wind all around the globe in 
the trade wind latitudes, and the generally easterly motion of the at- 
mosphere in middle and polar latitudes, by which heat is transferred 
from the warmer continents to the cooler oceans in the lower latitudes 
and the reverse in the higher, so that the observed difference between 
equatorial and polar temperatures on land is not nearly so great as 
it would be if it were not for the equalizing tendency of the westerly 
and easterly currents of the atmosphere around the globe to reduce 
land and ocean temperatures to the same. There are, notwithstanding, 
great differences of temperature on the same parallels of latitude aris- 
ing from oceanic interchange of warm and cold water, especially in the 
northern hemisphere. There is a difference of about 30° F. between 
the mean annual temperature of the northern part of the North Atlantic, 
north and east of Iceland, and that of the northeast part of Asia and 
the northern part of jSTorth America on the same parallels of latitude. 
In the northern part of the Pacific the mean annual temperature is not 
quite so great as in the North Atlantic, because the heat transferred 
into higher latitudes by the Japan current is not contracted into so nar- 
row a space as that of the Gulf Stream is. 

In the higher latitudes of the southern hemisphere, where the ocean 
prevails in all longitudes except perhaps near the pole, there is nearly 
the same uniform temperature all around the globe on the same lati- 
tudes, though there are considerable differences on the same parallels 
in the temperatures of oceanic currents, the effect of which on the air 
temperature is not quite smoothed down to uniformity by the prevail- 
ing west winds of these latitudes. 

There is also another cause of disturbance of the uniformity of mean 
temperature in longitude where both land and water exist. The evapo 
ration of water on the ocean is greater and on the land less than the 
condensation of aqueous vapor in the air by the amount of water con- 
veyed from the land into the ocean by the rivers. The evaporation of 
this on the ocean cools the surface, and the condensation of it on the 
land warms the atmosphere there, so that the tendency is to decrease a 
little the temperature of the ocean and to increase a little the tempera- 
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ture of the atmosphere on land, and indirectly the temperature of the 
land surface. If, in the notthern hemisphere, there were no oceanic cur- 
rents the oceans would still be a little cooler than the continents from 
this cause. 

Annual and diurnal variations. 

115. For each inequality in the intensity of solar radiations expressed 
in the form of (47), § 83, there is a corresponding' inequality in the tem- 
perature of the earth's surface of the form of one of the components of 
(50), § 83, but the relations between the amplitudes K, and A, and the 
epochs Ic, and s, of the two expressions is much more complex, since it 
depends not only upon the heat capacity of the strata heated, but like- 
wise upon the depth and the different degrees to which the strata are 
iieated, and so upon the conductivity of the strata for heat. The rela- 
tions in this case between the amplitude K of any inequality of intensity 
of solar radiation and epoch h, and the amplitude and epoch A and e 
of the corresponding temperature inequality are expressed as follows: 

a'E 



a/(.0077 mBr)jP'> + Guvf+lGuuf 
(8) 

tan lE--k- ^"/^ 

xan {E w^-oTT mBrpfi' + Guv 

in which 

(9) 

and in which 

(7= the specific capacity by volume of the strata, 

fe=their thermal conductivity, 

i»=the depth below the surface, 

^o=the mean temperature of the earth's surface. 
These expressions are only approximate, being obtained, as in the 
case of (67), §84, from a solution carried only to the first approximation, 
and are not api)licable to the smaller inequalities with much accuracyj 
on account of the numerous small terms neglected in the approximate 
solution. The effect on the temperature of the earth of the small 
changes in the relative temperatures of the air and the earth's surface 
is also neglected. 

With the value of e from (8) the retard in this case is given by (65) 
§84j or, when this is small, by 

(■'-^) ^^:i)6fnnBffi^+Gu^ 

The value of m in these expressions is that of (34) §80, and hence 
depends upon tlie diathermancy of the atmosphere for terrestrial heat 
radiations, and becomes unity in the case of no atmosphere. 
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The precediug expressions of these relations have been obtained by 
the same general principles as those of § 84, but for reasons just stated 
the process is too complex to be given here in detail, but it may be 
found in Professional Paper No. XIII,^^ with some slight differences of 
notation. From a mere glance at these expressions, as here given, 
more can be learned of the variations of these relations with the varia- 
tions of the different circumstances of radiating and absorbing power, 
conductivity of, and capacity for, heat of the strata heated, period of 
inequality, &c., than could be from many pages of description. 

The remarks in § 85 with regard to the elfects of changes of radiating 
and absorbing power, capacity for heat, period, &c., upon the relations 
of (67) are also applicable to (8) above, but here the relations are also 
affected by the factors fi and v, which, from their expressions in (9), it 
is seen, depend not only upon period of inequality, and the capacity of 
the strata for heat, but likewise upon their conductivity for heat. The 
greater the value of A, the greater by (9) are the values of /^ and v, and 
by (8i) the value of A, the amplitude of the temperature inequality cor- 
responding to any inequality in intensity of solar radiation with ampli- 
tude K, and also, by (82) and (10), the less the epoch and amount of re- 
tard. This is especially the case when G and u in the terms of which 
H and V are factors, are large, but if these terms are small the relation 
between A and K becomes nearly independent of /t and v, and of the 
conducting power h of the strata for heat. 

Since m decreases with decrease of the transmissive power of the at- 
mosphere for terrestrial heat radiations in a greater ratio than K does, 
which arises from the development of (20) § 67, in which p' depends 
upon the transmissive power of the atmosphere for solar heat radia- 
tions, by (81) the less the transparency the larger the amplitude of the 
temperature oscillations, both annual and diurnal, but this would be 
especially the case in the annual oscillations, since in these the value of 
« is so small that the terms in which it occurs are comparatively small. 
Bowever much the rate by which heat is received at the earth's surface 
may be diminished, its temperature oscillations are not diminished on 
this account, provided the rate by which it is radiated out into space is 
diminished in a greater ratio, and the period of the oscillation is such 
that the temperature arrives at nearly a state of static equilibrium, . 
which requires the period to be very long and u small. But if the period 
is short, and consequently u large, the term containing m becomes so 
small in comparison with the others in the denominator of (8,) that A 
is then diminished as K is diminished — that is, with decrease of the 
transmissive power of the atmosphere for solar heat radiations. 

Where, however, the conditions are such as to give a large range of 
temperature and consequently high temperatures of the earth's surface 
in midsummer and at midday, the atmosphere becomes in a'state of 
unstatic equilibrium, in which the earth's surface is cooled, and the 
large range prevented, wliich would occur under other conditions. 
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Comparisons with observation, 

116. The data which enter into the preceding theoretical relations are 
mostly too uncertain to give any exact quantitative results for compari- 
son with observation, but these relations are all confirmed iu a general 
way by observation, and may, therefore, be safely extended where we 
have no observations. 

The following table contains the averages of the mean temperatures 
on all Idiigitudes, and also those ot the mean temperatures of January 
and July, called normals of latitude, for each of the parallels of latitude 
given iu the first column : 









Mean temperature. 
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The mean temperature of latitude d is expressed in a function of the 
polar distance cp of the form 



(11) 



9=2,A, cos Sep 



in which the most probable values of A„ determined from the data in 
the table by the method of least squares, are 



Ao=8.5o 

^3=_1.00O 



J.i=-1.7o° 
J.4=-2.66o 



A,= -20.950 



With these values the computed values of iu the table are obtained 
from (11), with the residuals in the last column. 

The computed temperatures for the poles, especially the south pole, 
far beyond the limits of the range of observations, cannot be regarded 
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as being very accurate, and it is not to be inferred from tbe results tbat 
tbe soutb pole is warmer tban tbe nortb pole. 
From (11 ) we get 

d8=2,sA, sin S(p=0 

for tbe condition wbicb determines the value of for tbe maximum of 
tbe normal temperatures of latitude, called the' mean thermal equator. 
Tbe value of cp wbicb satisfies tbis condition witb tbe preceding values 
of A„ is 88° 12', corresponding to a latitude of 1° 48' ]S1: . Its true posi- 
tion, tberefore, in most, if not all, longitudes, is nortb of the equator. 

If both hemispheres were precisely homogeneous in every respect, 
both with regard to tbe nature of the surface and tbe t.ransmissive 
power of tbe atmosphere for solar and terrestrial beat radiations, the 
terms in (11) corresponding to tbe odd values of s would disappear, and 
the value of (p satisfying tbe condition above would be 90°, and tbe 
thermal equator would correspond with tbe geographical one. 

Tbe principal cause which disturbs tbe symmetry in tbe temperature 
of the two hemispheres is the ocean currents. It is readily seen that 
if tbe southern ocean transfers more heat away from the tropical region 
of its hemisphere tban tbe northern ocean does, as explained in §112, 
the mean thermal equator must be a little nortb of tbe geographical 
equator. 

Tbe value of ^o is tbe mean temperature of a meridian, but tbe aver- 
age or mean witb regard to tbe surface of tbe whole globe is given by 



00-- 



^feda^^fe sin (pdcp=15.Q1o 



'4=7t 



In tbe integration of this the value of 6 in (11) must be used and the 
integration extended from 9>=0 to ^=180°. If the integration is ap- 
plied to each hemisphere separately we get ^0=15.30° for the northern 
hemisphere and ^0=16.05° for the southern hemisphere.*^ 

Tbe following computed most probable normal temperatures of lati- 
tude have been obtained bvDr.Hann in later researcbes,^^ in which more 
recent observations on high southern latitudes have been used, which 
give to tbe results more weight tban those above for the southern 
hemisphere should have : 
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Prom these normals of latitude for the year he obtains 15.4° for the 
mean temperature of the southern hemisphere, almost precisely the 
same as that above for the northern hemisphere, and there is, therefore, 
perhaps, no sensible difference between the mean temperatures of the 
two hemispheres. 

117. In the case of the mean temperature of the globe we know that 
a larger proportion of the solar heat radiations are transmitted through 
the atmosphere than of radiated terrestrial heat, and therefore that in 
(3) we have a' > a, and consequently n^ m, and the value 9 given by 
(2), when applied to the case of mean temperature of the globe, should 
be greater than in the case of no atmosphere, in which case we have 
m=n—l. So, instead of a mean temperature of —96°, as obtained in 
the case of no atmosphere, we have an observed mean temperature of 
15.4°. This requires the relation between m and n to be that of (6). 
We have no theory or observations from which to determine directly 
this relation with any degree of accuracy, but we know that w > m, and 
that therefore the observed mean temperature must be greater than it 
would be in the case of no atmosphere, which is in accordance with ob- 
servation. 

118. It is seen that the observed difference between the mean tempera- 
ture at the equator and the poles is only aboizt 40°, while theory, § 111, 
gives at least 115° in case of a wholly land surface. But it has been 
shown that with a very reasonable assumption with regard to the amount 
of heat transferred from equatorial to polar regions, one considerably 
less than Dr. Haughton's estimate, this difference would be reduced to 

15° if we assume that ^ in (7) is a constant, but as it undoubtedly must 
m 

have a less value in higher than in lower latitudes, its true value would 
probably give about the observed difference of 40° between the equator 
and the poles. The observed difference, therefore, harmonizes very 
well with theory, so far as we are able to judge, with the uncertainty in 
the amount of heat transferred from lower to higher latitudes by the 
interchange of equatorial and polar waters. 

From the computed normals of temperature in the preceding table 
for the northern hemisphere and those of Dr. Hann for the southern, 
we get the following comparison of these normals for the two hemi- 
spheres : 





10° 


20° 


80° 


40° 


50° 


60° 


70° 


80° 


90° 


Northern liemispliere . . 
Southern hemisphere. . . 


26.4 

25.9 

-f O.B 


24.3 

23.4 

-1-0.9 


20.4 

18.9 

+ 1.5 


14.4 

13.0 

+ 1.4 


6.6 
6.5 
0.0 


- 2.2 
0.3 

- 2.5 


-10.2 

- 4.8 

- 5.4 


-15.8 

- 8.2 

- 7.6 
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These differences indicate that the southern hemisphere is a little 
colder than the northern in the lower latitudes up to 45° or 50°, and 
beyond this the reverse. For reasons already given these results near 
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the poles cannot be regarded as being very accurate. A satisfactory 
explanation of this result has been given in § 112, and it is exactly what 
should be expected. 

They indicate, however, as has been assumed in § 106, that a transfer 
of heat from lower to higher latitudes raises the temperature more in 
the latter than it decreases it in the former. 

Since thp annual mean of J is the same for both hemispheres, §59, the 
northern and southern hemispheres should have the same mean temper- 
ature, unless the value of a', the absorbing power of water for the solar 
rays, is greater than its radiating power, as it is found to be at least 
in some of the metals. In that case the value of p as used in (2) 
would be, §92, greater than unity, and consequently the value of 9 
would be a little greater for a water hemisphere than for one entirely of 
land, and as the southern hemisphere has more water than the north- 
ern its mean temperature should be the greater, if there is no counter- 
acting effect. This would be found in the greater evaporation of a water 
surface, since, as has been shown, the heat used in evaporation at the 
surface becomes free again at a considerable altitude where it is more 
readily radiated into space, and where consequently it has less effect 
upon the general temperature of the earth's surface and the atmosphere. 

119. The following table contains the diffei'euces between the temper- 
atures for every tenth degree of longitude and the normals of latitude, 
temperatures minus normals, called the abnormals of latiUide, for each of 
the parallels given in the first column : 

Table of approximate ahnormals of latitude. 
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—2 


—4 


—7 


-6 


—5 





3 


5 


6 


5 


40 


—2 


1 


1 





" 








1 


2 


1 


—2 


—3 


—1 


2 


3 


4 


3 


3 


30 


—1 


—2 


—3 


—4 


—i 


—4 


—3 





2 


2 


1 


1 


2 


2 


3 


2 


2 


2 


20 


-1 


—2 


—3 


—3 


-3 


—4 


—4 


—3 


-1 


2 




















1 


2 


10 


2 


—2 


2 


_2 


—2 


—1 


—1 


-1 


-1 








» 






















—1 


-1 


--1 


—1 


—1 














1 


1 


1 


1 


1 





—1 


— 1 


— 1 


—10 











—1 


—1 


—1 


—1 


—1 


-1 


—1 








1 


1 








— 1 


— 1 


—20 


—1 


-1 


—1 


—1 


—1 


-1 


—1 


—2 


—2 


2 


—1 





1 


1 


1 





— 1 


— 1 


—30 


1 














-1 


—1 


—1 


—1 


—1 


-2' 


—1 





1 


1 


1 






—40 


























—1 


—1 


—1 


—1 


—1 





1 


1 






—50 


























—1 


—1 


—1 


—1 


—1 





1 


1 






-60 


1 


1 


1 


1 














—1 


—1 





1 


1 


1 


2 


2 


2 
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Table of approximate abnormaU of latitude — Continued. 



lat. 














LONGITUDES EAST. 





















































10 


20 


30 


40 


50 


60 


70 


80 


90 


100 


110 


120 


130 


140 


150 


160 


170 


70 


9 


11 


11 


7 


3 

















-1 


—3 


—6 


—6 


—6 


—5 


.-5 


GO 


9 


9 


7 


6 


4 


3 


1 





—1 


—2 


-3 


—5 


—7 


—7 


—6 


—5 


—1 


1 


50 


4 


4 


2 


1 








—2 


—2 


—3 


—4 


—4 


—5 


— 5 


—5 


-4 


—2 


—1 


2 


40 


1 


3 


3 


2 


1 





—1 


—1 











—2 


—4 


-5 


—4 


—3 


—2 


—1 


30 


2 


1 


1 


1 


2 


2 


2 


2 


1 





—1 


—2 


—4 


—3 


—2 


—1 


—1 


—1 


20 


2 


2 


S 


2 


1 





1 


1 


1 


1 


1 


1 





—1 








—1 


—1 


10 


3 


4 


5 


4 


2 


1 


1 


1 


1 














—1 


—1 


—1 


—1 


—2 








1 


4 


4 


2 


1 


























—1 


—1 


—1 


—1 


—10 


— 1 


2 


3 


3 


2 


1 
































-1 


—1 


—20 


—2 


1 


3 


3 


2 


2 


2 


1 


1 

























- 


—30 





1 


1 


1 


1 


1 


1 


1 














—1 


—1 


—2 


—1 


—1 




—40 








1 


1 


1 


1 




















—1 


—1 


—I 


—1 


-1 


—1 


—50 























—1 


—1 


—1 


—1 


—1 


—1 


—1 


-1 


—1 


—1 


—1 


—60 








—1 


—1 


—1 


—1 


—1 


—1 


—1 


—1 


—1 











—1 


—1 


—1 






It is seen from this table that in the higher latitudes of the northern 
hemisphere the signs of the ahnormals are positive over the oceans and 
negative over the continents, and the reverse in the lower latitudes, 
showing that in the higher latitudes the mean temperatures are greater 
on the oceans than on the continents, but that on the lower latitudes 
the temperatures of the continents are greater than those of the oceans 
on the same latitude. This is exactly in accordance with the theoretical 
deductions in § 114. 

In the lower latitudes of the southern hemisphere the mean tempera- 
tures are greater than the normals on laud and the reverse on the ocean, 
but in the high southern latitudes, where there is no land, there is nearly 
a uniform ocean temperature all around the globe. 

It is also seen that the highest mean temperatures in high northern 
latitudes are not over the middle of the oceans nor the lowest mean 
temperatures over the middle of the continents, but on the eastern sides. 
In the North Atlantic the highest mean temperatures of the higher 
latitudes are on the eastern side, near Europe, and on the continent the 
lowest mean temperatures are on the eastern side of Asia, near the 
Pacific Ocean. The same is true with regard to the North Pacific and 
the North American Continent on the east of it. This arises from the 
general easterly tendency of the atmosphere, by which the greater 
warmth of the oceans is carried over the continents, bat affecting mostly 
the western sides, as has been already explained in § 114. 

120. The observed amplitudes and epochs of both the annual and 
diurnal inequalities of temperature are found to vary very much, not 
only on different latitudes, but on different longitudes on the same 
parallel, the differences in general being very great between laud and 
ocean. The following table contains the approximate amplitudes (half 
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ranges) of the first and principal annual inequality of temperature for 
each tenth degree of longitude for each of the parallels given in the first 
column : 

Apjaroximate amplitudes (half ranges) of annual inequality of temperature. 



Lat. 


LONGITTJDES WEST. 


180 


170 


160 


150 


140 


130 ! 120 

1 


110 


100 


90 


80 


70 


60 


60 


40 


30 

6 

« 
4 

3 

2 
1 

2 
2 
3 
4 
> 3 
2 


20 



7 
5 
5 
4 
3 
3 
1 


2 
2 
3 
3 

2 


10 

6 
6 
6 
6 
5 
4 
1 

1 
2 
2 
2 
2 
2 


70 

60 

50 

40 

30 

20 

10 



—10 

—20 

—30 

—40 

—50 

—60 


18 
'11 
6 
4 
3 
2 
1 
1 
2 
3 
4 
3 
2 
1 


17 
11 
5 
6 
3 
1 
1 

2 
3 
4 

a 

2 
1 


17 
11 
4 
4 
2 
2 
1 

2 
3 
4 
3 
2 
1 


19 
12 
4 
3 
3 
2 
1 

2 
3 
3 
3 
2 
1 


20 
13 
5 
2 
3 
2 
1 

1 

■I 
3 

2 
1 


21 
16 
7 
3 
3 
2 
1 

2 
3 
3 
2 
2 
2 


20 
18 
10 
7 
4 
3 
2 

2 
2 
3 
2 
2 
2 


20 
20 
13 
9 
7 
4 
2 

.2 
2 
3 
2 
2 
2 


20 

21 

16 

13 

9 

5 

2 



1 

3 
3 
3 

2 


19 

21 

17 

14 

9 

4 

2 



2 

3 

3 

3 

3 

2 


19 

19 

16 

13 

8 

3 

2 



2 

3 

3 

3 

3 

2 


17 

16 

15 

11 

7 

3 

2 



2 

3 

4 

4 

3 

2 


16 
13 
14 
9 
5 
2 
2 

2 
3 
4 
5 
3 
2 


13 
10 
9 
6 
3 
2 
2 

2 
3 
3 
5 
4 
3 


8 
6 
5 
3 
2 
1 

3 
2 
3 
5 
3 
2 


Lat. 


LONGITTJDES EAST. 





10 


20 


30 


40 


50 


60 


70 


80 


90 


100 


110 


120 


130 


140 


150 


160 


170 


70 

60 

50 

40 

30 

20 

10 



—10 

-20 

—30 

—40 

—50 

—60 


6 

7 
7 
6 
4 
1 

1 
2 
2 
2 
2 
2 


6 
8 
9 
8 
7 
5 
1 
1 
2 
3 
4 
2 
2 
1 


9 
11 
11 
9 
7 
5 

2 
3 
I 
5 
3 
2 
1 


12 

13 

12 

10 

9 

6 

2 

2 

3 

3 

5 

3 

2 

1 


14 
15 
14 
11 
9 
6 
2 
2 
2 
3 
5 
3 
2 
1 


15 

16 

17 

12 

10 

7 

2 

■ 2 

2 

3 

5 

3 

2 

2 


14 

18 

19 

14 

11 

6 

1 

1 

2 

2 

5 

4 

2 

2 


15 

19 

19 

14 

11 

5 



1 

2 

3 

5 

4 

2 

2 


16 

20 

20 

15 

11 

4 





2 

3 

4 

3 

2 

2 


19 
22 
21 
14 
12 
4 


2 
4 
4 
3 
2 
2 


22 

24 

20 

14 

32 

4 

1 



2 

4 

4 

3 

3 

2 


24 
26 
20 
15 
13 
4 


2 
3 
3 
3 
3 
2 


26 
27 
19 
16 
12 
4 
2 

2 
4 
4 
4 

3 

2 


26 

27 

19 

M 

10 

4 

2 



2 

4 

4 

4 

3 

2 


26 
25 

18 
11 
8 
3 
2 
1 
2 
4 
5 
4 
3 
2 


25 
22 
13 
9 
6 
2 
2 
1 
2 
4 
4 
4 
2 
2 


24 
18 
10 
7 
6 
2 
2 
1 
2 
3 
4 
3 
2 
2 


21 
U 
7 
6 
3 
2 
2 
1 
2 
3 
4 
3 
2 
2 



The numbers in the preceding tables, with some corrections intro- 
duced, have been deduced^^ from Buchan's Isothermal Charts, V)y 
means of rude approximate interpolations, in which the local irregulari- 
ties are mostly lost, and they do not therefore claim to be very accu- 
rate representations of local irregularities and are merely designed to 
show in a general way the effect of latitude and of continents in in- 
creasing the annual range of temperature. 

It is seen from these numbers that the annual temperature inequality 
of high latitudes, especially on land, is very great, but becomes much 
smaller in the lower latitudes, and very nearly vanishes at the equator. 
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Oil the same latitudes also the inequality is much greater on laud than 
ou the ocean. 

The theoretical expression of the amplitude of this inequality is given 
^y (^i) by putting for jSTthe value of Zj in (22), § G7, which is the ampli- 
tude of the first and principal component in the expression of the in- 
tensity of solar radiation. But the value of Ki becomes at the top of 
the atmosphere equal to AoGi in (14), § 62, but at the earth's surface is 
decreased by the absorption and reflection of the sun's rays in the ratio 
of 1 to j?» afr any given instant of time, and hence, on the average, the 
value of Ki is considerably less than AqGi, especially for the high lati- 
tudes, where the suu's zenith distance on the average is greater than 
for low latitudes. The values of Ki, therefore, do not increase with 
increase of latitude in a ratio quite as great as Ci in the table of § 62, 
but still it must become large in comparison with its value in the mid- 
dle and lower latitudes. This gradually-increasing value of Ki from 
the equator to the pole, somewhat as d in the table referred to, gives 
an increasing value of the amplitude A in (8j),.and this explains the 
largeness of the numbers in high latitudes in the preceding table. 

121. 5he reason of the greater observed amplitudes on land than on 
water on the same latitude, given in the preceding table, is seen in the 
expression of (8i). This is due to the greater value of G and h in (8) 
and (9) for water than for land ; for water has both a great capacity 
and great conductivity for heat. An increase of the value of G in (9) 
decreases the value of jx and v, but not in as great a ratio as G is in- 
creased, so that with an increase of G there is an increase of the value 
of the factors {G/.i) and (Gv) in the denominator of (8i), and conse- 
quently a decrease in the value of the amplitude JL; and hence this 
value must be less on the ocean, where G is large, than on the land, 
where it is comparatively small. But the principal effect is undoubt- 
edly due to the greater value, which we must give to h in (9) on the 
ocean than on land; and this not so much on account of the real con- 
duction of heat from the superficial to the lower strata and the reverse 
as to its transfer by means of the almost constant agitation of the water 
by the winds. Although the law of the diffusion of the heat in this 
way may be somewhat different from that of conduction, yet the effect 
must be nearly the same as if the conducting power for heat were very 
much increased. A large value of h in (9) gives corresponding large 
values of /j. and v, and consequently small values of A in (8i), especially 
where the circumstances are such as to give the terms which contain 
jx and K as factors a large value in comparison with .0077 mBrjj.\ 

As in the case of the mean annual temperatures, as seen in the table of 
§ 119, so in the amplitudes of the annual inequality of temperature, as 
seen in the preceding table, the change from the characteristic of ocean 
to that of a land temperature does not take place at once in high lati- 
tudes, but gradually and mostly in an easterly direction on account of 
the prevailing easterly direction of the winds in those latitudes. For 
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instance, taking the parallel of 50" N. in the preceding table, the am- 
plitudes gradually increase eastward from 7° on the meridian of Green- 
wich to 21° on longitude 90° B., and on the parallel of 60° K from 6° 
on the meridian of Greenwich to 26° on the meridian of 120° B. Start- 
ing also with longitude 130° W. on the parallel of 50° N. on the west 
coast of North America, where the amplitude is 7°, they gradually in- 
crease across the continent to longitude 90° W., where the amplitude is 
17°. In the lower latitudes the amplitudes are so small that this effect 
is not so noticeable, and the surface winds having no prevailing direc- 
tion either east or west, the greatest amplitudes are found near the 
middle of the continents. 

122. The following table contains the amplitudes and epochs, A and E 
in the form of (60), § 83, for a few stations in America^', Europe, and 
Asia," so arranged as to show the contrast between maritime and inland 
stations: 

MAEITIME STATIONS. 



Place. 



Vardo 

Nova Zembla.. 
Petropaulovsk. 

Palermo 

Lisbon 

San "Francisco . 

San Diego 

Astoria 



Latitude. 



63 

38 7 

38 43 

37 47 

32 42 

46 11 



Longitude. 



31 7 B. 



158 
]3 
9 
122 
117 
123 



48 E. 
22 E. 
8 W. 
28 W. 
14 W. 
48 W. 



Ai. 


ei. 


o 


o / 


7.8 


210 42 


11.7 


210 19 


12.0 


209 44 


7.4 


210 55 


5.7 


207 32 


2.3 


215 5 


5.0 


210 10 


6.0 


207 16 



INLAND STATIONS. 



Taschtent , 

Nakuss 

Urga 

Jakutsk 

Fort Craig, N. Mex . . 

Saint Louis, Mo 

Cincinnati, Ohio 

Fort Snelling, Minn , 



41 


19 


42 


S7 


47 


55 


62 


1 


33 


36 


38 


37 


39 


6 


44 


53 



60 
59 
106 
129 
107 
90 
84 
93 



16 E. 
37 E. 
51 E. 
42 E. 
W. 
12 W. 
30 W. 
10 W. 



13.3 


190 3 


16.0 


190 31 


21.3 


192 37 


31.1 


192 45 


12.3 


190 29 


13.3 


195 4 


12.7 


195 48 


16.7 


195 23 



By comparing maritime with inland stations of somewhat the same 
latitude, as Vardo with Jakutsk or San Francisco with Saint Louis, it is 
seen that tlie amplitudes of the former are very much smaller than 
those of the latter. The average amplitude of the maritime stations is 
7.2°, while that of the inland stations is 17.1°, although the average lat- 
itude of the former is a little the greater. If the true amplitudes on 
the open ocean, far away from land, could be obtained and compared 
with those of inland stations in the interior of continents far from the 
ocean, the contrast between the amplitudes of the former and the lat- 
ter would be stiU greater. 
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123. The epochs in angle £i in this table are reckoned from the be. 
ginning of the year. Those of the maritime stations, it is seen, are all 
considerably greater than those of the inland stations. The average 
of the former is 210.2°, while that of the latter is 192.8°, a difference 
of 17.4°, corresponding to a retard greater by nearly 18 days on the 
average for the maritime than for the inland stations. The explana- 
tion of this is found in (82), as that of the differences in the ampli- 
tudes was found in (81). It has been shown that the value of G/x, 
which comes in the numerator of (82), is greater for the ocean than for 
the land, and there tan e—h must be greater in nearly the same propor- 
tion, for the term Cujx, which is likewise increased in the same propor- 
tion, is generally a very small term. 

The value of Zci in (82) and (47), § 83, is the same as that of Ci in the 
table of § 62, which for the average of the latitudes in the table above 
may be put at 169°, We therefore get from (65), § 84, and (13), § 61, 
for the average retard of the maritime stations, 

and for that of the inland stations 

p_ 192.8-( 1680)_ggg , 

These are the times by v.hich the maximum of the annual inequality 
follows the time of maximum intensity of solar radiation at or near 
the time of the summer solstice, and for the middle latitudes the after- 
noon of the 20th of June on the average, § 62. Here, as in the case of 
the amplitudes, the difference in the retard would be still greater be- 
tween stations far away from land, and those in the interior of con- 
tinents far away from the ocean. It must be understood, in accordance 
with what is stated in § 62, that the preceding applications of (8) hold 
strictly only up to the polar circles. They may, however, be extended 
up to the parallel of 70°, or even further, without any sensible error. 

Another circumstance which affects the epoch of the annual inequality 
of temperature in polar latitudes is the conversion of large quantities 
of water and vapor into ice and snow during the fall and early part of 
the winter, by which latent heat is given out and the setting in of winter 
retarded, and their conversion back again into water and vapor duriag 
the spring and early part of the summer, by which the setting in of 
summer is retarded. The effect is the same as the adding another 
annual component to the one depending upon solar radiation with its 
minimum late in the spring when the ice and snow is melting most 
rapidly and with its maximum late in the fall when the ice and snow is 
being formed most rapidly. The effect of this is to throw the maximum 
and minimum of the resultant inequality a little later than they other- 
wise would be. This effect is very observable in monthly averages of 
temperature observations in high polar latitudes. 
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124. Jt is seen from the table of §62 that the amplitudes C„ of the 
semi-annual inequality of the vertical intensity of solar radiation at the 
top of the atmosphere are very small in the middle latitudes, but are 
considerably greater nearer the equator. The same, therefore, must be 
the case with K^ in (22), § 67, which is the amplitude of the same in- 
equality modified and diminished by the rays passing through the atmos- 
phere to the earth's surface. The amplitudes of the corresponding 
semi-annual inequality of temperature, therefore, as brought out by the 
harmonic analysis of monthly averages, are very much larger at and near 
the equator than in the middle latitudes, where they are usually found 
to be only a small fraction of a degree, if the observations are suificicnt 
to eliminate all the abnormal irregularities. As in the case of the 
annual inequality, so in this, (8) cannot be api^lied within the polar cir- 
cles. On account of the large value of d in the table of § 62 in com- 
parison with d at and near the equator, there are there two maxima and 
two minima in the resultant of the two components, which oocar near 
the times of the equinoxes and solstices. 

Observation indicates that on high latitudes within the polar circles 
there is a considerable retardation of the coldest part of the winter.*^ 
The coldest month is often February, but more usually March. The 
intensity of solar radiation being here a discontinuous function with 
regard to the annual, as it is usually with regard to the diurnal, varia- 
tion, the cold continues to increase during the long polar night, as dur- 
ing the ordinary night, until the reappearance of the sun's rays, which, 
in the case of the polar night, is February or March, according to the 
latitude of the place. Hence the coldest part of the winter on the 
average is about this time, -as that of the ordinary night is at or a little 
before sunirise, though various abnormal disturbing causes may often 
change the time of either considerably. The observations on high polar 
latitudes are too few to determine accurately the normal time of maxi- 
mum cold on any given latitude, but it undoubtedly is about the time 
of the reappearance of the sun's rays. 

From this cause the harmonic expression of the annual variation of 
temperature is not so convergent as in the lower latitudes, and the 
second or semi-annual, as well as components of still a lower order, are 
large, just as in the case of the diurnal variation, the semi-diurnal, and 
other components are always considerable in comparison with the diur- 
nal and principal component. 

125. In the application of (8) to the diurnal variation of temperature 
we have usually only a rough approximation on account of the slow 
corivergency of (21), § 67, and the imperfection of the solution upon 
which (8) depends, since it is carried only to a first approximation, in 
which terms of the order of the smaller components in the expression 
of J are necessarily neglected. We can, however, in an approximate 
way, make some important deductions from (8) with regard to the di- 
urnal variation. 
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Prom what lias been stated, § 67, the values of E,, and especially of 
Ki in this case, must in general decrease from the equator to the pole. 
Therefore, by (81), the amplitudes of the several components of diurnal 
variation must in general decrease likewise from the equator to the 
poles, where the surface strata are such that the values of C and h are 
the same, or nearly, as in the case of all land or all water. The follow- 
ing table contains the approximate extreme diurnal range of tempera- 
ture for January and July of the places in the first column arranged 
according to latitude : 



Place. 


Latitude. 


Longitude. 


RANGE. 


January. 


July. 


Washington 


/ 
38 54 
40 25 
42 27 
46 21 
46 58 
51 19 

58 23 

59 56 

60 13 
70 22 
70 37 
73 57 


/ 

77 3 W. 
3 42 W. 
59 37 B. 
48 2E. 
31 58 E. 
119 44 E. 
26 43 E. 

30 16 E. 
19 48 E. 

31 7E. 
57 30 E. 
54 48 E. 



10.2 
7.2 
6.1 
3.8 
3.1 
6.9 
1.5 
1.0 
1.5 
0.5 
1.3 
0.4 




17.4 

14.5 

13.6 

5.8 

7.9 

10.7 

8.7 

6.6 

3.0 

3.5 

3.0 

3.1 


Nukuss 

Astrachan 

Nlkolaiev 

Nertschinsk 


St. Petersburg . . . 

Hammerland 

Vardo 


Felsns Bay 

Snchta Bay 



From this table it is seen that the extreme range at least of the di- 
urnal inequality gradually decreases with increase of latitude, and that 
in very high latitudes they become very small, especially for the mari- 
time stations. It is also seen that the ranges throughout are much 
smaller in January than in July, and the relative difference is especially 
large in the high latitudes, all of which accords with what has been 
deduced from (8t). 

It has been shown, § 67, that the values of K in (81), in the middle 
latitudes, are much greater in the case of the diurnal than in that of the 
annual variation. But, comparing laud stations of the middle latitudes, 
it is seen from the preceding table that the amplitude of diurnal oscil- 
lation is only about 3°, while by the tables of § 120 and § 123 the ampli- 
tude of the annual variation, having a much less value of K, is about 
five times as great. This is because the value of u in the case of the 
diurnal variation is three hundred and sixty-five times greater than in 
that of the annual, and so the terms in the denominator of {81) contain- 
ing M as a factor are very much increased, so that although K is greater 
in the diurnal variation of golar radiation, yet A, the amplitude of the 
corresponding temperature irtequality, is much less. But the increase 
of the terms containing u us a factor is not proportional to the increase 
of M, since Cand « enter into both (Sj) and (0) in precisely the same 
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manner. The effect is precisely in the same ratio as that arising from 
an increase of 0, which we have seen in § 121 is in a much less ratio. 

According to (82) the value of (e—k) in the diurnal inequalities should 
be large, on account of the large value of u in this case. The observa- 
tions which we have give the time of the maximum of the resultant 
of all the temperature components corresponding to each of those in 
(21), § 67, as usually occurring from two to three hours after noon. We 
cannot infer, however, from this what would be the value of (e — 1c), and 
consequently the retard, in the case of each component, especially since 
the expression is not very convergent and consists of a number of sensi- 
ble terms. 

126. In the diurnal, as in the annual inequalities of temperature, both 
the amplitudes and epochs may be considerably affected by the winds. 
If during the warmer part of the day at a maritime station, the wind 
in summer blows from a cooler ocean, or in winter from the colder inte- 
rior of the continent, as often happens, the diurnal range of temperature 
is in both cases diminished. And if the maximum of the wind occurs 
late in the afternoon it not only diminishes the range but the epoch of 
the maximum. It may, and often does, happen from this cause, mostly 
where land and sea breezes prevail, that the forenoon is warmer than 
the afternoon, and thus the maximu'm occurs even before noon. A 
similar effect is produced on the tops of high mountain peaks. Dur- 
ing the forenoon, before the mountain's sides and the air in contact be- 
comes heated up, there is but little ascending current up the mountain, 
but in the afternoon the current becomes very strong, and the cooling 
of the ascending current from expansion becomes sufficient to cause the 
temperature at the top to be very much less than it otherwise would be, 
if not to make the temperature greater than in the forenoon. This is 
especially the case in very clear weather. For this reason the maximum 
temperature on mountain peaks is usually observed to occur sooner after 
noon than in the plains below. 

Underground temperatures. 

127. Poisson^ has shown that when the temperature of the earth's 
surface can be represented by an expression of the form of (60), § 83, as 
it always may, the temperature at any depth a? below the surface is 
represented by 

(12) 6' =2 A', cos {saot-E'.) 

in which, approximately 



(13) A',=A,e-^/^u'- e,=£.+xJ^sco 

in which the definitions G and h are as in § 115, but sw hern is equiva- 
lent to u in (9), 00 here being a constant for all the terms. 

It is seen from these expressions that the greater the depth 00, and 
the values of C, s, and oj, and the smaller the value of h, the smaller 
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is tlie auiplitude A', of the temperature oscillation and the 'greater 
tl.e value of t'. and consequently the later the time of the maximum 
temperature, and vice versa. In the diurnal variation in which the 
value of w is very large; in comparison with what it is in the annual, 
A, becomes small relatively to A' at a very much smaller depth than in 
the case of the annual variation. 

From (13) we obtain the following practical expression of the relation 
between A' and A 

(14) log A',=log A,-£x 

in which 



(15) 



B-. 



-'''''M 



S(a=0.4343 



^/S' 



This, however, assumes that the strata are homogeneous and G and 
h constants at all depths, whicli is never strictly the case, especially 
near the earth's surface, where the specific heat and conducting power 
varies at different seasons and at different depths from rainfall. Hence, 
the relation of (14) does not agree very well with the observed relations, 
especially near the surface. 

The following are the approximate observed values of A', and «,' in 
(12), as obtained by Wild,^^ for the annual variation of temperature at 
St. Petersburg and Nukuss, at the several depths given : 

ST. PETSESBURG. 



a 


aj=1.52° 


a;-3.02» 


Jl'.i 


e'sl 


^'.1 


e'sl 



1 
2 
3 
4 
5 




6.75 
7.45 
1.55 
0.59 
0.26 
0.20 


o 


o 
7.22 
4.32 
0.67 
0.09 

o.n 


o 


234.0 

63.4 

183.6 

333.1 

74.4 


265.2 

112.4 

236.6 

28.8 



NDKUSS. 





a;=2.8» 


x= 


=4.0" 














^'.1 


€'si 


A'sj 


e'«i 




o 





o 







1 


14.49 
3.66 




14.03 
1.96 




250.9 


281.3 


2 


0.06 


262.8 


0.04 


325.0 


3 


0.06 


65.4 


0.04 


138.3 



lu both these sets of results from observation there is a decrease of 
the amplitudes A„ and an increase of the epochs in angle e„ with 
increase cf depth. With the values of «'. the times of maxima from 
January 15, which is the era or origin of t adopted in these results, are 
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given by (65) § 84, by omittiDg /«', which vanishes in this case, and 
using the value of m=s^=0.9856. This would give for the time of 
maximum from January 15, of the first component at St. Petersburg, 
at the depth of 1.52™ 

234.0 



0.9856 



=237.4 days 



corresponding to September 9. At the depth of 3.02" we should have 

^^^=269 days 



0.9856 

for the time, from January 15, of the maximum, corresponding to Octo- 
ber 11, which is more than one mouth later than it is at the depth of 
1.52'"- 

The times of maxima of the resultant of all the components were 
found to be, at the depth of 1.52™, August 26 ; and at the depth of 
3.02™, October 3. 

It is seen from the preceding tables that the amplitudes of the several 
components of annual temperature oscillation are very much less at the 
depth of 3.02™ than at the depth of 1.52™, at St. Petersburg, or at the 
depth of 4™ than at 2.8™ at Nukuss. 

Herr Wild has found that at thirty places in Europe and Asia the 
depth at which the amplitude of the annual inequality becomes 0.01° 
varies from 15™ to 33™, according to the nature of the soil. The aver- 
age is 24™. 

The followiAg are the values of the approximate amplitudes and 
epochs of the first inequality in (12), obtained by Wild,°^ for each 
month of the year, from the observations of the diurnal variation of 
temperature at I>rukuss: 



January . . 
Pebmary . 

Marcli 

April 

May 

June 

Jnly 

August . - - 
September 
October . . . 
Kovember 
December 



x= 


=0.1" 


x= 


=0.2" 


^'l 


e'l 


A'l 


«'i 


o 


o 


' o 


o 


1.50 


245.6 


0.66 


293.0 


3.17 


244.fi 


1.25 


292.9 


2.41 


244.4 


1.0? 


293.2 


3.78 


238.1 


1.79 


287.9 


4.73 


232.0 


2.25 


285.1 


5.25 


232.7 


2.36 


286.7 


4.71 


234.1 


2.09 


287.1 


5.03 


232.9 


2.15 


286.3 


5.25 


232.7 


2.25 


283.8 


4.36 


232.6 


1.86 


282.8 


2.94 


241.6 


1.10 


287.8 


1.57 


246.7 


0.62 


292.5 



In this, as in the case of the annual variation, the amplitude decreases 
and the epoch increases with increase of depth. By (132) the difference 
between the epochs s, for the depths of a;=0.1™ and a;=0.2™ should be 
a constant for all the months unless there is an annual change in the 
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values of G or h. In the preceding table the differences are greatef 
in summer than in winter, which may be caused by the conducting 
power h of the strata being less in summer when the soil is dry. 

By dividing the epochs in angle by 15° we get the epoch in hours 
from midnight of the maximum of the first and principal inequality in 
the temperature, as expressed in (12), since 4u=15 and s=l for this com- 
ponent. This, for the month of July, makes the maximum occur at 3'^ 
37-° p. m. at the depth of O.l-", but at 1^ 8"^ p. m. at the depth of 0.2='. 

From the preceding table it is seen that the amplitudes of the diurnal 
inequality diminish more than one-half between the depths of 0.1™ and 
0.2°'. Herr Wild has found that the depth at which the diurnal ampli- 
tude becomes 0.01°, is about (i.9^ on the average, being, of course, 
greater in summer than in winter. 

Nocturnal cooling of the eartWs surface. 

128. This, as in the case of the nocturnal cooling of bodies near the 
earth's surface, § 86, is usually understood to mean the cooling of the 
surface relatively to a thermometer suspended in the air four feet above 
its surface. As the earth's surface has a greater radiating power than 
the air7 it cools faster, and soon after sunset, and even before, it has a 
lower temperature when the state of the atmosphere is such as to allow 
a part of the radiated heat to pass through into space. There is, how- 
ever, a limit to the difference between the two temperatures, beyond 
which it cannot extend, and this is determined by the condition that 
the surface cannot cool down below the temperature of a complete in- 
closure from which it would receive as much heat as it receives from 
the atmosphere, since a body cannot cool down below the temperature 
of its inclosure. The temperature of such an inclosure is fhe mean slcy 
temperature. The equation of conditions in this case may be deduced 
from that of (28), § 78, for the case of a spherical body within a partial 
inclosure, the atmosphere in this case being that inclosure. Putting 
^,— the mean sky temperature; 

6'„=the air temperature four feet above the surface; we shall 
have, in (28), § 78, 

(16) r'e/i«'=/^9'=/<»"+(9«-««) 

With this value of r'e/u^', since a=r in this case, the equation gives for 
a unit of surface area or s=:l, 

1 dH 



(17) ;U«-«<" = /i' 



Oa-Os. 



Brt'^" dt 



In this expression D.iZ" is the rate at which a unit of surface is losing 
heat. This at first is comparatively large, but it gradually becomes less 
as the upper strata of the earth cool, but it nevet entirely vanishes. 
Putting D,-ff=0, (17) gives B- d,= d,- 0,. Therefore 0,- 0, is the limit 
by the formula to which {0— 8^) ai)proximates, but can never quite reach, 
as D.iT becomes smaller. 
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129. On account of the complexity of the subject an expression of B^R 
in terms of the thermal specific capacity and conductivity of the strata 
cannot be deduced here, but from the expression of D,J2 in § 25, equa- 
tion (49), of Professional Paper No. XIII, -we get 

(18) inr— ~ ^ *'** ■2'(y«-A cos s— vA sin e)sm s ut+ 

Gsu 2{vA cos £+/^A sin e) cos s ut 

in which all the quantities under the sign 2 except u vary for each of 
the inequalities of which the characteristic is s in Poisson's expression 
of the surface temperature, (50) § 83. The expressions of /t and v 
are given in (9), except u there represents su here. With these expres- 
sions in (18) it is readily seen that D,^ is a function of the diurnal 
range of temperature, which depends upon the values of A for the sev- 
eral components; upon the specific capacity, G; upon the conducting 
power of the strata, h; and upon the value of u, or the period of os- 
cillation. Although pL and r are functions of G, yet we have seen, § 90, 
that G)j. and Gv increase with C, though not in proportion, aud there- 
fore the less the specific heat by volume, the less I),M. It is also seen 
from (9) that the smaller h the smaller are fj. and v, and that they van- 
ish when h vanishes. Therefore the less the thermal conductivity of 
the strata the less the value of 2),-ff. Where there is no diurnal oscilla- 
tion of temperature the values of A in (18) for the several couiponents 
vanish, and consequently the last term in (17). We then get the 
greatest effect or value of {6—d,). The temperature to which the sur- 
face falls during the night and its relation to the air temperature de- 
pends upon the temperature gradient vertically in the strata at sunset, 
and the smaller this is, the smaller is D,II, as given by (18). When the 
day, therefore, has been cloudy, but the night about sunset becomes 
clear, the greatest effect should be experienced. Also, the less the value 
of M — that is, the greater the period of temperature oscillation — the 
smaller the value of JDtH, and consequently for the long polar night it 
must become extremely small. 

The value of DiE is negative during the night, and has its greatest 
negative value near sunrise. With a negative value we have ^> 6„ but 
the smaller D,II the more nearly the temperature of the earth's surface 
6 coincides with the mean sky temperature d^, or the more nearly the 
difference between the earth's surface and the temperature at the height 
of four feet, d—d„ coincides with the difference (9„— (9J. It is also seen 
from (17) that the greater the radiating power r the more nearly the 
last term vanishes, and consequently the more nearly {6—9^) approxi- 
mates to {6,-0^). 

The value of [6^—6,) depends upon the diathermancy of the atmos- 
phere, and vanishes when it is very cloudy, since we then have a perfect 
inclosure, and consequently 6^ as well as equal to the sky temperature 
6,. From the average for a number of clear nights Pouillet obtained, 
by means of his actinometric observations and artificial sky, § 87, 
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a value of 16° for the difference between the temperature of a ther- 
mometer four feet above ground and what he calls the zenithal tem- 
perature, which is the mean sky temperature for two-thirds of a hemis- 
phere. As the remaining third lay around near the horizon, in which 
the sky temperature is very nearly that of the thermometer, the value 
of the mean sky temperature would be a very little more than two- 
thirds of 16, say 12°. This, then, according to the observations of Pou- 
illet, is the limit beyond which the value of {6— da), usually called noc- 
turnal radiation, cannot go. It is not to be supposed that with the 
changing temperatures and changing relations between the temperature 
of the atmosphere and earth's surface, the zenithal temperature of 
Pouillet, or the mean sky temperature, has the same relation at all 
times to the temperature of the air at the height of four feet; bat after 
the temperatures have arrived near their minima, and are nearly in a 
state of static equilibrium, as they are most of the night, this relation at 
sea-level, and for the same degree of diathermancy of the air, must be 
nearly the same, as Pouillet's observations indicate. With increase of 
altitude and diminution of atmosphere above, of course the inclosure 
becomes less perfect, and by (16) the less the mean sky temperature 
0„ and consequently the greater the value of the constant, so regarded, 
0^—6, in the expression of (17), and, therefore, of {0—6^. 

From what precedes, therefore, nocturnal radiation, so called, depends 
(a) upon the diurnal temperature oscillation, (&) upon the diathermancy 
of the atmosphere for terrestrial radiations, (c) upon the radiating power 
of the earth's surface, {d) upon the thermal capacity of the upper strata 
of the earth, (e) upon their thermal conductivity, (/) upon the altitude 
above sea-level. The observed effect (0—6^), therefore, is not even a 
relative measure of radiation, inasmuch as from the manner in which 
r enters into the expression of (17) there is no proportionality between 
((9— (9„) and r, even when all the other circumstances remain the same. 
It is simply a measure of the combined effect of all the conditions. 

130. Where the radiator is a body not forming a part of the earth's 
surface but is in contact with it or immersed in the stratum of atmos- 
phere close to the earth's surface, its temperature, however great its 
radiating power, cannot differ much from the temperature of the sur- 
face and the stratum of air in contact, and the effect observed depends 
almost entirely upon the conditions which determine this in case of the 
earth's surface. 

By (17) the effect of nocturnal cooling {6— 0a) is increased with in- 
crease of r and with decrease of I>,S. But we have seen that D,H is 
decreased with decrease of thermal capacity and thermal conductivity 
of the earth's upper strata and by smallness of diurnal temperature os- 
cillation. It is also increased with increase of diathermancy of the 
atmosphere and of altitude, both of which increase the limit {6,-6^, 
to which the noctunial cooling approximates under different circum- 
stances. Hence the effect increases with decrease of thermal capacity 
and conductivity and range of diurnal oscillation of temperature, but 
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with increase of radiating power of the earth's surface, of diathermancy 
of the atmosphere for terrestrial radiation, and of altitude. 

For reasons which have been given in the case of bodies near the 
earth's surface, there is little effect observed when the air is not per- 
fectly quiet, since ventilation of the surface by air currents passing 
over it tends to reduce the earth's surface and all the lower strata of 
the atmosphere near it to the same temperature. 

It must also be understood that in all which precedes with regard to 
nocturnal cooling, the temperature of the dew-point must be below the 
temperature to which the earth's surface cools. If not, as soon as this 
temperature is reached and condensation to dew or frost begins, the 
latent heat given out almost entirely arrests further cooling and intro- 
duces another condition which has not entered into the preceding equa- 
tions ajid expressions. 

131. The effects, as observed, mostly fall within the limit of 12°, as 
determined above from PouiUet's observations. The results of Mr. 
Wells, Mr. Daniell, and others who have made observations on noc- 
turnal radiation show that a thermometer exposed on the ground dur- 
ing the night in an open space is cooled 6°, 7°, or even 8° below the air 
a few feet above. Wilson observed differences of temperature of nearlj' 
9° between the temperature of the air and that of the surface of the 
snow. The great effect in this case was undoubtedly due mostly to the 
poor thermal conductivity of the snow, by which, we have seen, such 
effects are increased. Scoresly and Captain Parry have observed anal- 
ogous depressions in the polar regions, where the temperature of the 
air was more than 20° F. below zero. The effect of a very low tem- 
perature would be in the direction of that of a diminished radiating 
power, as seen from (17), in which r and p?" are factors in the same de- 
nominator, but the effect would be small, since the value of ij?" does not 
change much with any observed change of 6^. 

According to the observations of Mr. Grlaisher,^' "it appeared that 
at times when the sky was entirely covered with low cirro-stratus clouds, 
the readings of a thermometer placed on long grass was the same 
as in the air ; that with the same clouds at a moderate elevation the 
reading of a thermometer in air has exceeded that on long grass by 3°; 
and on these clouds being high, this excess has amounted frequently to 
5° ; and if other than cirro-stratus covered the whole sky, this excess 
has been as large as 10°. At times when the sky has been free from 
clouds, but not bright, haze and vapor being present, the excess has 
amounted to 10°, 11°, or 12°; and at times when the sky has been both 
bright and clear, with the air calm, no mist, haze, vapor, or fog being 
present, this difference has frequently amounted to 14°, less frequently 
to 19°, and sometimes to 20°" (11° C). This extreme difference still 
falls within the limit 12° 0. given above. 

These observations show the effect of different degrees of diather- 
mancy of the atmosphere, or, in different words, of completeness of in- 
closure, since when the sky was entirely overcast with low clouds, the 
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effect was nothing, but it gradually increased with increasing clearness 
of tlie atmosphere, until an effect was observed greater than the maxi- 
mum effect observed by Wells or Wilson. 

In one case the reading of a thermometer on raw cotton wool on long 
grass was 25° P. less, whilst another placed at 8 feet from the ground 
and fully exposed to the sky was 3.5° greater than that in air at the 
height of 4 feet. Thus a difference of 28.5° (16° C.) was observed in this 
case, the thermometer suspended in air, however, being above the stand- 
ard height of 4 feet for such observations. Allowing several degrees 
for the effect of this greater height, this still exceeds the limit of 12° C. 
This limit, however, is the average for anumber of ordinary clear nights, 
so that it must be expected that with the greatly varying diathermancy 
of the atmosphere for terrestrial radiations this limit will be surpassed 
on some nights when the atmosphere is exceptionally diathermanous. 

Glaisher determined the relative radiating powers of the following 
different substances, that of long grass being 1,000: 

Hare skin 1,316 

Raw white wool 1. 2J2 

Raw silk 1,107 

Un wrought white cotton wool 1, 085 

Long grass 1, 000 

Lamp-black powder 961 

Glass 864 

Copper 839 

Lead 757 

Jet black lamb's wool 741 



Blackened tin 

White tin 

Zinc 

Iron 

Saw dust 

Slate 

Garden mold 472 

River sand ...-. 454 

Stone 390 

Gravel 288 



770 
657 
681 
642 
610 
573 



The metalfe in this list were placed on long grass. The observed 
effects must have depended very much upon the manner of exposure, 
and, for reasons already given, are only very rude relative measures of 
radiation. The greater observed effects, however, probably indicate, 
in general, substances of greater radiating powers. 

132. The observed effect of nocturnal cooling is very much greater at 
elevated interior dry stations at some distance from the ocean than at 
coast stations. According to Blanford,''^ at the inland stations of 
Lahore and I^Tagpur, elevations 732 and 735 feet respectively, the differ- 
ence between the minimum thermometer, 4 feet high, and the nocturnal 
radiation thermometer, close over short grass, or on a woolen pad, 
sometimes amounts to 15°, and in some extreme cases, even 18°, (10° 0), 
while at the lower maritime stations of Calcutta, Bombay, and Madras 
it is only about one-third as much. This is undoubtedly due to the 
two causes of greater elevation and greater dryness at the former than 
at the latter stations. Small differences of elevation with the same 
diathermancy of atmosphere should produce a considerable effect. We 
have seen, § 90, that without any atmosphere the thermometer suspended 
above the earth's surface would stand more than 90° (3 below the tem- 
perature of the earth's surface. If we suppose that only about one-tenth 
of the heat of terrestrial radiation escapes into space, the effect is re- 
duced to 12°, or to the average mean sky temperature for ordinary clear 
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nights. If nine-tenths of the heat radiated by the earth's surface at 
sea-level are radiated and reflected back by the whole atmosphere, then 
if this were proportional to the amount of atmosphere passed through, 
and it is approximately with the same diathermancy at all altitudes, 
then at an altitude of 1,000 feet, Jg- x x°o = 3\) nearly, more should 
escape, and if one-tenth cause, at sea-level, an effect of 10° 0, as is 
observed in some cases, then at an altitude of 1,000 feet it should be 
3.3° (6° P.) greater. At a considerably greater altitude this would be 
very much increased, being approximately in proportion to the alti- 
tude. But the principal part of the difference between the inland 
elevated stations and the maritime stations, as observed by Blanford, 
must have been due to the greater dryness of the atmosphere at the 
former stations, and this seems to indicate that aqueous vapor must 
have a great effect upon the diathermaucy of the atmosphere, at least 
for terrestrial radiations. 

That there is a great difference in the diathermancy of the atmos- 
phere on different, apparently equally clear, nights, due probably to 
the difference in the amount of aqueous vapor, seems to follow from 
experiments made by Dr. Tyndall.^' He found a difference between 
a thermometer suspended 4 feet above the ground and one on wool at 
the surface, K"ovember 11, 1881, 9.15 p. m., 11° F. The next evening, 
sky overcast, only a few stars visible, difference 4°. On November 10, 
snow a foot deep, wind very light from northeast, the following obser- 
vations were made : 

At 8.10 a. m., air 29°, wool 16°. 

At 8.15, air 29°, wool 12°. 

Up to this time the sun was invisible on account of cloud. At 8.50, 
air 29°, wool 11°. In this observation the sun shone a little on the air 
thermometer. At other times, however, when the air was serene and 
almost a dead calm, and the sky without a cloud, a difference only of 
from 4° to 6° was observed. Differences of this sort in the state of the 
atmosphere are frequently perceived without instrumental observation. 
At one time, with the atmosphere calm and very clear, or at least cloud- 
less and all the stars shining, the air seems warm during the whole night, 
and the earth's surface does not cool down much by radiation into space. 
At another time, soon after sunset, with apparently only the same 
degree of clearness of the atmosphere, the temperature of everything 
falls very rapidly. There seems to be a great amount of heat radiated 
through the atmosphere into space. At such a time, if the air is calm, 
a man's shoulders, if he is in open space in the air, soon feel cold from 
the effects of the radiation, and he feels the need of a cape. 

133. The effect of nocturnal cooling is often applied to a practical 
purpose in the manufacture of ice in the East Indies. "The natives of 
Bengal at the town of Hooghly, near Calcutta, make ice in- fields freely 
exposed to the sky and formed of a black loam soil upon a substratum 
of sand. Shallow excavations are made in the soil, upon the bottoms of 
which are spread small sheaves of rice straw, and upon the top of this 
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light loose straw to tte depth of a foot and a half, leavinpr its surface 
half a foot beneath the level surface of the ground. Upon this are ex- 
posed numerous shallow and very porous earthen dishes with water in 
them during clear nights. The ice is produced in large quantities when 
the temperature of the air is 16° to 20° F. above the freezing point."™ 
The ice is formed mostly when the wind is from the northwest during 
the day and then subsides during the night. 

The black loam, sand, and thick layer of straw, undei- the dishes of 
water, all have little thermal conductivity, and the straw at least very 
little thermal capacity per unit of volume, both of which we have seen, 
§ 130, are necessary to obtain the greatest effect. The necessary dryness 
accompanies the northwest wind during the day, for the dew point, as 
we have seen, must be below freezing, and without the calmness at night 
there could be no nocturnal cooling. With a temperature much more 
than 20° P. above freezing, ice could not be formed, since then the effect 
of nocturnal cooling would have to exceed the limit of about 12° 0. 

Extreme temperatures. 

134. In the oscillations of temperature, annual; diurnal, and abnormal, 
the greatest extremes are produced where the maxima or minima of all 
occur at the same time. Hence the highest temperatures at any one 
place, in general, are observed in July or August in the northern hemi- 
sphere soon after noon. The abnormal variations of temperature of 
course cause these to differ very much at different times within a few 
days. The greatest annual range of temperature we have seen, § 120, is 
in high latitudes in the interior of the continents. This causes very low 
winter temperatures on account of the low mean annual temperature of 
these latitudes, and on account of the large amplitude of annual inequality 
the mean summer temperature is not very much below that of the torrid 
zone. For instance, for Northeastern Asia, latitude ()0° N. and longitude 
130° E., we get from the tables of § 116 and 119 the mean annual tempera- 
ture — 9°, and from the table of § 120 the amplitude of annual inequality 
27°. These give — 36° for the mean of January and 18° for July. In the 
same manner we obtain on the polar circle for the same longitude — 40° 
for the mean temperature of January. These, however, are merely 
approximate results for that region in general, but there are local causes 
which in places reduce these mean temperatures for January still much 
lower. It was formerly thought that Yakutsk has the ' coldest winter 
temperature in any explored region of the globe. According to Woei- 
koff,'! however, this is not the case. He says: " Up to the present time 
Yakutsk, in ^Northern Siberia, has often been considered the place 
where the winters are coldest, while the minima observed during Arctic 
expeditions are believed to be the lowest known. Neither is true. The 
temperatures of Werkhojansk are the lowest of all." The following are 
the mean temperatures, in Fahrenheit degrees, for the year, January, 
and July: 
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Place. 



Serdze Kamen 

Ustjansk (two years' observation) - 

"Wcrkhojanak {one year) 

Yakutsk (twenty-four y ears) . . ,- - - 

Floeburg (one year) 

Discovery Bay (one year) 



Latitude. 



67J 
71 
67J 
02 



83. 5 N. 
81. 5 N. 



Longitude. 



173 E. 
136 E. 
lU E. 
130 E. 



January. 



— IS.l 
—38.9 
—55.2 
—41.4 
—33.0 
—40.7 



July. 



52.7 
00.1 
03.6 
38.3 
37.2 



Year. 



2.8 

4.8 

12.4 

—3.5 

—4.2 



He gives the following rational explanation of these extremely low- 
temperatures. "During calms in clear nights (in high latitudes) the 
valleys are colder than the surrounding hills and slopes, because the 
cold air sinks down into the valleys. This continues during the day in 
high latitudes where the sun does rise, or at least has little power at mid- 
day. Even in middle latitudes, where the calms and clear weather 
prevail, the valleys are colder than the hills. The exceedingly low 
temperature at Werkhojansk is probably not common to the whole 
surrounding country." 

The mean temperature of January for Werkhojansk, — 55.2o (—48° G.), 
is considerably lower than it is at Yakutsk, and than — 40°, as obtained 
from the preceding tables for the latitude and longitude nearly of Werk- 
hojansk, and therefore does not seem to be common to the whole sur- 
rounding country, as Woeikoff supposed. 

In these extreme cases the valleys and low grounds are cooled down, 
not only by their own nocturnal radiation, but likewise by a concentra- 
tion of the effects of nocturnal cooling on the surrounding hills and slopes. 
The unusually increased depth of the cold air strata reduces very much 
the temperature of the earth's surface beneath. 

The diurnal inequality in winter being extremely small in these high 
latitudes, there is little difference between the mean temperatures of 
night and day, but the abnormal variations are large, and when the 
minima of these occur during January we have the extreme low tem- 
perature of individual observations. On the Alert and the Discovery of 
the English North Pole Expedition there was observed in the beginning 
of March, during a long-continued cold spell, a minimum of — 73.7° 
( — 58.7° C.) on the former, and — 59.6° on the latter. Newery saw in 
Yakutsk, January 21, 1838, the thermometer at — 60° C. (—76° F.). 
At Jennesseisk (58° IST., 92o E.), 39™ above sea-level, —58.6° C. was 
observed on the 12th of January, 1872. 

In the interior of North America, on the same latitudes, the mean 
annual temperature is about the same, but the amplitudes of annual in- 
equality, § 120, are 7° or 8° less, and hence the extreme winter tempera- 
tures are not so low, but at some places at and within the polar circle 
the mean temperature of the coldest months is as low as — 40° 0. With 
the effect of abnormal variations individual observations are often very 
much lower. 

135. On lower latitudes, both on account of the higher mean annual 
temperature and smaller amplitudes of the annual inequality required 
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by them and given by observation, as seen from the tables of §§ 116, 120, 
the moan winter temperatures are very much higher, but on account of 
the greater diurnal oscillations here the minima of the nights may 
descend quite low, especially at times when they are affected by the 
minimum of an abnormal variation. 

In the southern hemisphere on the same latitudes the annual in- 
equality is greater than in the northern, all other circumstances being 
the same, as may be seen from the coefficients of the annual inequality 
of intensity of solar radiation, G, in the table of § 62. For instance 
on the parallel of 30° its value for the northern hemisphere is .0909, 
while for the southern hemisphere it is .1084, about one-fifth greater. 
Since all other circumstances maj"^ be assumed to be the same, the am- 
plitudes of temperature oscillation must be in proportion, as is seen 
from (21), § 67 in which K^ corresponds with and becomes Gi at the top 
of the atmosphere, and the relation between the value of -Ei for the two 
hemispheres is the same as that between the values of Ci. On the 
parallel of 30° in the northern hemisphere, from Arabia to India the 
amplitudes of the annual temperature inequality are from 10° to 12°. 
(Table § 120.) Under similar circumstances, therefore, the amplitudes 
of the southern hemisphere on the same parallel should be \, or more 
than 2° greater, and consequently the maximum, or January, tempera- 
ture greater bj^ about the same amount. This in some measure ac- 
counts for the very high summer temperatures observed in the Argen- 
tine Eepublic, and in Australia, on and near that latitude, and where 
the summer temperatures are thought to be greater than in any other 
part of the world. 

The value of Gi at the equator being only .0101, or about -J- of that on 
the parallel of 30° of the northern hemisphere, it should give rise, under 
the same circumstances — that is, in the interior of a continent with a dry 
soil and atmosphere — to a temperature inequality with an amplitude of 
only a little more than 1°, but on or near the ocean, where the ine- 
qualities of temperature, for reasons given in § 121 are compara- 
tively small, it would be extremely small. The difference, therefore, 
between the mean temperatures of January and July at the equator is 
generally very small, but in the great Sahara desert it may amount to 
4°, or the amplitude to 2°. Although the annual inequality at the 
equator, and within the tropics generally, is very small, yet, on account 
of the large diurnal inequality here, there is a considerable range be- 
tween the two extremes of temperature at all inland dry stations where 
the range of temperature is not affected by oceanic influence. On ac- 
count, however, of the high mean annual and diurnal temjjerature, we 
cannot have very low temperatures, but the maximum afternoon tem- 
perature of sandy dry soils, with little thermal couductivity, and so 
favorable for large temperature ranges, § 131, often becomes enormous,' 
and on this account the temperature of the air becomes indirectly very 
great, though, for reasons which will follow, it is very much less than 
that of the soil. 
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Sir Johu Herschell observed at the Cape of Good Hope a soil tem- 
perature of 159° F. The soil temperature, also, on the Loango coast 
uear the equator, has been observed to be, in numerous cases, 75°, 
often reach 80°, and once 84.6° C.''^ 

In Senegambia and Sierra Leone the differences between the ex- 
tremes of air temperature of day and night are very great. At St. 
Louis they are 7.9° as absolute minimum and 44.8° as absolute maxi- 
mum. The southern coast of the Eed Sea is the warmest region of the 
globe. The extreme temperature there is said to reach as high as 54° 
or 560 (133° F.).6= 

Relations betiveen the temperature of the atmosphere and eartWs surface. 

136. We have seen that both the mean temperature of a body ex- 
posed to solar radiation and the amplitudes of the oscillations of tempera- 
ture depend upon the relation between a', the absorbing power of the 
body for solar radiations, and r, the radiating power of the body. For 
the earth's surface the value of a' and r are very nearly or quite equal, 
but for the atmosphere we know that the former is less than the latter, 
and therefore the tendency is for the atmosphere to assume a lower 
mean temperature than the earth's surface, if it receives the same 
amount of solar heat, considering each one separately, and disregarding 
the interchange of radiations from the one to the other. In a state of 
static equilibrium of temperature where a' <r we have seen that the tem- 
perature of the strata gradually decreases with increase of altitude, 
considering only the relations between radiation and absorption of the 
different strata of the atmosphere and the earth's surface with regard 
to their own heat and that received from the sun. Between the lower 
stratum of the atmosphere and the earth's surface there could not be 
any abrupt change or difference from the conditions of radiation and 
absorption alone if both received the same amount of heat from the sun, 
though the temperature of the former, on account of a' being less than 
r, would bo a little less. 

On account of the uncertainties in the relations between the absorb- 
ing and radiating powers, we do not know how much the mean tempera- 
ture of the whole atmosphere would be below that of the earth's surface, 
without contact or interchange of radiations, yet with these there can- 
not be much between the lower stratum and the earth's surface. But 
the gradual decrease of temperature with increase of altitude, on ac- 
count of a' being less than r, would still leave the mean temperature of 
the whole atmosphere less than that of the earth's surface. 

137. Whatever the tendency may be to cause temperature of the 
atmosphere to be less than that of the earth's surface, this is greater in 
polar than in equatorial regions, and if the relations between radiation 
and absorption are such as to cause the surface to be warmer than the 
air in the equatorial, it may be the reverse in the polar regions. In 
Fig. 8, § 101, the difference between the heating effect of the sun's rays 
on a portion ,of air « near the eqvjator aijd of pne a' near the pole arises 
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in part from the difference in the normal intensities after having passed 
through tifferent distances of the atmosphere. But the difference in 
the heating effect depends not only on this same difference in normal 
intensity at the earth's surface, but likewise upon the difference be- 
tween the normal and vertical intensities for the two latitudes, which 
for the mean effect is very great, since in the polar regions the mean zenith 
distance, for all times that the sun shines on the place, is much greater, 
and therefore the mean solar vertical intensity much less, than in the 
equatorial regions. The temperature of the atmosphere, therefore, de- 
pending upon the normal intensities, and that of the earth's surface 
upon the vertical intensities, the tendency is for the temperature of the 
earth's surface to decrease from the equator "to the pole with increase 
of latitude more rapidly than that of the lower stratum of the atmos- 
phere, just as the latter does with reference to the upper strata of the 
atmosphere, § 101, on account of the greater difference in normal in- 
tensities of solar radiation. 

From this weakening of vertical intensity in high latitudes results 
the enormous difference between the temperatures of the equatorial 
and polar regions, which would exist if there was no heat transferred 
from the former to the latter by means of ocean currents. And in this 
case there would be a great tendency for the polar regions to assume a 
temperature much lower than that of the atmosphere, but from contact 
the temperature of the lower strata would tend to the same, and this 
would decrease very much the rate of decrease of temperature with in- 
crease of altitiide, if it would not reverse it. 

With the great amount of heat transferred from equatorial to polar 
regions we cannot infer that there is a tendency in the earth's surface 
to assume a higher temperature than the air in the equatorial, or a lower 
temperature in the polar, regions. Comparisons of mean air with sur- 
face temperatures in the higher latitudes of Europe and Asia do not 
indicate certainly that there is on the average any difference, though 
there are considerable local variations.*^" From observations in India, 
however, made at three widely distant stations, the temperature of the 
ground, according to Blanford,"" is 4° or 5° F., as a general rule, in ex- 
cess of that of the air. At Trevandrum also (lat. 8.5°) the air tempera- 
ture is 2.6° C. less than that of the ground at the depth of 1 meter. 

138. The varying relations between air and earth temperatures, due to 
varying relations between normal and vertical intensities, as explained 
above in the case of differences of latitude, is best seen in a compari- 
son of air and earth temperatures during the course of the day in clear 
weather. At sunrise there may be little difference between the earth 
and air temperature, the former being a little less generally from the 
effect of nocturnal cooling, but at first, while the air is receiving heat 
from the sun in proportion to the normal intensity and the earth's sur- 
face in proportion to the vertical intensity, which, we have seen, is 
comparatively small, the temperature of the air increases much faster 
than that of the earth's surface; but about two hours after suurisei 
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when the raj's come through the atmosphere with less obliquity aud 
the vertical intensity becomes more nearly equal to the ucfrmal, the 
reverse takes place, and the earth's surface then begins to heat up faster 
than the air, until at noon and soon after the temperature of the former 
is much greater than that of the latter. In the afternoon the reverse 
takes place, so that one or two hours before sunset the more rapid cool- 
ing of the earth's surface has reduced its temperature below that of the 
air. The relations in this case are very nearly the same as those be- 
tween the successive temperatures of a sphere suspended above the 
ground and those of a thin horizontal disk, of which an example has 
been given in § 94. 

Some very interesting observations have been made on this subject 
by Hamberg.''^ He found that the temperature of the lower strata of 
the atmosphere during the night very near the surface increased from 
the surface upward, and continued to do so until about two hours after 
sunrise, after which a reversal took place, and there was the usual ar- 
rangement of decrease of temperature with increase of altitude. He 
therefore infers that "the elevation of temperature in the lower strata 
of the air is not in consequence of the heating of the soil, but rather of 
absorption by the air, or more accurately by the aqueous vapor in the 
air, of the heat which passes through the strata and which is reflected 
by the soil." 

In this case there is no heat received by means of ocean currents 
when the sun shines obliquely upon the earth's surface, or lost when it 
shines more vertically, to equalize the temperatures, as in the case of 
differences of latitude, and we have somewhat the relations between 
air and earth temperatures which there would be in diiferent latitudes 
if there were no ocean currents. 

139. In the annual and diurnal temperature oscillations of both the 
air and the earth's surface the amplitudes are expressed by (04), in 
which the value of K' is different in the two cases ; in the case of air it 
arises from the development of. the normal intensity of radiation in a 
function of the time, and in that of the earth's surface from a develop- 
ment in a similar function of the vertical intensity. The relations be- 
tween a' and r in the two cases are also different, a' being much less 
than that of r for the, atmosphere. Therefore the amplitude of the 
temperature oscillations, both annual and diurnal, are greater for the 
earth than for the atmosphere. On account, however, of the length of 
period and the slowness of the change, there is little difference in the 
mean earth and air temperatures in January and July, since the lower 
strata of the air by continual agitation are cooled in winter and heated 
in summer so as to differ very little from the mean temperatures of the 
earth with which the air is in contact. The effect of the earth's tem- 
perature, however, on that of the air above is not so great as it is be- 
low, so that this causes the amplitudes in the oscillations of air temper- 
atures, though less than those of the earth's surface, to be still greater 
1Q04§ fjiG, PT 2 12 
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than those of the air above. The e£fect of this, it is readily seen, is to 
cause the temperatures in winter and during the night to approximate 
more nearly to the temperatures above, and hence to diminish the rate 
of decrease of temperature with increase of altitude at these times. But 
during the summer and the warmest part of the day, the effect is the 
reverse ; it causes the temperatures below to differ still more from the 
temperatures above, and hence to increase the rate of diminution of' 
temperature with increase of altitude. 

In the diurnal oscillations the rate near the surface at night from the 
effect of nocturnal cooling is reversed for some distance above the earth's 
surface, the temperature being greater abore than at the surface. As 
the earth cools the air in contact also cools when the air is calm, until the 
surface, and likewise the lower air strata are cooled very low, and the law 
of decrease of temperature is reversed. It is different during the day. 
The increase of th& temperature of the earth's surface and of the lower 
strata in contact brings about a state of unstable equilibrium, § 38, from 
which at once arises a vertical interchange of air, by means of ascend- 
ing and descending currents, which tends to equalize, in some measure, 
the temperatures above and below, so that although the earth's surface 
may be heated very much above the air immediately above, the decrease 
of temperature with increase of altitude never becomes very muck 
greater than that of about 1° for 100 meters, corresponding to the initial 
state of unstable equilibrium. The effect of the heat of the earth's sur- 
face cannot be confined to the lower strata merely, as that of the cool- 
ing of the surface is, but as soon as the first stratum in contact with the 
earth is heated the effect is carried to those above. 

140. The following table gives the results obtained by Glaisher from 
observations made during the period 1867-70, at the height of 23 feet 
and 50 feet, and compared with those at the height of 4 feet. The dif- 
ference between the readings of the upper and lower stations was taken 
and the plus sign was affixed to the difference when the temperature at 
the higher station was the greater, and the minus sign when it was the less. 



1867-'70. 

January 

February . . . 

Marcli 

April 

May 

June 

July.; 

August 

September. . 

October 

* November . . 
December . . 



22 feet and 4 feet. 



a. m. Noon. 3 p. m. 9 p. m. 



-1-0.5 
-1-0.2 
—0.3 
—0.6 
—0.6 
—0.8 
-0.8 
-1.0 
—1.0 
-2.2 
-1-0.2 
-1-0.5 



-1-0.2 
0.0 
—0.2 
—0.5 
—0.4 
-0.9 
-0.8 
—0.6 
—0.6 
—0.1 
-1-0.1 
+Q.3 



+0.i 
-1-0.4 

0.0 
4-0.2 
—0.4 
-0.6 
—0.8 
—0.1 

0.0 

+o.e 

-1-0.6 
-1-0.4 



H-o.e 

-1-0.5 
-1-0.4 
H-0.5 
-f.0.5 
-t-0.8 
+0.7 
+0.9 
-fO.7 
-1-1.0 
-1-0. 8 
-1-0.4 



50 feet and 4 feot. 



9 a.m. Noon. -Sp. m. 9 p. in 



1869. 

October 4-0.2 

November 4-0.6 

I 

December -4-9. 9 

1870. 

January 4-1.1 

February 4-0.1 

March : —0. 3 

April I —0.9 

May 1 —2. i 

June — 2,4 

July I —1.8 

August ' —1. 7 



—0.5 
i-0.5 
4-0.3 

4-0.3 
—0.3 
—1.8 
—2.2 
—3.6 
-3.8 
—2.9 
-2.7 



4-. 07 

4-0.8 

. -.1-0. 5 

4-0.3 
-hO.3 
—0.7 
—1.7 
—2.8 
—3.1 



4-1.5 
4-1.4 
4-0.5' 

4-0.9 
4-0.5 
4-0.7 
4-1.4 
4-1.1 
4-1.1 
4-1.1 
4-1.7 
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From these results it is seen that from 9 a. m. to 3 p. m. the tem- 
peratures during the summer were less at the upper station than at 4 
feet, and during the winter the reverse. At noon, however, this was 
the case through the greater part of the year, while at 9 p. m. the re- 
verse was the case, the temperature being greater above than below 
through the whole year, and this undoubtedly continued so through the 
whole night. In the winter months it is seen that the temperature was 
greater above than below for all times of the day and night, the effect 
due to the annual inequality of temperature oscillation entirely counter- 
acting the reversing effect due to the diurnal inequality. 

The following table contains the difference of temperature observed 
at the observatory of Montsouris between a thermometer 2™ and one 20° 
above the earth's surface. The plus sign indicates a greater temperature 
below : 



Hoar. 


March. 


April. 


May. 


June. 


Jnly. 


Angnst. 


September. 




o 


o 


o 


o 


o 








1 


—0.18 


—0.72 


-0.44 


—0.28 


-0.79 


—0.68 


-0.98 


2 


0.35 


0.71 


0.63 


0.36 


0.82 


0.75 


1.22 


3 


0.27 


0.68 


0.78 


0.39 


0.75 


0.84 


1.25 


i 


0.32 


0.43 


0.81 


0.37 


0.62 


0.82 


1.04 


5 


—0.11 


0.38 


0.68 


0.24 


0.43 


0.81 


0.06 


6 


+0.02 


0.50 


0.42 


—0.03 


0.16 


0.66 


—0.26 


7 


0.13 


0.36 


-0.08 


+0.22 


+0.07 


0.39 


+0.02 


8 


0.20 


—0.17 


+0.23 


0.47 


0.32 


-0.07 


0.18 


9 


0.23 


+0.05 


0.52 


0.68 


0.49 


+0.37 


0.25 


10 


0.37 


0.32 


0.85 


0.80 


0.60 


0.62 


0.34 


11 


O.Sl 


0.58 


1.10 


0.88 


0.67 


0.92 


0.56 


12 


0.36 


0.76 


1.00 


0.88 


0.64 


0.99 


0.86 


13 


■ 0.41 


0.83 


1.00 


0.82 


0.59 


0.90 


1.12 


14 


0.49 


0.73 


0.99 


0.72 


0.48 


0.67 


1.22 


15 


0.31 


0.55 


0.82 


0.53 


0.27 


0.37 


1.01 


16 


+0.16 


+0.27 


+0.53 


0.33 


+0.04 


+0.01 


+0.52 


17 


■-0. 03 


-0.04 


—0.02 


+0.06 


-0.21 


—0.35 


—0.08 


18 


0.14 


0.31 


0.14 


—0.16 


0.41 


0.46 


0.62 


19 


0.21 


0.51 


0.32 


0.18 


0.57 


0.59 


0.88 


20 


0.20 


0.63 


0.47 


0.39 


0.66 


0.66 


0.90 


21 


0.13 


0.69 


0.44 


0.37 


0.70 


0.67 


0.73 


22 


O.06 


0.72 


0.35 


0.26 


0.70 


0.65 


0.54 


23 


0.05 


0.72 


0.28 


0.26 


0.71 


0.62 


0.54 


24 


—0.09 


—0.72 


0.32 


—0.24 


0.75 


—0.63 


—0.70 
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The following table of monthly rates of decrease of temperature with 
increase of altitude, in degrees centigrade per 100 meters, is taken 
mostly from the table given by Wild in his Temperatur-Verhaltnisse, 
and from Meteorological Researches, Part III". 



Month. 


03 

i 


i 

H 


§ 

M 

en 
a 

& 


§ 
O 


M 
1 


1 


§1 


11 


1.9 
1 = 

|i 


Ma" 

saM 


a o 

> 


January 

rebruary 

March 

April 

May 


0.356 
.428 
.478 
.558 
.578 
.606 
.594 
.600 
.529 
.462 
.205 

0.249 


0.403 
.491 
.601 
.677 
.695 
.676 
.652 
.633 
.599 
.532 
.445 

0.388 


0.540 
.560 
.630 
.760 
.900 
.900 
.970 
.860 
.720 
.610 
.590 

0.530 


0.575 
.580 
.575 
.570 
.590 
.610 
.620 
.620 
.605 
.590 
.580 

0.570 


0.225 
.330 
.641 
.590 
.600 
.600 
.665 
.540 
.510 
.370 
.280 

0.305 


0.298 
.527 
.674 
.624 
.710 
.748 
.702 
.655 
.571 
.585 
.518 

0.300 


0.46 
.53 
.62 
.63 
.64 
.66 
.62 
.60 
.56 
.55 
.53 

0.44 


0.47 
.56 
.61 
.67 
.55 
.42 
.33 
.32 
.36 
.36 
.43 

0.51 


0.52 
.64 
.67 
.70 
.77 
.76 
.68 
.68 
.60 
.62 
.56 

0.52 


0.47 
.54 
.53 
.62 
.63 
.57 
.61 
.60 
.58 
.56 
.55 

0.50 


0.33 
.36 
.36 
.31 
.41 
.51 
.51 
.54 
.66 
.52 
.50 

0.45 


Juue 

July 

August 

September... 

October 

November . . . 
December . .. 


Tear 


0.470 


0.566 


0.720 


0.590 


0.455 


0.576 


0.57 


0.466 


0.64 


0.563 


0.45 



It is seen from this table that in all parts of the earth the rate of de- 
crease of temperature with increase of altitude is greatest in spring or 
summer and least in the early part of winter. 



CHAPTER III. 

THE GENEEAL MOTIONS AND PRESSURE OF THE ATMOSPHERE. 
I. — ^Intkoduction. 

141. The motions of the atmosphere depend almost entirely upon dif. 
fercnces of temperature between different places on the earth's surface; 
for with a uniform temperature the small effects depending upon a dif- 
ference of tension of the aqueous vapor in the atmosphere would sensi- 
bly vanish. By the general motions and pressure of the atmosphere 
are meant here those motions and the resulting pressure which arise 
from the normal difference of mean temperature between the equatorial 
and polar regions of the globe and its annual variation, disregarding 
the more local variations which cause differences of temperature at the 
same time between different places on the same parallel of latitude, and 
all kinds of abnormal temporary disturbances of temperature. The 
general motions and pressure of the atmosphere, therefore, with their 
annual variations, embrace one general system extending over the 
whole surface of the earth. 

The permanent cloud and rain belts, with their annual variations, 
and the dry zones of the earth, so far as they arise from the general 
motions of the atmosphere, must be regarded as parts of the same sys- 
tem, and they can, therefore, be more conveniently treated in the same 
connection. 

In a merely descriptive treatise of the winds and of atmospheric 
pressure with their variations, and of evaporation and precipitation, of 
course each of these can be treated separately, but where an explana- 
tion of these and of their relations to one another is attempted, any one 
is so dependent upon all the rest that it is not possible to treat them 

separately. 

II. — The Fundamental, Equations. 

Mr^f, in case of no rotation of the earth on its axis. 

142. Let 

U, V, X=Eectilinear co-ordinates in the directions respectively of 

south, east, and towards the zenith; 

u, V, a;=the corresponding velocities of relative motion in these 

directions respectively; 

F^, F„, #^=the forces in these directions respectively required to 

overcome the frictional resistances to each unit of 

mass; 

2)= the pressure of the atmosphere on a unit of surface ; 

p=its density. 
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We then have the well-kuowu equations of absolute motion upon the 
earth at rest and with the co-ordinates U, V, and X fixed in space, 

(1) #._^4.F __#__^,p ^l.=^4-F +0 

pdU^dt'^ " pdV~dt^ " pdX dt^ "^ ■' 

in which dp in the several equations are the partial diiferentials with 
respect to U, V, and X respectively. The value of g, as here used, is 
to be taken without regard to signs in the direction of X. 

The last of these equations is obtained by taking the differential of 
(5), § 8, with regard to m. This gives 



dp=dm{g-^-f"^ 



But from (10), § 9, we get for unit of mass by putting a=l, dm=pdh. 
With this we get 

^-n-^—f 
pdh " dt ■' 

Changing h to X, u to x, and/ to F^ to correspond with the notation 
above, and making g negative, since it is in a direction here contrary 
to the direction of motion X, we get (I3). 

From a similar expression of p arising from forces acting in the di- 
rections of ZJand y, we get the first two of (1) above. Since there is 
no component gravity in these directions, g vanishes in these equations. 

The friction terms in these equations express the forces required to 
overcome resistances of all kinds to the motions of a unit of mass. 
The whole resistance to the horizontal motions for the stratum of air 
next to the earth's surface may be regarded as a function of the velocity 
relative to the earth's surface, and as acting in a direction contrary to 
that of motion. For strata above the earth's surface, it depends rather 
upon the differences of the relative velocities of contiguous strata. If 
the relative velocity of any stratum with regard to the strata immedi- 
ately above and below are the same, then the stratum is acted upon by 
the one above it in one direction just as much as it is in the contrary 
direction by the stratum, and the stratum then cannot be said to sufl'er 
any resistance to its motion, and no part of the forces acting upon the 
stratum is required to overcome resistance to its motion. But if the 
relative velocities are such that the stratum is acted upon by the con- 
tiguous strata more in one direction than the other, then the stratum 
suffers resistance by the amount of the difference. 

From (39) and (42'), chap. 1, we get as an approximate expression of 
the density in the case in which the atmosphere has an average amount 
of aqueous vapor in it, 
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Prom (15), §12, we likewise get, for a unit of surface, or ff=l, 

dp=J,GdP 

With these two expressions (1) becomes in terms of the barometric 
pressure P. 

dlogP du j^ dlogP d-v dlogP dx 

in which 



W 



'P„(l + .004r ) ~gl{l + .004t) 



since by (11), §10, for the standard pressures jJo and corresponding den- 
sity p'„, in which case h becomes I, we have 

(4') ^=Gnl=gl 

P o 

the last form of the expression being equal to the preceding by (7), §9. 
Since it is the logarithms of the pressure which comes into the ex- 
pressions of (3), it makes no difference what kind of measure of the 
pressures is used, so that it may be either barometric or otherwise. 

143. In the case of the earth's turning on its axis the directions of the 
CO ordinates, TJ, V, and X, are not fixed in space, and the velocities u, v, 
and X become relative velocities with regard to these movable co-ordi- 
nates and the earth's surface, and are not absolute velocities. In this 
case there are certain terms arising from the earth's rotation which 
must be added to the first members above in order to make them appli- 
cable in the case of an atmosphere upon, the earth with a rotation upon 
its axis. 

Where there is a component of motion east or west, this motion, com- 
bined with that of the earth's rotation, gives rise to what is called a 
centrifugal force* in a direction perpendicular to the earth's axis, which, 
being resolved in the directions X and U, give rise to a term in each of 
these directions which depends upon the earth's rotation, and which 
would vanish if the earth were at rest. Let 
r=the meau radius of the earth; 
^=angular distance from the north pole; 
9j=angular distance in longitude east; 
w=the gyratory velocity of rotation at unit distance; 
7'= the gyratory or elative velocity east; 
p=t-he perpendicular to the earth's axis. 

* It must not be understood that this force, so called, is a real force as defined in $7, 
in which the velocity generated is in some given direction. The tendency of centrifu- 
gal force, where it is not restrained, is to increase the distance from the center, and 
wheu it is restr^bined from moving from the center, to cause pressure in the varying 
direction of the radius. This tendency arises simply from the inertia of the body by 
which it i-es;sis a change of direction. 
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We shall then have, neglecitng quantities of the order of the earth's 
eccentricity, 

(5) p=»- sin 6 



^ p r sin 



The centrifugal force for a unit of mass in the direction of p is 
p (m+ vY, since (to+ y) is the whole gyratory velocity eastward at unit 
distance, due to both the earth's rotation, of which the gyratory velocity 
is TO, and the relative velocity, v, of the air. This force being resolved 



ligj. 




in the direction of r and of the tangent at a toward the equator IS, Fig. 1 , 
perpendicular to r and parallel with the earth's surface, we get for the 
former, 

(6) p[n+yY sin d—pn^ sin B^{^n-\-v)v sin B\ 
and for the latter, 

(7) p[n-^vY cos 0=pm,^ cos 9-\-{2n+v)v cos 6. 

The first terms of the second forms of expression are independent of 
the relative velocity -y, and consequently have nothing to do with the 
motions of the atmosphere relative to the earth's surface. The first of 
these, rn' sin 6, which becomes r-n? at the equator, expresses the effect 
of the. earth's rotation upon the earth's attraction, and being in the 
contrary direction — that is, from instead of toward the earth's center — 
diminishes a little the force of gravity toward the center. This, at the 
equator, amounts to ^^th of the whole. The second of these, pn^ cos 6, 
in the direction of the tangent toward the equator, simply changes a 
little the direction of gravity arising from the earth's attraction alone. 
The resultant of the two is the whole force of gravity, usually denoted 

by </• 

It is upon these forces that the elliptical figure of the earth depends, 
and it is the latter which would keep a body placed upon the elliptical 
surface, supposed to be entirely smooth and without friction, from 
sliding toward the pole. These forces, therefore, do not tend to produce 
any relative motions of the atmosphere upon the earth's surface, and 
consequently do not come into the equations of such motions. 
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I'he last term of the second member of (6) depends upon the eastward 
velocity v, and also tends to diminish gravity a little when v is positive, 
and the contrary when negative; but it is readily perceived that this 
term, with any ordinary value of ■», is very small in comparison with 
the other, which, even at the equator, is a small part of gravity. In 
order to have them equal it would be necessary that v should satisfy 
the following conditions: 

w''=(2w+r)-=(2m+r)*' 

which requires that v=Q.4m very nearly, and hence that the eastward 
relative angular velocity should be 0.4 of that of the earth's rotation. 
The last term, therefore, in (6), for any ordinary values of v, does not 
have any sensible effect upon gravity, and consequently may be ne- 
glected. But the last term in (7), though of the same order as the 
other, is an important term, since, being a horizontal force in the direc- 
tion of the meridian, it must be added to the first member of (3i), which 
expresses force in that direction, and although small in comparison with 
g in (83), yet it may be large in comparison with any force depending 
upon a gradient of pressure, or it may be sufficient to cause a consid- 
erable gradient of that sort. 

Where there is a component of motion in the direction of the meridian, 
caused by any force acting in the plane of the meridian, tbere also arises 
a deflecting force in a direction at right angles to the meridian depend- 
ing upon the earth's rotation. Since the force in this case, or at least a 
component of it, is either a centripetal or a centrifugal force with ref- 
erence to the earth's axis, this deflecting force is deduced from the well- 
known principle of the preservation of areas in such cases. This prin- 
ciple, in this case, is expressed by 

(8) p^ (TO+y)=r^sin^ ^(w4-y)=e 

in which c is a constant depending upon the initial velocity v' at any 
polar distance 6', or distance p' from the axis of the earth's rotation. 
Differentiating and dividing by r sin 6 dt, we get 

2 cos 6 {n+v) r-^. +rsin -^. =0 

From the differentiations of (Sj) regarding v and 6 as variables, we get 

sin 8 dv—v cos 0dd 



dv=t 



r sin^ 6 



We also have 



dO V cos 6 



By means of these last three equations the preceding one gives 

-cos d(2n+v)u==^ 
^ dt 

as a force depending upon the earth's rotation and the component of 
relative velocity m, acting in the direction of Fand tending to accelerate 
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the velocity v in that direction. Since the first member of (Sj) is a force 
in the same direction depending upon the gradient of pressure, this 
term must be added to this first member in order to have the equation 
expressing the condition to be satisfied, when the earth has a rotation 
on its axis. 

With the terms {2n+n)v cos d and— cos 6 {2n+v)u added to the first 
members of the first two equations of (3), we get for the equations of 
the motions in the case in which the earth has a rotation on its axis, 

-i^= -cos e (2n+ r) v+^+F^ 
adU at 

_dlogP_ ,dx -p 
'~^dX •'^dt^ " 

in which Napierian logarithms must be understood. By putting the 
first members of these equations equal 0, they become the equations of a 
projectile. In this case /^„, jP„, and F^ are the resistances to the motions 
iu tlie several directions of TJ, F, and X by the air, and the amount of 
tiieir resistances is equal to the momentum communicated to the air 
through which the body passes. In a vacuum of course these terms 
viiuish. 

The last one of (3), we have seen, is not sensibly affected by the earth's 
rotation. 

The preceding method of obtaining the fundamental equations will 
perhaps be more readily understood by most readers, and has therefore 
been adopted here for the sake of greater simplicity, but a more elegant 
method will be found in Professional Papers of the Signal Service, IS'o. 
VllI, and also in Meteorological Eesearches, Part I. 

Besides these equations there is also another condition which must 
be satisfied, called tlie condition of continuity, by which is meant that 
in the motions of the atmosphere, just the same volume of air must flow 
out of any given space as flows into it, and vice versa, so that no two 
volumes shall occupy the same space, and no i^art of the space is left 
unoccupied. 

The preceding conditions must be satisfied by the motions of the atmos- 
phere in any case. In the case in which a or t in (4) does not vary in 
latitude or longitude, it is readily seen that all the conditions are sat- 
isfied by a state of rest. For we then have all the terms of the second 
members of the first two of (9) vanish and these equations are satisfied 
with P=a constant, and this constant is determined by the last of (9) 
with a;=0, even where a, or t in (4), varies with change of altitude. In 
some cases, however, this state of rest may be an unstable equilibrium. 
Without motion of course the condition of continuity is satisfied. 
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In the general motions of the atmosphere the ascending and descend- 
ing currents are so extremely slow that the forces required to overcome 
the inertia of the air in the case of accelerated velocities, expressed by 
Bfis, and likewise the friction, expressed by Fx, are insensible and may 
be neglected. We therefore get from (93) for the vertical pressure, if we 
use h for Xand suppose a to be independent of X, which by (4) requires 
T to be the same at all altitudes, 

(10) \og^=ag{h-h') 

in which I" is the value of P where h becomes li'. Where a varies with 
/t, this expression will be very nearly correct by using a mean value of 
a, that is, a mean temperature in (4). As both P and P' may vary with 
U and F, and likewise a by (4) where r is different in different latitudes 
and longitudes, if we now regard P' as the value of P at the earth's 
surface where fe=0, we get by taking the partial differentials with re- 
gard to IT" and V, 

d log P' d log P_,,/ d log a 

adU "~MU -^ '' dW 
d log P' d log P d log a 

adV SiT~=^''' 'TdV~ 

Subtracting these from the first two of (9) respectively, we get 

d log P' „ ,„ , du „ ^ d log a 

-^^fjr = -cos^(2n+.).+^^ + P„-^/. ^^ 

^ ' d log P' , ,„ , d^ r, I. -^ log « 

These are the two equations of the horizontal motions, or components 
of motion, of the atmosphere, applicable where the vertical motions are 
so small that they may be neglected. 

144. In the case of the general motions of the atmosphere, as defined 
in §141, a, by (4), becomes independent of longitude, and consequently 
of V. In this case, therefore, the last term of (II2) vanishes and the 
equation then can be satisfied with dP=0. If the initial state is such 
that there is a gradient of pressure in the direction of V, this must soon 
disappear in the case of friction, since it could only tend to produce mo- 
tion which would soon be destroyed by it. The first term of (II2) then 
also vanishes. 

The normal temperature of the earth at any time may be expressed 
in a function of the form : 

(12) r—2A, cos sd, 

in which Ao=8.5° is the mean annual temperature on the parallel of 45°, 
and in the case of the mean annual temperature of the year, ^2=— 21° 
nearly, but A, is so small that it may be neglected. At special seasons 
of the year, however, the value of Ai may be large. 
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From (12) we get, since dU= rd0, 



dr dr 
and from (4) 



dJJ-rde-~r^^-^' ®™ ' 



d log a da _ .004 dr 
dU ~'aWO 1+.004T dU 

This, by means of the preceding, becomes , 

/io\ ^ log a .004 ^ . . a 

(^^) -^^= r(l+.004r ) ^'^' «™ *^ 

With this in. the last term of (lli), and putting the first member, and 
the last term of (II2) equal 0, we get for the equations of the horizontal 
motions in the case of the general motions of the atmosphere, 

(13) dv 
0= cos d {2yi+v) M+ -j^+F, 

To determine the motions of the atmosphere which satisfy these 
equations, and at the same time the condition of continuity, is a problem 
which cannot be completely solved, both on account of its complexity 
and also on account of the uncertainty in the laws and constants of 
friction "in the motions of the atmosphere. All that can be done in the 
more general cases is to determine the general tendency of the tempera- 
ture disturbances of static equilibrium and the approximate system of 
motions satisfying the condibions, leaving quantitative results, especially 
where they depend upon friction, to be determined from observation. 
If the x)roblem could be comxjletely solved for the most general case the 
proper order would, be to take this at the start and to deduce the results 
for the special cases by way of corollary from the more general. As it 
is, it will be best to take the most simple cases first, since the results 
obtained from these will aid us in solving, so far as possible, the more 
general and complex ones. 

III. — Motions and Pressure in Case of no Friction. 

Deflecting force due to the eartWs rotation. 

145. The most simple case under this head is that of a body free to 
move in any horizontal direction without friction upon the earth's 
elliptical surface, supposed to be entirely smooth. In this case the 
terms in (13), depending upon pressure, friction, and temperature dis- 
appear, and we have left 

(14) (i=-cosd{2n-\-v)v+~ 0=cos(9(2»i+y)M+^ 

If we confine ourselves to the case in which the relative velocities are 
BO small that they can be neglected in comparison with the absolute 
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motions depending upon the earth's rotation, then v can be neglected 
and they become 

(15) -^ = 2to« COS^ ~TJ=— 2WMC08^ 

By (1), § 7, the first members of these equations express forces for 
unit of mass in the directions of v and u respectively, and they are con- 
sequently the deflecting forces due to the second members, which depend 
upon the earth's rotary velocity %. If we now put 

F =the resultant of these forces; 

s =the resultant velocities of m and v; 

cp =the angle between the directions of s and w; 

93'=the angle between direction of resultant force F and of u 
we shall have by means of (14) 



(16) V y V / 



dv du —u —cos 03 sin(<B— 90°) ^ , „.„, 

tan m'= Ti'. 37= = ■ ^ = r- — n7^=tan (<b— 90°) 

^ dt dt V sin 9? cos(9>— 90°) ^^ ' 

Hence (p'—(p= — 90°, and consequently the resultant of the deflecting 
forces is at right angles to the right of the direction of s, the resultant 
velocity of motion. In the southern fig. 2. 

hemisphere the value of cos 6 is nega- 
tive, and making v, instead of u, neg- / 
ative In the expression of tan (f/, we get /^ 
cp' — 9>=90°, and consequently the di- /^ 
rection of the resultant force is then to 
the left of the direction of resultant 
motion. Of course, the forces in (15) 
vanish where there are no initial veloci- 
ties M and V. Hence, whenever a iody moves in any direction on the earth's 
surface, there is a forced* arising from the eartWs rotation which tends to de- 
flect it to the right in the northern hemisphere and the contrary in the 
southern. 

At the equator, where cos (9=0, this deflecting force, by (16,) vanishes. 

This force, divided by gravity, gives us the tangent of the angle by 
which a plumb-line would change its direction in consequence of such a 
force and consequently the gradient, which is caused in the surface of a 
liquid in motion in consequence of this force. This tangent is expressed 

by 

F 2n o 

l-\n\ — = — SCOSP 

^^'1 9 9 

The value of 9 must be expressed in the same measures as s. With 
the data in Appendix, Table XIV, we get 

ngN —=0.00001487, if s is expressed iu meters per second, 

=0.00000665, if s is expressed in miles per hour, 
=0.00000454, if s is expressed in feet per second. 



*This force is of tlio same nature as centpfugiil force and is) not 9, reiij force., 
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Also F:g is the ratio between the lateral pressure and the weight of a 
body constrained to move in a straight line in any direction on the 
earth's surface. 

Id the case of the atmosphere it is the gradient in angle of a stratum 
of equal pressure, or, in other words, it is the ratio between the hori- 
zontal distance at right angles to the direction of motion, and the per- 
pendicular ascent of the incline. 

Motion of a free body on the eartWs surface. 

146. By (16) a body moving in any direction is being continually de- 
flected to the right or the left, according to hemisphere, with a force 
which is proportional to the velocity s. Tlie radius of curvature of its 
path must be such that the centrifugal force is equal to the deflecting 
force. Putting 

P— the radius of curvature, 
m= the angular velocity of this radius; 

the centrifugal force for unit mass is cprn^, and we therefore have 

pm^^2ns cos d pm=s 

These give 

(19) m=2n cos 6 P=W^0 

Where p is so small that 6 may be regarded as a constant for all 
parts of the path described, it becomes sensibly a constant and the 
body may be regarded as moving in the circumference of a circle. 
Putting then r for the period of revolution, we get 

27t 2n 1 day , , 

(20) r =- =2^r^5^=2-S5^=* *i^y X «*^« ^ 

Hence the period of revolution is independent of the initial velocity s 
with which the body is started. 

If in (14) we iiut v= —2m, that is, give the body ^i westward relative 
velocity equal to twice the velocity of rotation, we get 7),«=0, and 
with the initial velocity westward we have m=0, and hence, by (14,) 
J),v=Oj that is, uniform velocity v. With such an initial velocity, 
therefore, the body would move around with uniform velocity on the 
same parallel of latitude and perform a revolution in a half day. 

Uxamples. 

1. If a river in the northern hemisphere on the parallel of 45° flows 
in any direction at the rate of 4 miles per hour, and is 1 mile in width, 
how much higher does the water stand at the right-hand than at the 
left-hand bank? 
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One mile is 63,300 iaelies, and cos 150 = . 707. Hence, (17) and (18), 

F 

63360- =0.00000065 x4x. 707x63360=^1.2 inches. , 

2. If a railroad train on the parallel of 45° runs at the rate of 40 
miles per hour, what would be the lateral pressure per ton of the 
weight of the train on the side of the rails if both were on the same 
level? 

In this example we get F: (7=0.000188. Hence the lateral pressure 
is about 0.38 of a pound per ton of 2,000 pounds. 

3. If the atmosphere moves at the rate of 30 miles per hour, what is 
the ascent of the gradient of equal pressure in the distance of one 
degree of a great circle ? 

4. If a free body without friction were to receive a velocity in any 
direction of 20 feet per second, on the parallel of 40°, what would be 
the radius of curvature, and also the period of revolution, approxi- 
mately in the circumference of a circle ? 

From (lOz) and (20) we get in this example 

20 
P"^ 2x, 00007292 cos 50o =-^3345 feet=40.4 miles 

5. In example 1, what radius of a curvature must the river have so 
that the centrifugal force will exactly counteract the deflecting force of 
the earth's rotation and leave the surface level ? 

Motion and pressure of atmosphere in case of no temperature disturbance. 

147. If a particle of air or any body were moved toward or from the 
pole by any force acting in the plane of the meridian, and there were 
no friction to impede its motion east or west, we should have in (I32) 
F„=0, and the equation would then give by integration equation (8) 
from which it was deduced by differentiation. This equation shows 
that the gyratory easterly velocity (n+v), is inversely as p^ and the 
first member of that equation expresses the double area described in a 
unit of time by the projection of the radius p on a, plane perpendicular 
to the axis of rotation, the necessary equality of these areas, where 
there is no force or component of force acting perpendicularly to the 
plane oi' the meridian, being the principle from which this equation 
was deduced. The relations, then, between the absolute angular 
velocity eastward, (n+v), and the radius vector p, are precisely the 
same as in the case of the heavenly bodies moving around the sun. 
As these approach or recede from the sun the angular velocities are 
increased or decreased, and if, as in the case of the comets, they ap- 
proach very near the sun, the angular velocities bepome enofII|o^s. Sq 
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in the case of a body oa the earth's surface, forced to move nearer to, 
or recede further from, the pole or axis of rotation by forces having no 
component perpendicular to the plane of the meridian, if the body is 
moved toward the pole and p becomes small, the value of {n-\-v) be- 
comes very large, and as it recedes toward the equator it becomes 
smaller but cannot vanish and change sign since the area described 
in a unit of time must remain constant. 

The value of the constant c in (8) depends upon the initial state of 
the body before motion toward or from the pole takes place. If this is 
a state of rest and the body starts from the polar distance O,,, then we 
get from (8) 

c=r% sin'' ^o 

With this value of c (8) gives, since rv sin d=v, 

(21) v^Q^-.u.eyn 

It is seen from this expression that v, and consequently v=v : r sin ^, 
depend upon the polar distance 6^ of the body before starting. It has 
usually been assumed in explanations of the east and west components 
of the atmosphere given in text-books that p{n+v), the absolute east- 
erly velocity, is a constant for all latitudes, and hence if it has a 
velocity of 1,000 miles per hour at the equator, it must have the same 
on any other parallel, however near the pole; and hence the relative 
easterly velocity v, as the body approaches the pole, approximates to 
that velocity but cannot exceed it, whereas, by (21), it becomes enor- 
mously great near the pole and approximates to infinity as the body 
approaches the pole. 

148. If the initial state of the whole atmosphere were either that of 
rest or motion and an interchanging motion of the particles between 
the equatorial and polar regions should be caused by'any forces acting 
in the planes of the meridians only, each particle would have an initial 
absolute linear velocity depending on the initial relative velocity and 
the latitude of the place before the interchanging motion commenced, 
and hence the value of the constant c in (8) would be different for dif- 
ferent particles. If we now suppose that the different strata of air have 
a mutual action upon one another through friction, but that there is no 
friction between the atmosphere and the earth's surface, all the par- 
ticles, whatever may have been their initial state or starting point, will 
be brought to have the same relative easterly velocity at all altitudes 
on the same parallel of latitude, and we must in this case have the sum 
of the projected areas for all the particles of the whole atmosphere 
equal to the sum of the initial areas before the interchanging motions 
commenced, since the equality of those areas cannot be affected by the 
mutual actions of the particles upon one another. The value of c in (8) 
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will tLen be the same for all the particles of the atiiiospliere, and put- 
ting C for this common value, we shall have, by putting m for the mass, 

(22) ^_ ,/o<?OT _ /r' siu' e(n+ y')dm _^^,^^_^^^„^ 

in which c is the initial value for each particle, and in which 

/•sin^ 61 J'' 
m 

v' being the initial value of v for each particle before the interchanging 
motion between the equatorial and polar regions commenced. 

If we suppose v'=0 for each particle, that is, that the initial state 
was that of rest relative to the earth's surface, then v" in (22) vanishes 
and we have 

With this value of C, which is now the common value of c for all the 
particles, (8) gives in case the initial state of the atmosphere was that 
of rest relative to the earth's surface. 



(23) v=rv sin ^=( 3 g^^ q — si"! '^ V» 



If iu this equation we put v^Q, we get 

(24) sin 0=^\ 

to which corresponds ^=54° 44' for the polar distance, or 35° 16' for 
the latitude, at which v vanishes and changes sign. Between this 
parallel and the pole it is positive, but between it and the equator, neg- 
ative. 

149. From (9) wo get, in case of no friction, by putting for u and v 
and DtU and D{o their equals D,Cr and Z>,Faud D^U &nA. BfY 

cos^(2.+ .)f.F+gcZF 

in which it must be remembered that the differentials in the first mem- 
bers are the partial diflerentials with regard to U, F.and X, respectively. 
Now wc can write 

^dJIfori^dV, udu for ^-? dU,axid vdv for ^d V 
dt dt dt at 

With the first of these changes the two terms depending upon (2n + r) 
become identical with contrary signs, and hence disappear from the 
sum of the three equations. With the other changes in the equations 
10048 sia, PT 2 13 



d log r_ 


a 


d log P_ 


a 


d log P_ 
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we get, in common logarithms, by integrating from Po and regarding a 
as constant, 

(25) (log Po-log P)=jra(Xo-X)+i«(«2_So») 

J„-X ^ s'-sl 



~1«401(1+004t)^360940(1+.004i) 
in which 

(26) s'^=m2+«2+«2 

«o being the value of s when u, v, and x become respectively Mo, Vq, and Xd. 

The last form of the second member of (25) is obtained by means of 
(4) and Appendix, Table XIV. 

As the preceding integrations have been made upon the hypothesis 
that a is constant, we must suppose that t in (4) is a constant, or sen- 
sibly so. In order to take into account the variation of a, which by (4) 
is a function of r, it would be necessary to have t, and thus a, expressed 
in a function of X, U, and V. There would thus be terms introduced 
into the partial differential equations depending upon the variation of 
temperature, the integration of which would give the effect of the 
temperature variation in different parts of the atmosphere. These, 
however, would be very small in this case in comparison with the other 
terms depending upon the earth's rotation. 

Where the initial and final point of integration are both in the same 
horizontal stratum, the first term of the second member of (25) van- 
ishes, and we get 



(27) (log Po-log P)=ia{s'-s 



"360940(1 +.004r) 

Where the interchanging motion between the ' equatorial and polar 
regions is infinitely small u and x in (26) vanish, and we then have 

(27') (log Po-log P)=|a-(.^-.o')= 36o94r+:o04 r) 

If we suppose the initial point of integration to be on the equator, 

where sin 6=1, and where, consequently, by (23) Vo=—i'rn, by using 

this value and the general value of v in (23), the preceding equation 
becomes by (4) and Appendix, Table XIV, 

(28) (log Po-log P)=^- (9-^.+^-"^ ^-S) 

Differentiating this equation, and putting the differential of the first 
member equal 0, we get 

sin^ ^=0 

where the pressure is a maximum, the same as (24), and hence this 
maximum occurs where v vanishes and changes sign as the body or 
particle passes from the equatorial to the polar regions or the reverse, 
and which, we have seen, is on the parallel of 35° 16'. This, however, 
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must be understood to be only in the case where the initial state of the 
atmosphere is that of rest, since the value of v here used, (23), is the 
value obtained upon that hypothesis. 

Since sin 6 becomes very small near, and, vanishes at, the pole, —log P 
in (28) becomes very great near the pole and consequently P very small 
and vanishes at the pole where sin 6^=0. Hence, in this case of no 
friction between the atmosphere and the earth's surface, any stratum of 
equal pressure, however rare it may be, and however high it may be in 
the equatorial and middle latitudes, must be brought down to the 
earth's surface near the poles. Such strata, therefore, have a bulging 
up with maximum height on the parallel of J'Yy.S. 

35° 16', a considerable depression at the 
equator, and a great depression in the polar 
regions, the higher strata coming to the sur- 
face very near the poles, but lower strata 
at intervening latitudes between this and the 
parallel of the maximum, as represented in 
Fig. 3. This is shown by computation by 
means of (28) with any assumed value of Po 
at the equator and of P, however small. 
The value of 9 obtained with these assumed 
values is the polar distance where the press- 1' 
ure is equal P. j°L 

Where the initial and final point of integration are both in the same 
stratum of equal pressure, we have Po=P, and the first member of (25) 
vanishes. We then have 

(29) s^—So'=2g{X-Xo} 

which is the expression for the velocity of a body falling from X to Xo 
where the initial velocity is Sq- In the case of an infinitely small inter- 
changing motion between the equatorial and polar regions, since Mq and 
Xo then vanish, this becomes 

(30) v''-Vo^=2g{X-Xo) 

On the parallel of 35° 16' we have '»o=0, and hence 

(31) v= V2^(X-XV) 

The value ofv for the point b on the earth's surface in the stratum of 
equal pressure cab, Fig. 3, is the same as the velocity acquired by a 
body in falling perpendicularly from a to e. Liliewise the value of v 
at the equator, where the negative value must be used, is the velocity 
acquired by a body in falling from a to e' on the same level as c at the 
equator. 

By whatever path a body comes from a higher to a lower level, pro- 
vided the path does not form angles in changing its course, the velocity 
is the same at the lower level. The pressure of the sides of the channel 
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being alway at right angles to tho direction, it neither accelerates nor 
retards the velocity. Tiie same is tho case with the deflecting forces of 
the earth's rotation. They have no effect upon the final velocity at the 
lower level, but a very great one upon the final direction ; and unless 
the initial values of u and x in (26), that is, % and Vo, are very great, 
the final direction becomes nearly east or west. 

In the preceding results the motions are due to an inilial impulse 
giving the initial velocities Mq, t'oi and Xo, and not to any constant tem- 
perature disturbance, since a, which is the only quantity depending 
upon the temperature, has been treated as a constant. 

Examples. 

1. If a body at rest at the equator is moved without friction toward 
the pole, by a force acting only in the plane of the meridian, what is its 
relative eastward velocity at the parallel of 00°? [6=30°), (23), (Appen- 
dix, Table XIV,) (sin (9„=1). 

2. What, in meters per hour, on a parallel of 75°? 

3. If the body at rest on the parallel of 60° is moved without friction 
to the equator, what is its westerly velocity there? 

4. With the value of Po=0.76™ at the equator, and r=0, what by (28) 
would be the maximum pressure on the parallel of 35° 16' ? 

0. What, on the parallel of 70°, with r=20o'? .(28) 

6. At what polar distance ff would the stratum of e qual pressure of 
P=0.2" touch the earth's surface, the value of Po at the equator being 
0.76"? 

7. What is the maximum height of a stratum of equal pressure at a, 
Fig. 3, which comes to the earth's surface at the polar distance ^=20° 1 
(23), (31), (Xo=0.) 

8. What is the height at the equator ? 

Special solution in xiase of temper ature disturbance. 

1.50. Another solution of (13) in the case of no friction, but taking 
into account difference of temperature between, the equator and poles, 
can be obtained by putting u=0, and D=a con staut, in which case there 
is no interchanging motion between the equator and the poles; and 
this is a very important solution, inasmuch as it is approximately the 
real solutioa in the case of nature in which friction comes in. Putting 
M=0 and v=a constant (132) is satisfied in the case of no friction, and 
D,u and F^ vanish and (13i) becomes 

Putting v' for the value of v where h=0, we get, since the first member 
is constant with regard to altitude, 

d loiT P' 
(32) -^-j^=co8 0'(2n+v)v' 



EEPORT OF THE CHIEF SIGNAL OFFICER. 197 

From these two equations we get 

„ ,_ .004 gh 2 8 A. sin Se 

(66) v—v r(i+.004T)cosJ>(2n+y) 

In these expressions, as in (13), a and r are supposed to bo constant 
for the different strata, and where not, it is seen that this expression 
varies very little with a small change in the value of r, and with the 
value of r for either of the strata corresponding to h, or better with the 
mean of all, this expression becomes sensibly correct. Since v is very 
small, also, in comparison with 2n, it can be either entirely neglected, 
or the mean value of all the strata can be used, and in either case the 
error will be of no importance. 

In the case of the mean temperature of the earth Ai in (31) vanishes, 
or very nearly, §145, and we then have very nearly, using only the sec- 
ond term in (12), 

,_ .016 gh A, sin 9 

(64:) ^~"-~r(2M+y) (l+.004r) 

Since A2 (12) is negative where the temperature increases from the 
pole toward the equator, {v=v,) increases with increase of altitude and 
in proportion to the difference of altitude if we regard the small effects 
of V and r in (34) as being a constant for g,ll altitudes. In the case of 
no friction, v' may have any assumed value according to the initial mo- 
tions given to the atmosphere. 

If v'=0, in (32) we get P'=a constant with reference to U'or the polar 
distance, and the pressure is the same for all latitudes between the 
equator and the pole. 

151. From (62) and (34), neglecting v in comparison with 2n in the 
latter, we get, in case of the mean annual temperature of the earth, 
putting y'- for the value of r at the surface, 

/ /_ .016 ghA2 

(3^) *' "" -~2 rH (1+.004 t) 

Hence the angular relative easterly velocity increases from the earth's 
surface in proportion, to the increase of altitude h, and it is the 
same from the equator to the pole except so far as it is slightly affected 
by a variation of r with change of latitude. The rate of increase at all 
latitudes is also in proportion to the temperature coefficient A^, that is, 
the difference of temperature between the equator and the poles. When 
v'=Q, the ratio between the increase of angular absolute rotation of a 
stratum of equal pressure of the atmosphere at the altitude h to that 
of the earth itself is 

V .008 gMz o „.,- Aj h 

(36) -= —r^n2 {1+.004: r)" -^•^^'i+.004 r' r 

Since A2 is negative this makes the angular absolute velocity of rota- 
tion gradually increase from the surface of the earth, where in this case 
it is supposed to be 0, in proportion to the altitude h. 
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J>>4. 



A popular ex[)lanatioa of this result is that the increasiug teinperar 
ture from the pole to the equator according to the law of the secoud 
inequality of (12), expands the atmosphere upward more at the equator 

U, Fig. 4, than at the pole P, and 
causes the strata of equal pressure to. 
decline from the equator to the pole, 
and the more so the greater the alti- 
tude h. On this account the air tends 
to flow from the equator toward the 
poles in all the strata except the one 
next the earth's surface, where h=0, 
this tendency "being in proportion to 
h. But in order to counteract this 
tendency and have the conditions 
satisfied without any motion from the 
equator towards the poles or the re- 
verse, it is necessary for the strata 
above to have a greater angular abso- 
lute motion of rotation around the earth's axis than the earth's surface 
has, in order that the tangential component of the centrifugal force 
which tends to drive the ai\' from the poles toward the equator may 
be greater above than it is at the earth's surface where it is just suffi- 
cient to sustain the spheroidal figure of the earth and the static 
equilibrium of the lower stratum of the atmosphere when at rest rela- 
tively to the earth's surface. 

152. If in (10) we regard h and h' as being the heights of the strata 
of equal pressure of P and P' respectively, then h and 7i' become func- 
tions of U in the case we are now considering, and we get by differen- 
tiation 

0=d{h-h') + {h-h')d log a 

Prom this and (12') we get, using only the term depending upon A^ 
here. 




d{h-h') _ 
dU 



(A_fe/) '^^og« ^_ •008(/t -7tOA2 sin 2 6 



dU 



r(l-f .004r 



.008J., sin 20 



dd 



or putting for ZJits equal rdd 

d log (h~h')^- - 

*= ^ ' (l-|-.004r) 

The integration of this gives approximately, regarding t as a constant, 

.h-h' MSAo sin2 d 



(37) 



log 



ho-h' 



l+.004r 

in which ho (ab in Fig. 4) is the value of h at the pole. In the case of 
no east or west motion of the atmosphere at the earth's surface, P' by 
(32) becomes a constant for all latitudes. 

Wherever v' is positive — that is, where the motion of the atmosphere 
at the earth's surface is easterly there is by (32) a gradient of pressure in- 
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creasing from the pole toward the equator. If the value of v' is positive 
in the higher latitudes and the contrary in the lower latitudes, then 
there is an ascending gradient from the pole up to where v' vanishes 
and changes sign, but a descending gradient from that latitude to the 
equator. Instead of the strata then being as in Fig. 4, there will be a 
bulging up in T;he middle latitudes of the strata of equal pressure, and 
the greatest pressure will be where v'=0. 

Examples. 

1. If the atmosphere is at rest at the earth's surface j what, must be 
the relative increase of angular velocity of rotation of a stratum at the 
height of 3 miles for the state of mean annual temperature of the globe ? 

A mile being equal to 1609.3™, we get by (36) and Appendix, Table 
XIV, putting r=15o 

y _ 2.317x 1609.3 X 3 x21 _ 1 
n 6367323(l+.004xl5o) 29.5 

Hence the rate of angular rotation must be increased more than ^ part. 

2. What would be the absolute increase on the parallel of 40° at the 
height of 3 miles ? 

3. If at the pole ^=5,280 feet or one mile and the difference of tem- 
perature between the equator and the pole is 40° (^2=— 20°), what is 
the value of {h-K) or ce in Fig. 4? (37), (A'=0) 

IY._MOTIONS AND PbESSUEE IN CASE OP FeICXION. 
For mean annual temperature of the earth. 

153. If the initial relative velocities east or west are not such as to 
satisfy (33), then the disturbing force arising from a difference of tem- 
perature, expressed by the last term of (13i), is not exactly counteracted 
by the deflecting forces, §145, and the residual uncounteracted part 
gives rise to an interchanging motion between the equator and the poles, 
and then u in (132) has a value. For instance, if the initial state of the 
atmosphere were that of rest, we should have v=f), u=0, and d log P'=0, 
and then we should have 

(^®) S^^ " r(l-f.004T) 

In the case of the mean annual temperature of the earth, neglecting 
the variations of the seasons, (38) becomes 

du p .OOSghAj cos 20 

(39) dt^ " r(l+.004r) 

The value of A2, §144, being negative in this case, it is seen that for 
all altitudes h, the tendency of the temperature disturbance is to pro- 
duce an initial.motion in the directions of the poles. The term F^ only 
acquires value after the initial motion. This initial motion of all the 
strata toward the poles only, increases the pressure toward the poles 
and diminishes it toward the equator and gives rise to a pressure gradient 
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below, which causes a counter inotioa in the lower strata, and there is 
a stratum at a certain altitude in which there is no motion between 
the equator and the poles. The velocities in this interchanging motion 
and the altitude of the stratum of no motion mast be such as to satisfy 
the condition of continuity, which requires that just as much air must 
flow from the poles below as flows toward them above. This condition 
is expressed by 

(40) fudm=Q 

for each vertical column of atmosphere, m being put fbr the mass of the 
air in the column. 

If there was no friction and the initial values of v were not such as 
to satisfy (33), then the temperature disturbance would cause a con- 
tinually accelerated interchange of air between the equator and the 
poles, but where there is friction the velocity is accelerated only until 
the Iriction term F^ (39) becomes equal to the disturbing force expressed 
by the last member, after which there is uniform motion, and conse- 
quently DtU of (39) vanishes. 

Without any temperature disturbance the second member of (39) 
vanishes and it becomes 

which indicates that any initial velocity u which the atmosphere may 
have is gradually destroyed by friction, not, however, at a uniform rate, 
since as u diminishes F,, also diminishes. 

After an interchanging motion has once set in, which gives a value 
to M, we then have from (132) 

(42) |^+ jT^^_ pog e{2n+y)u 

Hence the force which overconies the inertia in the case of accelerated 
east or west velocity and the friction, represented by the first two terms 
of this equation, depends upon u and the earth's rotation, and when 
M=0 there is no such force and we have 

<«» %=-".. 

which indicates that any initial velocity v, not sustained by a force, is 
being continually reduced by friction, just as in the case of any initial 
velocity u as indicated by (41). 

Prom (39) it is seen that the force which overcomes inertia and fric- 
tion and gives rise to an interchanging motion between the equator and 
the poles depends upon Aj, which by (12) vanishes when there is uni- 
form temperature between the equator and the poles. Without this 
.temperature disturbance, therefore, we have it=0, and consequently 
the last member of (42) vanishes and it becomes (43). Hence without 
the temperature disturbance we have u=Q by (39), and consequently 
»=0 by (42), and by (41) and (43) if there ever were initial motions de- 
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pending upon any cause these would soon be sensibly destroyed by fric- 
tion. In the case of friction, therefore, and no temperature disturbance 
the conditions can only be satisfied by a state of rest of the atmosphere 
relative to the earth's surface. 

154. If the whole atmos[)here were at rest relative to the earth's sur- 
face aud of uniform temperature we have seen that it would remain at 
rest. But if we now suppose the equatorial regions to have a higher tem- 
perature than the polar and that the law of variation from the pole to the 
equator is such that it is represented by the second inequality of (12), as 
is the case nearly in the mean annual temperature of the globe, this gives 
rise to a disturbing force expressed by the last member of (39) depend- 
ing upou this inequality of temperature. In tiie first initial motion the 
air of all the strata moVes toward the poles until the ' increase of the 
pressure there and the decrease in the equatorial regions gives risQ to a 
pressure gradient and counter current in the strata below toward the 
equator, as has been explained. In this first initial motion of the air of 
the upper strata toward the poles, giving a negative value then to li in 
(42), the last member of this equation becomes positive and gives rise to 
a positive value of v or easterly motion of the atmosphere. Ihe same 
can be inferred from the general principle of the effect of the earth's 
rotation in deflecting bodies from tiheir course, laid down in §145. But 
this easterly velocity in the case of friction must be such that it in 
creases in any latitude with altitude, but not quite so much as to sat- 
isfy (34), since if that were satisfied u in (42) would equal 0, and there 
would be no interchanging motion between the eqtiator and the poles 
and no force to overcome the friction F^ of the easterly motion, for 
(34) has been obtained upon this assumption. 

Whatever may be the value of v', therefore, at the earth's surface the 
value of V for the upper strata must be a little less than would be given 
by (34). If it were equal to that the deflecting force due to the earth's 
rotation would exactly counteract fhe tendency to flow toward the pole 
and u would vanish, and then, by (43), this velocity v would be decreased 
just enough to allow the air to flow toward the pole with a velocity 
suflicient to give a value to the last member of (42) required to overcome 
the friction F„, for after the initial motions v becomes uniform, and I),v 
vanishes. As the friction in the upper strata of the atmosphere must 
be extremely small, the value of u must be very small and the value of 
V cannot exceed that given by (34) or fall short of it much ; and the less 
the friction the less the difference and the less the value of u, and con- 
sequently of the interchanging motion between the equator and the 
poles. 

In the case of no friction one of the solutions is that of § 150, in which 
u vanishes and v' may be equal 0, in which case we have uniform press- 
ure from the pole to the equator at the earth's surface, or v' may have 
any value, since any initial value which it may have is not destroyed by 
frictioii. Where v'—O, the relation between the relative angular voloei- 
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ties of the strata at different altitudes and the absolute angular velocity 
of the earth's rotation is expressed by (36), and the figure which the 
atmosphere assumes is that of Pig. 4. 

155. We have seen, § 148, that in the case of no friction with an inter- 
changing motion between equatorial and polar regions, there is a 
torsional force due to the earth's rotation, which causes a veiy great 
easterly relative velocity of the air in higher latitudes and a large, 
but considerably smaller westerly one in the lower latitudes. The 
effect on atmospheric pressure and the figure which the different strata 
of the atmosphere of equal pressure assume in consequence of the de- 
flectingforces arising from these large easterly and westerly velocities, is 
represented in Fig.3. lulhc case of friction between the atmosphere and 
the earth's surface we of course have the same tendency, but on account 
of the weakness of the deflecting forces the effects are mostly counter- 
acted by friction, so that instead of very large easterly velocities in 
the higher latitudes and westerly ones in the lower latitudes, as in 
the case of no friction, we have in this case only comparatively small 
ones, especially at the earth's surface, and instead of a bringing of the 
higher strata of equal pressure entirely down to the earth's surface near 
the poles and depiessing them considerably at the equator, and caus- 
ing a maximum pressure in the middle latitudes, we have in comparison 
only a very small diminution of pressure at the poles and the equator 
with a maximum about the parallels of 30°. Although friction tends 
to limit these large velocities and the effects depending upon them, yet 
it cannot entirely destroy or prevent them, since there must be some 
velocity before friction comes in play. 

Since each stratum, where velocities increase from the earth's surface 
upward, acts through friction, upon the stratum beneath, and this one 
upon the next below, and so on, if we put 

-P„,=the force required to overcome the friction between the at- 
mosphere and earth's surface; 
»i=the mass of a column of air with unit base; 
we must have by (42) for each unit of surface 

F,,=J'F4m=—/(iosff[2n+v)udm~ fpdm 

in which the integration for the column must be from the earth's sur- 
face to the top of the atmosphere. Since v is so small in comparison 
with 2n chat it may be neglected, the first term of the last member, by 
(40), vanishes, and we have 

jfdm 

In the interchanging motions of the atmo'sphere, the air of the upper 
strata moves from the lower to the higher latitudes, where it very grad- 
ually sinks down to the lower strata, and then it returns to the lower 
latitudes, where it again ascends to the higher strata, thus performing 
a kind of .circuit. Between some middle latitude and the poles the air 
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sinks, but between that and the equator it rises. At this middle lati- 
tude there is no vertical motion down or up. In the higher latitudes 
where the air sinks, since the velocity is greater above than below, D,v 
is negative, since the eastward velocity v gradually diminishes, but in 
the lower latitudes where the air is rising D,v is positive since it is in- 
creasing. Hence in the higher latitudes F^, is positive, and in the lower, 
negative, and consequently there is a force to overcome the friction of 
a certain amount of velocity v', in an easterly direction in the former, 
and a westerly direction in the latter. 

It is seen from (44) that this force arises from the moment of inertia 
acquired by the air in going from the lower to the higher latitudes, and 
vice versa. As the air in the higher latitudes gradually sinks this mo- 
ment is lost, and is spent in overcom'ing the friction in these latitudes. 
In passing in the higher latitudes toward the poles it has at any given 
latitude an eastward velocity ■«, and on returning in the lower strata it 
still has an eastward velocity v', but less than the other. The mo- 
mentum lost by a mass m from the time it passes the given latitude 
toward the pole until it returns to that latitude is m {v—v'), and hence 
this amount has been spent in overcoming the friction in the higher 
latitudes. But the amount of momentum gained in passing around 
toward the equator and back above to that latitude is m{v'—v), which 
is a negative quantity, since by (34) v is greater than v' at all latitudes, 
and consequently this momentum has been spent in overcoming the 
friction of the westerly motion in the lower latitudes. The force, then, 
which overcomes the surface friction F^, (44) depends upon the differ- 
ence between the easterly velocities of the upper and the lower strata, 
and that, by (34), upon the difference of temperature between the equa- 
tor and the poles, which is 2A2. 

156. In the case of no friction, we have seen, § 148, that the relative 
amounts of easterly motion in tl^p higher latitudes and of westerly 
motion in the lower latitudes at the earth's surface depends entirely 
upon the initial motions if the initial state is not that of rest, and in 
case of rest they have been there determined. In the case of friction, 
however, they must be determined, if determined at all, upon a different 
principle, which is, that the sum of the moments of gyration arising from 
the action of the air through friction upon the earth's surface, taken 
over the whole surface must equal 0, else these actions would have a 
tendency to change the velocity of the earth's rotation, which we know 
can only arise from the action of external forces and not through the 
mutual actions of different parts of the system upon one another. Put- 
ting, therefore, a- for the earth's surface, we must have by this i)rinciple, 
since r sin 6 is the distance of the action from the axis, and d<r^=r sin 6 
dSx2Tt, 

(45) fr sin 6 F,. da=27:r' fsiu^ 8 F,, de=0 

the integral of which must be taken over the whole globe, or in the 
second form, from pole to pole. 
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On account of the general complexity of the problem, and the un- 
known relations between F„, and v', we cannot obtain any quantitative 
results, and we can only infer from this result that if there are easterly 
velocities of the atmosphere at the earth's surface in the higher lati- 
tudes, there must also be westerly velocities in the lower latitudes. 
As sin^ 6 is small for the higher latitudes, the value of ^., and conse- 
quently of v', must be large, or else the zone of westerly velocities must 
be narrow and the parallel of latitude where the easterly velocity van- 
ishes and changes sign must be not very far from the equator. Its 
position can only be determined from observation. 

Since the friction at the earth's surface is some fuuction which in- 
creases with the velocity, and probably very nearly in proportion, the 
value of v' must be such that F,, hi (44) shall be exactly equal to the 
second member of that equation, and hence the greater the friction con- 
stant, that is, the amount of friction for unit of velocity, the smaller is 
v'. But the force -F„., we have seen, § 155, is proportional to 2A2, the 
difference of temperature between the equator and the poles, and hence 
v' at the earth's surface depends likewise upon this difi'erence of temper- 
ature as well as upon the friction constant, which varies with the 
nature of the surface. 

The value of «', therefore, depends upon the nature of the surface. 
For a smooth surface, such as that of the ocean or of a smooth level 
plane, it is small for the same velocity v' in comparison with what it is 
for laud surfaces with hills, forests, and mountain ranges. Taking the 
geneial surface of the two hemispheres, it is much greater for the uorth- 
ern than the southern hemisphere, and consequently the average or 
normal easterly velocities in the former are less than in the Litter. 
Hence the great easterly velocity of the wind about the Cape of Good 
Hope. By (33) the greater is v' the greater is v for all altitudes, since 
V differs from v' by the same amount, whatever the value of the latter. 
Hence the value of v generally is much greater in the southern than in 
the northern hemisi^here. 

Whatever the value of v', positive or negative, the value of v, by (33), 
increases with increase of altitude in proportion to /i, and this increase 
i5 always positive, that is, toward the east. In the lower latitudes, 
therefore, where v at and near the earth's surface is negative, in the 
upper strata it becomes positive, so that then there is an easterly mo- 
tion from the pole to the equator, except exactly on the equator, where 
cos ^=0, or where there is no north or south motion, and consequently 
u vanishes, in both of which cases, by (42), there is no force to overcome 
the friction of such a motion. 

157. Having seen that the conditions of the problem can only be satis- 
fied with easterly components of motion of the atmosphere at the earth's 
surface in the higher latitudes, and with motions having westerly com- 
ponents in the lower latitudes, and that these at all latitudes must 
increase positively with increase of altitude, so that above a certain 
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altitude there is an easterly component v at all latitudes, except at and 
very near the equator, where the deflecting forces are not sufficient to 
overcome the friction, it now becomes important to inquire what effect 
these have upon the pressure and pressure gradients of the atmosphere, 
both at the earth's surface and at any given altitude. 
If we put 

s=the Pesultant of the velocities u and v^ Fig. 5; 

t=the angle between s and u, reckoned from v toward the left; 
JP =the force required to overcome the friction in the direction of s ; 
we then have 

(46) v=8C0si F,=F, cost ^=^coai 

at at 

u=-s sin i F^=-F, sin i ^=_^sint 

at at 

The last two of these relations are upon the hypothesis that i remains 
constant with regard to t, which is not strictly correct, but the inertia 
terms are so small that this hypothesis cannot lead to much error. 

From these equations we get 

and from these and (42) we get 
tant= 



'cos 6(2n+v)u cos 0{2n+v)s 
dividing the first form of the expression by u : s=— sin i in order to 
obtain the last form. 

Where the frictional resistances can be regarded as a function of the 
velocity and proportional to the first power of the velocity, as it may 
very nearly at the earth's surface, we can put -P.f=/s, / being an un- 
known friction constant. The preceding equation thus becomes, by 
neglecting D,s in comparison with F, 

(49) tan i= -.-V-; — > 

^ '' cos^(2w+7') 

At the earth's surface where the friction is large, the term I>,s, which 
expresses the inertia of the air in varying velocities, and vanishes when 
the velocity is constant, must be very small, and the inclination i must 
depend almost entirely upon the friction. 
From (9i) we get 

(5a, ^_^=c».,2.+ .,..-(*+F.) 

From (47) we get 

using (42) in obtaining the last form of the expression. 
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By mea,n8 of this iind the expressions of u and v in (46) the preceding 
equation becomes 

(51 ) li2^=cos e(2n+ v)s cos i+cos i9(2n+ v)s sin i tan i 
^ adU 

_s cos d{2n+v)_v cos 6(2n+y) 

- " — , — „ , A 



COS t 



COS'' I 



This expression is in terms of the resultant velocity s and the incli- 
nation i from the parallel of latitude, which, we have seen, depends 
upon the friction and inertia of the air. Where these can be neglected 
we have, by (46), «=■», and the preceding expression is reduced to (9i) if 
we neglect the friction and inertia terms in the second member. Where 
« cos i=v is positive the pressure increases from the poles towards the 
equator, and the reverse where it is negative. 

In Fig. 5 let AB=s represent the resultant velocity of the wind in- 
clined to the component AD=v by the angle BAC=i. In the case of 

friction the in- 
crease of pressure 
from the pole to- 
wards the equator 
depends upon the 
deflecting force 
arising, by (50), 
from the easterly 
component of mo- 
tion V, repre- 
sented by AD in 
Fig. 5, and upon the inertia and friction of the air represented by the 
last two terras in the expression of (50). Since AC=s : cos i in (51) the 
line AC represents the easterly or westerly velocity required to give 
the same value to the first member of (51) in case of no friction and 
inertia, in which case, we have seen, i vanishes and s, AG and AD in 
Fig. 5 become the same. Where there is a component of motion DB 
or —u toward the north pole, we must have a less deflective force toward 
the equator, tha,n in the case of no friction and inertia, so as not wholly 
to counteract the tendency to flow toward the pole which arises from 
the decline in the strata of equal pressure toward the pole, as represented 
in Fig. 4, and to leave a part of this force to overcome the friction to the 
component of motion — u toward the pole. Consequently we must have 
an easterly velocity v=AD, less than AC, and the deflecting force be- 
longing to the part CD is the measure of the force required to overcome 
the friction and inertia of the component of motion DB. 

Where the one component is west or negative, as represented by AD 
to the left, the other, at the earth's surface at least where the friction 
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increases with the velocity, is uecessarily south or i)ositiv'e, aud i then 
becomes greater than 180°. lu this case the pressure gradient is 
negative, that is, the pressure decreases toward the equator. 
158. If we put 

dP SP a 



(52) 



dU~ dTJ~UllUlil 



then Q is the finite variation in millimeters of the pressure P, in the 
direction of Z7, ia the distance of oae degree of the meridian, which is 
111111111 millimeters. Where the pressure is measured in millimeters 
of mercury Q is called the barometno gradient. In this it is supposed 
that the pressure varies with U at the same rate throughout the unit of 
one degree. With this (51) gives, since d log P is equal dP: P, by 
putting for a its value in (4) 

dU gl{l + .004kT) cos i 

Putting P^^O.TeO™ this gives with the value of <;« in Table XIV, 

1077.4 cos g(2w+y) sP 
(^^) ^- cosi(l+.004r) 'Po 

Near sea-level the last factor can generally be put equal unity with- 
out much error. 

Since r is very small in comparisoa with 2», especially near the 
earth's surface, we can generally neglect it without any sensible error, 
and then with the value of r in Table XIV, we get 

.1571 s cos (^ P .1571 V cos d P 
(54) ^-cost(l+.004T)' Po~cos^*(l+-004r)"P„ 

This is the general expression of the barometric gradient as meas- 
ured on the meridian from north to south. In the southern hemisphere 
cos d becomes negative and consequently the sign of the gradient is 
reversed, but is the same if reckoned from the south pole toward the 
equator. Where also the component v is negative, or toward the west, 
the gradient, by (54), is negative in the northeru hemisphere and the 
contrary in the southern. Wherever, therefore, in the northern hemi- 
sphere there is a westerly component of motion at any altitude there 
is a negative gradient and the pressure decreases toward the equator. 

The gradient at any latitude also decreases with decre^ase of P, that 
is, with increase of altitude, for the same velocities of motion s or v, the 
inclination > remaining the same. This arises from the diminution of 
density which is as P where the temperature is the same. For the same 
east or west components of velocity, the decline in the strata of equal 
density. Fig. 4, is the same, and the increase or decrease of gradient 
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depends upon the weight of air between the stratum of equal pressure 
be and the horizontal stratum he, and therefore is the less the greater 
the altitude, since the greater the altitude the less the density. 

Where the gradients instead of the velocities are known, (54) can be 
reversed and the velocities computed from the gradients, if the incli- 
nation i is also known. As this depends mostly upon the uncertain 
element of friction, it cannot be determined generally except by obser- 
vation, and this for the most part only at and near the earth's surface. 
The barometric gradients also are known at the earth's surface only. 
A formula, therefore, for computing air velocities from the observed 
gradients at the earth's surface may be obtained from (54) by putting 
them P: Po=l, as it is very nearly, and we thus get 

f55^ cos t(l+-004 r) g 

'^^^> *- .1571 cos ^ 

Where i is not known, we can put without much error cos i=l, since i 
is not so large, generally, that the cosine differs much from unity. By 
doing this we get AC, Pig. 5, instead of s. 

Near the equator, however, the preceding formulae practically fail. 
On account of the small value of cos 6 in (48) and (49) the value of * 
there becomes large, and consequently, where it is not accurately known 
from observation, the uncertainty in the formulae is very much increased, 
since a small error in the value of i then affects the value of the cosine 
much more than when i is small. And this uncertainty is especially 
great in (55), in which it is magnified by the smallness of cos 6 in the 
denominator. , We cannot, therefore, obtain velocities from the gradients 
by (54) with much accuracy near the equator. 

159. If in (54) we substitute for v its value in (34) at the earth's sur- 
face where h'=0, we get, using the numerical values of the constant in 
Table XIV in the reductions, 

,-„, „ „, .00a01328 Mz sin 26* P 
(50) G= G'- i+^oOi-T • P„ 

In which, assuming P'=P„, 

.1571 S' cos e .1571 V' cos d 



(57) G' = 



cos t(l-f .004 r) cos2 i(l+.004 r) 

Hence, where there is an east component of velocity at the earth's 
surface the gradient is positive, but where there is a west or negative 
component it is negative, and where there is neither an east nor west 
component there is no gradient. In the latter case we have the condi- 
tion of the atmosphere represented in Pig. 4, in which the gradicut 
above the earth's surface depends upon the unequal raising of the strata 
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of equal pressure by the greater temperature expansion in the equa- 
torial than in the polar regions. 

In using the expression of (34) above it is assumed that in the upper 
strata the value of i is so small that v is the same as it would be in the 
ease of no friction, or, that AD=AO in Pig. 5. This is evidently so 
nearly so at only a small altitude, that it can be so assumed without any 
sensible error. 

In (54) the value of P for any given altitude h, can be obtained with 
suflQcient accuracy from the table of § 27. 

We have seen, § 155, that in consequence of the interchanging mo- 
tion of the atmosphere between the equatorial and polar regions of the 
earth there is necessarily an easterly component of motion at the earth's 
surface in the higher latitudes and the contrary in the lower latitudes. 
Hence in the northern hemisphere the gradient by (57) is positive in 
the higher latitudes and negative in the lower ones, and greater or less 
in proportion to v' where the volume of i is the same for all velocities, 
as it is by (49) where friction is as the velocity. The gradient, there- 
fore, must be greater in the southern than in the northern hemisphere, 
since ■»', § 156, is greater in the former than in the latter. 

It is seen, (57), that the gradient at the earth's surface depends entirely 
upon the surface velocity s' and corresponding inclination i, and where 
v' vanishes there is no gradient. Whatever the value of v', there is, by 
(34), the same difference between this and the values of v above, so that 
if the value of v' is increased all the easterly components of motion v 
above are increased just as much, and in the lower latitudes where v' 
becomes negative, the values of v above, considered algebraically, are 
just as much less. With the positive values of v' in tlie higher latitudes, 
the values of v at all altitudes are increased just as much above what 
they would be in case of v'=0 and no gradient, and the deflective force, 
§145, arising from this increase of the easterly component of velocity 
tends to drive the air from the poles toward the equator and to produce a 
gradient, and a lowering of pressure at the earth's surface in the polar 
regions. Likewise the deflective force arising from the decrease of 
velocity in the lower latitudes below what it would have in case of no 
east or west component of velocity at the earth's surface and no gradient 
there, being negative, has the contrary effect, and causes a gradient of 
pressure increasing from the equator toward the poles. The easterly 
component of velocity which the atmosphere has at all altitudes and 
latitudes in case of no east or west component at the surface, we have 
seen, has no effect upon the gradients at the surface. 

In the real case of nature, therefore, in which there are necessarily east- 
erly components of motion in the higher, and westerly ones in the lower 
latitudes, we must have a diminution of atmosphere and of pressure in 
the polar regions, an accumulation and increase of pressure in the middle 
latitudes, and again a smaller diminution of atmosphere and of atmos- 
10048 SIG, PT 2 14 
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pheric pressure in the equatorial regions, and the strata of equal pressure 

at and near the earth's surface will have the form somewhat as repre- 

^ sented in Fig. 6, with a maxi- 
mum pressure at e, and not be 
as in Fig. 4 in the hypothetical 
case of §150. There is a slight 
approximation toward the 
results of the case without 
friction, §149, as represented 
in Fig. 3, but instead of the 
very great east and west com- 
ponents of velocity in that 
case, we have in the case of 
nature comparatively very 
small ones, and consequently 
a very small variation of 
pressure in comparison be- 
tween the equator and the 
pole. 
160. From (13i) we get in case of the mean temperature of the earth, 

using only the principle component in the last term, of which the 

characteristic is s=2, 




d log P' 



.m^ghAi sin 26^ 



^ + : 



di 



+K 



cosd(2n+v)adU cos l9(2m+v)r(l + .004T)^ cos e{2n+v) 
The last term depends upon the inertia and friction of the meridional 
motions of the atmosphere, mostly upon the latter, the effect of which 
even at the earth's surface is small, and in the upper regions of the 
atmosphere it is so small that it may be neglected without sensible 
error. 

By means of (52) and (4) and the values of the constants in App. 
Table XIV, we get, l/y neglecting v m comparison with 2n and putting 
.P'=0.76'", as 'we can without sensible error, 

dlogP' _dP' ff/(l-f .004r) 
cos d(2n+ v)aa U~dU'cos 6(2%+ v)£" 
_ G' g?(l -f .004r) 6.37 (?' 



lllllinreos e{2n + v)F'- 
Also, by jjutting sin 2(9=2 sin fl cos 6 , we get 

MSf/hAi sin 20 



cos 6 



= Eh 



cos6'(2w+y))-(l+.004r)" 
in which, neglecting v and using the values of the constants as above, 

.0001690vl2 sin 



(58) 



K= 



l-f.004r 

Hence the preceding expression of v becomes, neglecting the last term, 

6.37(l-f.004T)g^ 
■ 008 6* 



(59) 



-+Kh 
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The value of r in (58) for the earth's surface is given by (12) for any 
polar distance 6, but it can be obtained more conveniently from, the 
Table .... of § 116. A more suitable value, however, would be that of 
the mean temperature of the air column of the altitude h. The effect, 
however, of a small variation in the value of r is so small that we can 
use the surface temperature without any material error. 

The last term in (59) is the same as the second member of (34), and 
at the earth's surface where h=0, (59) is the expression of v', the value 
of -y at the earth's surface where we can neglect the friction and inertia. 
This, however, at and near the earth's surface cannot be neglected ex- 
cept in rough approximate results, but the effect of the friction, we have 
seen, is in causing an inclination of direction, i, from the tangent to 
the isobars, and where this is known from observation, the value of v' 
or of s' belonging to any gradient & at the earth's surface, can be ob- 
tained from (57). But for any altitude a little above the earth's surface, 
and especially for great altitudes, (59) must give the value of v without 
any sensible error except at and near the equator where cos vanishes 
or becomes so small that it may make the eft'ect of any small uncer- 
tainty in the value of G', and also the effect of the neglected friction 
term in the expression of v, which likewise has cos in the denominator, 
very large. We cannot therefore use (59) very near the equator with- 
out incurring the risk of large errors. 

The effect of the neglected friction and inertia term upon the value 
of V, it is seen, is positive where the direction of meridional component 
of motion or u is positive, and hence in the upper strata of the northern 
hemisphere where u is negative, the value of v given by (59) is a very 
little too great, while in the lower strata, and especially in the trade- 
wind zone at the earth's surface, the value of v is too small taken alge- 
braically, and consequently too large regarded negatively where it has a 
negative value. In the middle latitudes, however, near the eartli's sur- 
face, where u is negative, the value of v is less than that given by (59). 
In the southern hemisphere the values of both u and cos 9 change signs, 
and hence we have the same effects there on the same parallels of lati- 
tude upon the value of v. 

By (54) the gradient vanishes, and we consequently have the maxi- 
mum pressure, where v=0. Hence the maximum pressure at e, Fig. 6, at 
the earth's surface is where v' vanishes and changes sign. Since in the 
higher parallels of latitude the value- of v' is necessarily positive and 
in the lower negative, by (57) there is a corresponding change in the 
sign of.G^'. Since the last term in the expression of (59) is always posi- 
tive, the value of A2 in the expression of (58) being negative, where G' 
is positive ■;; cannot vanish and become negative at any altitude, and 
hence there can be no maximum pressure in any horizontal stratum 
above in any latitude where G' is positive. But between e and the 
equator, Fig. 6, where G' is negative, v vanishes at a certain altitude 
(Icpondlng upon the value of G' and of K in (59). The value of G' van- 
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ishes at or very near the equator, and also at e,"and is consequently 
greatest at some intermediate latitude between. The greater the nega- 
tive value of Q' the greater the altitude at which v vanishes and at 
which the pressure is a maximum, and nearer the equator where & is 
less, the altitude at which v vanishes and at which the pressure is a 
maximum is less. If we let the curved line ec, Fig. 6, represent the 
altitude at different latitudes at which v vanishes, this will be the 
highest very nearly where the negative values of O' are the greatest, 
since K in (59) in these latitudes is nearly constant, and it will not be 
so high nearer the equator. At every point of cc, v vanishes and 
changes sign and the pressure is a maximum in going horizontally from 
'the pole toward the equator. Hence at certain altitudes within the 
tropics there maybe two maxima, with a minimum between, this latter 
occurring where G' has its greatest negative value. At all altitudes 
below the curved line ec the value of v is negative. 

161. The normals of latitude for the pressure, and from these the 
normal gradients of latitude, have been approximately obtained from 
observation, just as the normals of temperature and the temperature 
gradients have. These normal pressures reduced to standard gravity, 
and the corresponding gradients deduced from them by means of the 
differences, are given in millimeters for the mean of the year and for 
January and July in the following table for each fifth degree of latitude ■.'^ 



6 
I 


Northern hemisphere. 


Southern hemisphere. 


Annual mean. 


January. 


July. 


Annual mean. 


January. 


July, 


P'. 


(y. 


P'. 


&. 


P'. 


G'. 


P. 


0'. 


P', 


G'. 


P'. 


G', 


o 
80 
75 
70 
05 


760.5 
760.0 
758.6 
758.2 


—0.10 
— 0. M 
+0.01 


763.4 
760.2 
759.0 
75R.8 


—0.15 
—0.09 
+0.07 


700.6 
758.8 
758.2 
757.6 
















—0.23 

0.19 

—0.05 














738.0 
730.7 












—0.65 










00 
55 


758.7 
759.7 


0.15 
0.20 


759.7 
761.0 


0.21 
0.25 


757.7 
758.4 


+0.09 
0.15 


743.4 
748.2 


0.83 
0,97 










748,2 


—0.87 


748,2 


-1,0? 


60 


700.7 


0.18 


762 1 


0.21 


759.3 


0.15 


703.2 


0,91 


752. 7 


0.81 


753,7 


1,01 


45 


761.5 


0.15 


703. 


0.17 


760.0 


0.13 


757.3 


0,73 


756.3 


0.64 


758,3 


0.82 


V) 


762.0 


+0.07 


763.6 


+0.08 


760.4 


+0.06 


700.6 


0,51 


750.1 


0.44 


761,9 


, 0,58 


35 


762.4 


—0.03 


764.1 


—0.03 


760.7 


—0.03 


762.4 


0,30 


700.6 


0. 2:. 


764,2 


0,35 


30 


761.7 


0.18 


763. 4 


0.19 


760.0 


0.17 


703. 5 


—0,08 


701.3 


—0,05 


765,7 


—0.11 


25 


760.4 


0.25 


762.0 


0.28 


758.8 


• 0.22 


763. 2 


■ +0, 18 


760.8 


+0,18 


765,6 


+0,18 


20 


750.2 


0.21 


760.6 


0.27 


757.8 


0.15 


701.7 


0,29 


759. 5 


0,L6 


763,(1 


0.33 


J5 


758.3 


0.13 


759,3 


0.22 


757.3 


—0.04 


760.2 


0,20 


758. 2 


0.20 


762,2 


0,36 


10 


757.9 


—0.03 


758.4 


0.14 


757.4 


+0.08 


759.1 


0.20 


757.4 


+ 0.12 


760,8 


0,28 


5 


758.0 


+ 0.01 


758.0 


0.11 


757.9 


0.13 


738.3 


0.11 


7.-7. 1 


0.00 


759 6 


0.22 





758. 


+0.04 


757. i 


—0.08 


758.6 


0.10 


758.0 


+0.84 


767.4 


—0.08 


758,6 


+ 0.16 



It is with the annual means only that we have to do here. Using the 
values of G' for these means, we can compute in (59) the approximate 
normal values of the first term or v' for each latitude or polar distance, 
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and with the values of this first term, and the value of K for any lati- 
tude, the value of v can be conveniently obtained for any altitude and 
any latitude. The following table contains the values of this first term 
and also of K in (59), for each fifth degree of polar distance, except near 
the equator, where (59) in a great measure fails for reasons already 
given, and near the poles, where the data from observation are not re 
liable. In the computation the value of l + .004r was assumed to be 
equal to 1— .084 cos 0, neglecting the constant term in (12), thus making 
the mean temperature on the parallel of 45° equal to 0°. As we are 
considering here the effect of the second and principal inequality only 
in (12) the others are neglected. 

The formula of course gives the results in meters per second since 
these have been the units adopted; but in the following table they are 
given in kilometers per hour, and the values of the couslaut K are such 
that li in the table must be taken in kilometers: 



Latitade. 


K. 


Northern hemisphere. 


Southern hemisphere. ' 

1 














V' 


j>(ft=5km) 


V' 


i)(ft=5km) 


o 
75 


3.6 


-4.2 


13.8 






70 


4.7 


-3.1 


20.4 






65 


5.8 


+0.2 


29.2 


+1.5.4 


44.4 


60 


6.8 


3.7 


37.7 


20.7 


54.7 


55 


7.7 


5.4 


43.9 


26.0 


64.5 


50 


8.5 


52 


47.7 


26.4 


68.9 


45 


9.2 


4.7 


50.7 


23.2 


69.2 


40 


9.7 


+2.5 


61.0 


18.1 


66.6 


35 


10.1 


-1.2 


49.3 


12.2 


62.7 


30 


10.6 


8.4 


44.6 


+ 3.8 


56.8 


25 


11.0 


14.2 


40.8 


-10.2 


44.8 


20 


11.3 


15.0 


41.5 


20.5 


36.0 


15 


11.5 


12.3 


45.2 


-24.1 


33.4 



Tf the effect of the other small terms in (12) and in (33) had been 
taken into account the values of the first term of (59), and especially of 
X above, would have been somewhat different, but the differences are of 
no importance in approximate results of this kind where the uncertain- 
ties in the data are considerable. 

162. The values of & within the north polar circle, and consequently 
the values of v' by (57), it is seen in the table, are negative. There does 
not seem to be any explanation of this in theory, for by §159 the force 
which causes an eastward component of motion extends to the poles. 

There is considerable uncertainty in the data from which the values 
of P' and G', in the preceding table, were obtained for these high lati- 
tudes, and small errors may have reversed the sign of the gradients in 
the table where these negative values have been obtained. Be- 
tween the polar circle and the parallel of 36° in the northern hemis- 
phere,' and south of 29° in latitude ia tlie southern hemisphere, as fav 
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as barometric observations have been made, the gradients, taken in 
in each hemisphere from the pole toward the equator, are positive, and 
hence by (57) the values of v' are positive, and ia the southern hemis- 
phere where the gradients are steep these values are very large. By 
a glance at Plate III of Coffin's " Winds of the Globe,'" it is seen that 
this is exactly in accordance with observation, except that the dividing 
line between the two systems of winds in the southern hemisphere is a 
little south of the parallel of 29°. But the observations in this zone 
are not sufficient for determining the position of this line very accu- 
rately, and the position obtained from the barometric gradients is, 
without doubt, the more correct one. 

According to Mr. Laughton, also, in his excellent descri[)tion of the 
winds,* they have a strong, easterly component of motion in the middle 
latitudes. " In both hemispheres to the north and south of the parallels 
of 35° or 40°, a strong westerly wind blows with great constancy all 
around the world. In the southern hemisphere, more particularly, it 
blows with a persistence little less than that of the trade-winds, but 
with a strength which, although fitful, is very much greater. Prom a 
fresh, strong breeze it rises frequently into a violent gale, and as such 
blows for days together, the mean direction being nearly west, from 
which it seldom' varies more than a couple of points on either side. 
South of the Atlantic, south of the Indian Ocean, south of Australia, 
in the higher latitudes of the Southern Pacific, and to the south of Capo 
Horn, we find it still the same, a westerly gale, whose strength and 
constancy combined have enabled Australian clippers to make passages 
which seem to border ou the fabulous. In the northern hemisphere it 
has not the clear range which it has in the southern ; but there, too, 
it prevails in the most decided manner." 

This description of the winds in the middle luititudes of both hemis- 
pheres accords exactly with the results in the preceding table obtained 
theoretically from the normal gradients of the observed pressure at the 
earth's surface in all latitudes. The computed values of the first term 
of V are small in the middle latitudes of the northern hemisphere, in- 
dicating that the east component of normal wind velocity at and near 
the earth's surface is small there; but in the same latitudes of the 
southern hemisphere these computed components of velocity are com- 
paratively very large, and hence the persistent strong westerly winds all 
around the globe on and near the parallel of Gape Horn. The computed 
values of the first term of v, (59), on the parallel of 50° south is 26.4*™ 
(16.4 miles) ])er hour for the average velocity, as deduced from the 
gradients of the preceding table. This cannot vary much from the true 
surface value of ^, since the effect of friction on the water surface of the 
southern hemisphere and hence the value of i is consequently small, 
in which case cos i is sensibly unity in (57) and v in (59) equal to v' 
where /i=0. The reason of the greater strength of the normal westerly 
winds here than on the same UtjtudpS of the nortl^eri; Hemisphere bag 
t)een ^iren i^ § 156, 
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163. The computed westerly components of velocity in the trade- 
wind zones are greater in the southern than in the northern hemisphere. 
This is in accordance with observations of the trade- winds of the Atlan- 
tic Ocean, which show that the strength of the southeast trade-winds 
is considerably greater than that of the northeast ones. The theoreti- 
cal results, however, in these latitudes are not very reliable, since it 
was assumed that i=0 in (57), but in these latitudes the value of i is 
such as to make this assumption erroneous, especially very near the 
equator, as may be seen from (48) and (49), the value of cos d here 
being such as to give a larger value to *. For this reason the compu- 
tations in the preceding table are not extended nea.rer to the equator 
than the parallel of 15°. 

The westerly components, however, between the tropics and' the equa- 
tor are verified by observations all around the globe in both hemi- 
spheres, but most especially on the oceans. In the North Atlantic 
Ocean the northeast trade-wind blows with almost uniform steadiness 
between the parallels of 25° and 10°, and hence has a westerly compo- 
nent, though somewhat less, probably, than what is given in the preced- 
ing table, as it should be, since the value of i here is such as to make 
cos i in (57) much less than unity, and hence v' should be less here than 
the value computed with cos i=l. Across the entire Pacific Ocean, 
in a zone of about the same width but with limits a little nearer the 
equator, the northeast trade winds blow with great regularity, and 
hence there is here the same westerly component of the winds. South 
of the equator, but in general a little nearer to it, in both oceans, is the 
similar system of southeast trade-winds, in which, likewise, the winds 
have westerly components of velocity, but less, as they should be, than 
those given in the table. 

The same system prevails also, but with less regularity, over the con- 
tineuts in both hemispheres. The few observations in the interior of 
North Africa indicate that the prevailing winds are from the east and 
northeast. ''The sand which these winds raise in the desert is carried 
by them far out to sea. Daring the summer it fills the air as far as the 
Canaries and U) \he height of the Peak of Teneriffe with an impalpable 
dust, which has the effect of a thick haze ; and at all seasons of the 
year ships, even at a considerable distance from the shore, find it cov- 
ering their sails and decks."* 

On the same latitudes in the interior of Africa south of the equator 
Livingstone and other observers have found the prevailing winds to be 
from the east and southeast, and in Brazil at certain seasons, even up 
to the Amazon, it is well known that easterly winds prevail, extending 
far into the interior, if not even to the base of the Andes. 

164. With regard to atmospheric currents at considerable altitudes, 
it is seen that, according to the preceding table, they must have a large 
easterly component of velocity, and the greater the altitude the greater 
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must be this compouent. In the northern hemisijhere, on the parallel of 
450, at the height of S^"^ (3.1 miles) it is nearly Sl^-" (31.6 miles) per 
hour, while in the southern hemisphere on the same parallel, on ac- 
count of the greater eaisterly component of velocity at the surface of 
the earth, it is eQ""" at this altitude. These are very nearly the maxima 
of latitude ; nearer the poles they diminish on account of the smaller 
value of the constant iTin (57), and nearer the equator on account of 
the westerly compouent at the earth's surface. 

Ju the parallel of '25° in the northern hemisphere we have, at the 
altitude of 3^'", «=40.8'^™, but at a lower altitude it must vanish and 
change sign. If from the condition formed from (58) by putting v=0, 
using the values of v' and K in the preceding table, we determine the 
values of h which satisfy this condition, we get, in kilometers, h equal 
0.1, 0.8, 1.3, 1.33, 1 07, for the altitudes at which v=0, on the latitudes, 
respectively, of 35°, 30°, 25°, 20°, and 15°. Hence the altitudes at 
which there is no east or west compouent ef velocity increase at first 
from the latitude where v'=0 dowu towards the equator, and then they 
seem to decrease, as represented in Fig. 6. The true altitudes, how- 
ever, are no doubt considerably greater, since these computations are 
bajsed upon the theoretical values of v' in the table, which, for reasons 
already given, are no doubt too large. At any rate, within the tropics 
where there is a considerable westerly component of velocity at the 
earth's surface, at an altitude of about a mile at most, this must be 
reversed and become an easterly one for all greater altitudes and in- 
crease in proportion to the increase of altitude. 

On account of the small amount of friction in the upper strata of the 
atmosphere, the value of i by (48) must be very small, and the easterly 
compouents 6f velocity may be regarded as being the true velocity of 
resultant motion. 

165. The preceding deductions from theory with regard to the mo- 
tions of the upper currents are confirmed by observations in all parts 
of the world where observations have been made. Strong westerly 
winds have been observed on Mauna Loa in the Sandwich Islands, on 
the passes of the Rocky Mountains and the Andes, on the top of Pike's 
Peak and Mount Washington, on the Peak of Teneriffe, and at every 
elevated position in either hemisphere all around the globe, except in 
the calm-l)elt near the equator, even where there is an easterly wind in 
the same latitude at less elevated positions. On the 1st of May, 1812, 
the island of Barbadoes, within the trade- wind zone, where there is a 
westerly component of the wind, was suddenly obscured by a dense cloud 
and its surface covered with ashes from an eruptive volcano of St. Vin- 
cent, more than a hundred miles toward the west. Also, on the 20th of 
January, 1835, the volcano of Coseguiua, on the Lake of Nicaragua, 
lying in the belt of the northeast trade- winds, sent forth great quanti- 
ties of Java aocl ashes, ancj tUe l^ttep vrepe borpe iji a direction just 
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contrary to the surface wind and lodged on the island of Jamaica, 800 
miles to the northeast. These instances indicate that within the tropics 
where there is a westerly component of the winds at the. earth's surface, 
the currents above at no great elevation are such as to carry the ashes 
of volcanoes eastward. 

No one can fail to observe that the general direction of the higher 
clouds in fair weather is easterly, and especially in the case of the very 
high cirrus clouds. The easterly velocities of these latter have been 
estimated by Rev. Clement Ley to be at times as much as 120 miles, 
and it rarely happens that they have no easterly tendency. The 
average, therefore, of these somewhat uncertain estimates may be put 
at nearly 100 kilometers. This is about the velocity given by the daia 
in the preceding table in the middle latitudes of the northern hemi- 
sphere at an altitude of 10'^'", which is about that of the cirrus clouds. 

The easterly motion of the atmosphere above within the tropics is 
also confirmed by observations made on the directions of the clouds at 
Colonia Tovar, Venezuela, latitude 10" 26'. According to these obser- 
vations, while the motion of the lower clouds was in general from some 
point toward the east that of the higher clouds was from some point 
toward the west. 

In the comparison of observations with the theoretical results of the 
preceding pages it must be remembered that the observed velocities 
and directions are affected by numerous abnormal disturbances, while 
those of theory are the normal ones simply, belonging to the normal in- 
equality of temperature between the equatorial and polar regions. Only 
the general tendency or average of observations, therefore, can be used 
iu the comparisons. 

166. The maximum pressure at the earth's surface, at e, Fig. 6, which 
in the northern hemisphere by observation is near the parallel of 35°, 
but in the southern hemisphere a little nearer the equator, as is seen 
from the values of P' in table, § 161, causes the air to flow out from 
beneath on both sides; on the equatorial side this combines with the 
motion in the lower part of the atmosphere from the polar to the equa- 
torial regions, and the resultant, deflected westward tSy the influence 
of the earth's rotation, gives rise to the northeast and southeast trade- 
winds ; but on the polar side the tendency to flow out from beneath 
toward the poles is so great that it more than counteracts the tendency 
to flow from the poles toward the equator, and the resultant, likewise 
deflected by the influence of the earth's rotation, gives rise to the gentle 
normal southwest winds of the northern hemisphere and northwest 
winds of the southern hemisphere, which prevail in the middle latitudes. 
Without a component of motion toward the equator on the oue side, 
we should have u=0, or negative, and hence by (42) there would be no 
force to overcome the friction of a westerly component of motion, for this 
would require a negative force, and without a negative meridional Qcm- 
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ponent of motion on the other side, we should by (42) have no force to 
overcome the resistance to an easterly component of motion. By means 
of this underflow, therefore, from beneath this maximum pressure we get 
forces, arising from the influence of the earth's rotation, which are neces- 
sary to overcome the frictional resistance to the westerly component of 
velocity on the one side, and the easterly component on the other side, of 
this parallel of greatest pressure. 

At or near the equator the counter currents from the poles toward 
the equator of the lower strata of the two hemispheres meet and we 
have M=0. Hence by (42) there is no force there to overcome the fric- 
tional resistance to an east or west component of motion, and conse- 
quently we also have ^=0. There is therefore a perfect calm at or near 
the equator, where there is no motion north or south in the direction of 
the meridian. 

On the parallels of greatest pressure, also, since the air flows out 
from beneath this pressure both toward the equator and the pole, there 
is no motion in the meridian, and we consequently have here also 
M=0, and then by (42) also y=0, and consequently a perfect calm. At 
the poles, also, we necessarily have u=0, and hence a calm ; for u 
cannot have much value for some distance from the poles. 

There are, therefore, so far as concerns the normal motions of the at- 
mosphere, three calm belts extending entirely around the globe: One 
a little north of the equator, and the others, one in each hemisphere at 
the parallels of maximum pressure at the earth's surface, on the parallel 
of 35° in the northern hemisphere and on tbat of 30° in the other. The 
mean position of the equatorial calm-belt is about 5° north latitude in 
both the Atlantic and Pacific Oceans, and mean breadth about 6°, but in 
summer it is more than twice as wide as in winter.. The nusymmetrical 
positions of these calm-belts with reference to the two hemispheres is 
due, in a small measure, to the unsymmetrical distribution of tempera- 
ture in the two, which, we have seen, § IIG, causes the normal ther- 
mal equator to be a little north of the true equator ; but it is due mostly 
to the greater velocities of the general motions of the atmosphere in 
the southern hefnisphere, as seen in the results of the table in § 161, 
the deflecting forces of which tend a little to drive the air from the 
southern into the northern hemisphere, and also to move all the calm- 
belts a little from the south towards the north. 

From what precedes, therefore, the general normal motions of the at- 
mosphere, both on the earth's surface and in vertical meridional sec- 
tion, are somewhat as represented in Fig. 7, in which the arrows show 
the directions of the winds, and the stars the positions of the equatorial 
and tropical calm-belts and the polar calms. 

The mean position of the equatorial calm-belt is about 5° north lati- 
tude in both the Atlantic and Pacific Oceans, and mean breadth about 
6°. bat in summer it it is more than twice as wide as in winter, 
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Fig. 7. 

It must DOt be understood, however, that these belts actually exist 
all around the globe, but onlj- that they would so exist if there were 
no abnormal variations of temperature from the normal temperature of 
latitude, and the surface of the earth were homogeneous all around. On 
account of the various disturbances arising from the abnormal varia- 
tions of temperature, and from the irregularities of land and water sur- 
face and mountain ranges, the regularity of these belts is very much 
broken up, and is observable mostly on the oceans only. 

JExamples. 

1. The barometric gradient at the surface of the earth, 6", by the 
preceding table, for the annual mean in the northern hemisphere on the 
parallel of 45°, is 0.15"""'. What is the value of v', supposing the incli- 
nation i to be 30° and t=0 ? 
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By (57) we have, in miles per hour, Table XIV, 



, 0.15 X COS^SOO ^ 9 r,o7_o 97 milps 

^ = .157 cos 450 x3-237_..27 miles. 

2. What is the gradient under the same circumstances at the altitude 
of 8 kilometers (5 miles) f , 

From table, § 27, we have approximately P=284. Hence by (56), 
puttiug ^2=— 21°, we get, siu 26 being unity in this case, 

3. If on the parallel of 55° the air moves eastward with an inclina- 
tion of 350, and the gradient, as in the preceding table, for 55° is 0.20, 
what is the velocity s, putting r=0? (55) 

4. By the last of the preceding tables, what is the eastward velocity 
of the wind in miles per hour on the parallel of 60° N. and at the alti- 
tude of lOi-", Table XIV ? 

5. What is it on the parallel of 25° S. at the altitude of 3"™ 1 

For the annual inequalities of temperature. 

167. The greater the temperature gradient between the pole and the 
equator, the greater is the velocity of interchanging motion between 
the equatorial and polar regions, and the greater is the torsional force 
which causes an easterly motion at the earth's surface in the higher 
latitudes and a westerly motion in the lower latitudes. For the 
greater the velocity of interchanging motion, the faster a particle of air 
settles down in the higher latitudes from a stratum where the velocity 
V is greater to a lower one where it is less, or the faster it rises up in 
the lower latitudes from a stratum where it is less to one where it is 
greater, and consequautly the greater is the value of D,v. The greater, 
therefore, is the difference of temperature between the equator and the 
poles, the greater is the value of the second member of (44), and conse- 
quently the greater is the force which overcomes the resistances to east 
or west motions at the earth's surface. The small east and west veloci- 
ties of motion at the earth's surface in all latitudes are therefore in- 
creased in winter a little above the mean and decreased in summer a 
little below it, for by the table of § 116 the difference between the equa- 
torial and polar temperature in the northern hemisphere is about 40° 
greater in winter than in summer, the mean difference being 42°. In 
the southern hemisphere, however, these annual variations of tempera- 
ture are comparatively very small, but the resistances to the east and 
west motions by the water surface there being much less, the effects 
of the annual changes are about of the same order there as in the 
northern hemisphere. 

The east and west motions at the earth's surface being the greatest 
during the midwinter of each h^tpisphere and the le^s^ during mitt- 
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sutnmer, by (57) there must be a correspondiug variation in the gra- 
dients between winter and summer, and observation shows this to be 
the case, for by comparing the January with the July gradients in a 
preceding table, it is seen that in all latitudes except the north polar 
latitudes, where the gradients are very uncertain, and at the calm-belt of 
the equator, the winter gradients of each hemisphere are considerably 
the greater. , The positive gradients, then, in the higher, and the nega- 
tive gradients of the lower, latitudes of the northern hemisphere, and 
the contrary in the southern, being both greater in winter tlian in sum- 
mer, there is an increased pressure in winter over that of summer and 
an increased bulging up of the strata of equal pressure in the middle 
latitudes, as is shown by observation to be the case, by a comparison 
of winter with summer pressures in the table. 

The increased activity of motions in each hemisphere in winter has 
no tendency to drive the air out of it, and the contractions of volume 
of air from decrease of temperature depresses the upper strata of equal 
pressure in the winter hemisphere, and the simultaneous upward ex- 
pansion of the air in the opposite hemisphere raises these strata there, 
80 that there is then a tendency of the air above to run from the hemi- 
sphere of higher temperature to the one of lower temperature. Hence 
each hemisphere has a little more air in it, by weight, in winter than in 
sum mer, though less by volume. There is, therefore, an annual inequal- 
ity of the normal pressures of latitude corresponding to that of the 
temperature, with its maximum in midwinter of each hemisphere. 

168. In the interchanging motions between the equatorial and polar 
regions we have seen that the tendency of the upper part of the atmos- 
phere to flow toward the poles is checked and almost entirely counter- 
acted by the increased easterly motions of the air above, so that there 
is only a very slow interchange in comparison with what there would 
be in case of no rotation of the earth on its axis and no easterly rela- 
tive motions. But in the interchange of atmosphere between the two 
hemispheres, arising from the temperature of the one being greater 
than that of the other, in which case there is a flow of atmosphere from 
the colder to the warmer across the equator in the lower strata, and 
the reverse in the upper strata of the atmosphere, there is no such 
check to this interchange at and near the equator where the velocity 
of interchange is greatest, since there are no forces there, as we have 
seen, to give rise to east or west motions, and if there were such, there 
would be no forces arising from them acting in the direction of the 
meridian, since at and very near the equator all deflecting forces 
arising from the earth's rotation vanish. The interchange, therefore, 
over the equator, arising Xrom the differences of the temperatures of 
the two hemispheres in January or July, takes place with very nearly 
the same facility as they would in case of no rotation of the earth on 
its axis. 
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169. Although in January and July the interchange of air arising 
from differences of temperature does not wholly take place between the 
equator and the pole, but a part crosses the equator in one direction in 
the lower, and the contrary in the upper, strata, and makes a circuit in 
the opposite hemisphere, yet it does not so change the conditions as to 
give an effect sensibly different from what would arise if the whole in- 
terchange were between the equator and the pole simply, as in the-case 
of the mean annual temperature of the earth, provided we use for the 
value of A2 in (58) and (59) the half difference between the temperature 
of the equator and the pole at the given season, instead of for the mean 
of the year. 

The difference between the temperature of the equator and the north 
pole in winter may be assumed to be, according to the table of § 116, ap- 
proximately equal 60° and J.2=— ^0° in winter, and 30° and ^4.2= — 15° 
in summer. Hence by (59) the values of K in table, § 161, are about 
twice as great in winter as in summer in the northern hemisphere, and 
the values also of v' are greater, but not in so great a ratio. In general 
the values of v, therefore, are about twice as great in winter as in sum- 
mer, being greater than those of the preceding table for the mean tem- 
perature of the year in winter and less in summer. On account of the 
small differences of temperature between winter and summer in the 
southern hemisphere the corresponding changes in the easterly veloci- 
ties of the upper currents there are very small in comparison with 
those of the northern 'hemisphere. 

Hxamples. 

1. "With the value of the January gradient in Table 1, on the parallel 
of 40° N., and the value of J.2= — 30°, putting t=0 and i=0, what is 
the value of v at the altitude of kilometers ? (57) and (58). 

2. What at the same altitude in summer with Ai= —15°, and putting 
T=20o? 

Oscillation of calm-belts. 

170. For the seasons of the year in which the temperatures of the two 
hemispheres are equal we have interchanging motions between the 
equatorial and polar regions only, and none between the hemispheres. 
The positions of the normal calm-belts then are those of their mean po- 
sition as laid down in Fig. 7. Let the arrows in Fig. 8 represent the 
velocity of this flow on both sides toward some parallel c, near ihe equa- 
tor, the velocities gradually becoming smaller as the air approaches this 
parallel, as represented by the different lengths of the arrows, and form- 
ing a calm belt at c. But in the summer season of the northern hemis- 
phere, according to what has been stated, there is a flow of air at the 
earth's surface from the southern to the northern hemisphere across the 
equator.' Let the upper arrows in the figure represent the velocity of 
this current, which will be sensibly the same for all latitudes near the 
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equator. The calm-belt then will not be at c, but at c', where the velocity 
of the current north is exactly equal to that toward the south on the north 
side of c. Hence 

the position of the < — -e ., ^ ,, 

calm-belt is moved ^ S 



north from c toe' by ^ *" " "* * c "* 

this current across ^'°' ^' 

the equator from south to north. It will be readily understood 
that if the current across the equator represented by the upper 
arrows was reversed, as it is in the winter season of the northern 
hemisphere, that the position of the calm-belt would be moved from e 
to c". In the annual oscillation of this calm-belt there are correspond- 
ing changes in the directions of the wind within the range of oscillation. 
When the two hemispheres are equally heated, the current represented 
by the upper arrows vanishes and the wind blows in from the north and 
the south toward c, where there is a calm. In midsummer of the 
northern hemisphere the current represented by the upper arrows is 
superadded to the others and we have the resultant of the two, which 
throws the calm-belt at c', while at e, where the calm-belt was, there is 
a current equal to that represented by the arrows above, and at c" there 
is one equal to the resultant of the two. At the opposite seasons of 
the year the current at c from the north is that indicated by the upper 
arrows reversed, and at c' it is equal to the resultant of the two at that 
place. . At c, then, the mean position of the belt, and for some distance 
on each side, according to the width of the belt, there is a semi-annual 
change of the direction of the wind from northeast to southeast and the 
reverse. 

The range of oscillation of the central part of the equatorial calm- 
belt is on the average about 5°. The greatest part of this is on the 
north side, the other or equatorial side remaining from 2° to 5° north 
of the equator, with little change between winter and summer. Hence 
the greater breadth of the belt in summer than in winter. 

The same reasoning is applicable to the tropical calm-belts, though 
not with quite so much force, since the interchanging motions between 
the hemispheres, which at the earth's surface are represented by the 
upper arrows in Fig. 8, and which are reversed semi-annually, are not 
nearly so strong at some distance from the equator, for reasons already 
given. They are, however, sufiftclent to cause a considerable oscillation 
in the positions of these belts ycith the change of the seasons in the 
same manner as in the case of the equatorial calm-belt, so that the 
whole system of these belts is moved uorth during the spring of the 
northern hemisphere, and the reverse in the fall. 

As in the case of the mean positions of these belts, §166, so in their 
annual oscillations, the regularity is interfered with by the various ab- 
normal disturbances, and is observed mostly on the oceans only. 
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171. The permanent abnormal disturbances of the general motions 
of the atmosphere, which are independent of abnormal temperature 
disturbances, arise from the deflections of the normal currents by the 
continents, and especially the mountain ranges. Within the tropics, 
except at the equatorial calm-belt, we have seen, there is a westerly 
current at the surface of the oceans and up to an altitude of about a 
mile. Where this strikes the continent of America it is in some small 
measure deflected, on the one hand, by the high lands of Mexico, around 
to the right over the Gulf of Mexico and the southern part of the United 
States, up into the higher latitudes, where it joins the normal easterly 
current of those latitudes; and on the other hand, by the continent of 
South America, and especially the high ranges of the Andes, around to 
the left, into the higher latitudes of the southern hemisphere where it 
joins the strong easterly current of those latitudes. Where, also, the 
easterly current across the North Atlantic strikes the shores of Europe 
and the interior mountain ranges, it is deflected a little both to the right 
and the left; to the right along the coast of Spain and Portugal and 
western coast of North Africa, including the Azores and Canary Islands, 
until it joins and forms a part of the northeast trades ; and to the left 
by Great Britain and the coast of Norway around by Greenland and 
Labrador until it joins again the easterly current in more southern 
latitudes. Hence there are in the North Atlantic, and extending over 
the contiguous .parts of the continent, two large and very gentle whirls 
or gyrations, the one with its central part in the middle of the Atlantic, 
or about the parallel of 35°, and the other with its central part in the 
northern part of the North Atlantic. 

The former of these gyrating with the hands of a watch, and the de- 
flective force depending upon the earth's rotation being to the right in 
the northern hemisphere, there is a tendency to press the air in from 
all sides toward the central part and to cause an accumulation of air 
there and the increased pressure which is observed in that region 
above that on the same parallels on either side. The latter gyrating 
the contrary way, the tendency is to drive the air away from the cen- 
tral part and cause a diminished pressure there. Only a very small 
part, however, of the diminution of pressure observed here is due to 
this cause. 

In consequence of the gyration in the southern part of the North 
Atlantic the northeast trades become more and more west as yon ap- 
proach the continent of America, and finally incline around to the 
northwest and north and give rise to the prevailing south winds in thu 
southern part of the United States and the Mississippi Valley, espe- 
cially in summer. For the same reason the prevailing winds on the 
other side of this gyration, adjacent to Spain and Portugal and the 
northwest coast of Africa, are first from the northwest, then from the 
north, until they combine with the northeast trade-winds, and hence 
these winds near to the African coast have only a small westerly com- 
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ponent. The gyration in the northern part of the North Atlantic, aris- 
ing in this way, causes iu part the prevailing southwest winds in the 
ocean adjacent to Great Britain and Norway and the northeast winds 
of Greenland. 

As these gyrations are caused by the deflections of continents and 
mountain ranges, they are confined mostly to the lower strata of the 
atmosphere, and affect only in a small degree by contact and friction the 
upper strata, where a comparatively strong easterly motion prevails. 
Hence in the Mississippi Valley the normal surface winds are southerly 
ones, while at the higher altitudes, and on the higher levels of the 
slopes and plateaus toward the chain of the Eocky Mountains, westerly 
winds prevail, in accordance with the normal general motions of the 
atmosphere in the middle latitudes at these altitudes. 

A similar gyration is caused in the same manner in the northern part 
of the South Atlantic, from which likewise arises an area of high press- 
ure there and the prevailing northeast and north winds in the ocean 
adjacent to Brazil; and the southwesterly and southerly winds on the 
other side adjacent to Africa. The whirl, however, in the southern 
part of the. South Atlantic is wanting, since Africa does not extend far 
enough south to deflect the strong easterly current of the higher lati- 
tudes, except a small part northward toward the Gulf of Guinea. 

Indications of these gyrations are clearly seen on the charts of the 
winds of the globe,^ and also on those of M. Brault, for the North and 
South Atlantic Oceans, based upon many thousands of observations. 

On the west side of the North Pacific the trade-winds are deflected 
in some manner by the East India Islands and continent of Asia, but 
mostly by the high ranges of mountains of India and China, around, 
first to the northwest and then to the north, until they join the easterly 
current of the higher latitudes. This is likewise deflected southward 
and northward by the west coast of North America, the branch turned 
toward the south, giving rise to the northwest and north winds adjacent 
to and on the coast of Southern California and of Mexico, until it comes 
around and forms a part of the northeast trade- winds. These, on that 
account, extend here to higher latitudes and come from a point more 
towards the north than at other places, just as in the .case of the At- 
lantic trade-winds near the northwest coast of Africa. The deflecting 
force of the currents on the east and west sides diminish a little the 
atmospheric pressure adjacent to the continents and increase it a little 
in the central part above what it otherwise would be. 

In the South Indian Ocean there is a similar gyration caused by the 
high lands and mountain ranges of the east coast of Africa on the one 
hand and Australia and the East India Islands on the other, by which 
the atmospheric pressure with its maximum near the parallel of 30° is 
increased a little in the central part and diminished a little on each side 
next to Africa and Australia. 
10048 SIG, PT 2 15 
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These gyrations, together with many other irregularities to be con- 
sidered further on, break up the continuity of the tropical calm-belts 
around the globe, so that they are observed mostly on the oceans only, 
and even there they do not extend from coast to coast. 

Bain cmd cloud-belt and dry zones. 

172. The northeast and southeast trade-winds passing over an extent 
of the earth's surface of more than a thousand miles come in from both 
sides into the equatorial calm-belt, nearly saturated with aqueous vapor. 
This is especially the case on the oceans where the surface currents 
move horizontally without any upward deflections, and the same stratum 
of atmosphere for the most part receives the evaporation of the ocean 
surface. They would no doubt be entirely saturated if they did not 
continually pass from cooler to warmer latitudes, whereby their capacity 
for moisture is being gradually increased. Before arriving at the calm- 
belt they are gradually deflected upward, and in the central part of the 
belt, there is necessarily a vertical ascending current, for all the air 
which comes in from both sides must ascend and return toward the 
poles as a counter current. 

We have seen, § 34, that an ascending current gradually becomes 
cooler from expansion, at first, while unsaturated, at the rate of one 
degree nearly for each hundred meters of ascent, and then at rates dif- 
fering with temperature and altitude as given in Table XIII. If the air 
arrives at the calm-belt with a dew-point, say 6° below the air temper- 
ature, then it ascends 600 meters before it is cooled down to the dew- 
point, at which condensation and cloud-formation take place, and in 
this case the lower side of the cloud ring would be at the height of 600 
meters. If the temperature of the air at the earth's surface before 
ascent were 26°, then at the lower side of the cloud it would be 20°. 
After this, in its further ascent, the rate of decrease of temperature 
would be by the table 0.42 for each 100 meters without much change at 
greater altitudes. At the height of 5,000 meters (3.1 mUes) the tem- 
perature, as determined by the table in the usual way, would be 0° 
A-ery nearly. By the latter part of Table XIII the weight of aqueous 
vapor in a kiTogram of air at the base of the cloud, temperature 20° and 
altitude 600 meters, would be 16 grams. But at the altitude of 5,000 
meters and temperature 0°, it is 7 grams. Hence a kilogram of air in 
ascending up to the altitude of 5,000 meters has been, cooled from 20° to 
0° and 9 grams of aqueous vapor have been condensed and has fallen 
as rain. In any incipient ascent of vapor, the first vapor condensed is 
supported by the ascending current in the form of cloud and small par. 
tides of rain, and the more the stronger the current is ; but only a cer- 
tain amount can be so retained, and after this is supplied, the amount 
of the rainfall must be equal to the condensation. The small particles 
of condensed vapor are carried upward by the current, and the smaller 
the more rapidly, and the different sizes of small drops being carried 
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up at different rates, they come in contact and combine until they form 
drops too large Jo be supported, and they then fall as rain. It is in this 
■way that rain is produced under all circumstances, and when there are 
no ascending currents there is no rain, though there are often fog and 
mist. By the old theory of rain, that first advocated by Dr. Hutton, 
namely, that rain is produced by the meeting of currents of air of dif- 
ferent temperatures and capacities for moisture, nothing more than a 
thin stratum of cloud could be produced between the two currents, for 
cold and warm currents do not mix, and the amount of vapor condensed 
would be too small to fall as rain and would be evaporated again before 
reaching the earth. This was first shown by Espy.* 

As there is a constant pouring in of air nearly saturated with vapor 
from both sides into the calm-belt, and an ascent of it there, there is 
almost a continuous and very abundant fall of rain every day. The 
daily evaporation within the tropics is about one-fourth inch per day. 
Within the trade-wind zones, except very near the calm-belt, no rain 
falls. If, then, all this amount of vaper over belts, say 1,200 miles wide 
on each side, is carried into the calm-belt 400 miles wide, and is there 
condensed and falls as rain, then the daily rainfall is 1.5 inches per day,- 
or about 45 feet per year. But as the cloud and rain belt, as the calm- 
belt, oscillates through a range more than twice as great as its width, 
this amount is distributed over a zone more than twice as wide, and 
hence in general much less than half this amount falls at any one place. 
In Sumatra and Java, however, on and near the equator, a depth of 
more than 200 inches falls annually at some stations.'' 

173. The oscillations of the rain-belt usually give rise to one rainy 
and one dry season during the year, but in places, to two rainy and two 
dry seasons. If a place is situated just within the inner 
edge of the rain-belt when it has either of its extreme 
. positions, as at e or e', it is within the rain-belt about 
half the year, more or less, according to the width of :.-.';e c '^[Y.] 
the belt and range of oscillation, and during the other 
half without. During the former period it rains almost 
continuously, while dui-ing the other no rain at all falls. -^'®- *•• 

This seems to be the j)osition of the Panama Interoceanic Ship Canal, 
latitude 8.5° north. " The year is divided, as in other parts of the 
American isthmus and of Central America, into two seasons, the rainy 
and the dry, the former beginning in the latter part of May and last- 
ing until November, when it gives place to the latter, which lasts until 
May comes around again. The annual rainfall is from 90 to 140 inches.'" 

If a place is situated nearer the middle of the rain-belt in its extreme 
position or still further from the center of oscillation c, Fig. 9, then 
there is'a long dry and only a comparatively short rainy season. 

Where a place is situated on or near the middle of the rain-belt in its 
central position, as c. Fig. 9, then it is readily seen that tliere must be 
two wet g-nd two dry reasons during the year, the former occurring dur- 
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ing the spring and fall of the northera hemisphere as the rain-belt is 
moving firom its extreme southern to its extreme northern position and 
back again, and the dry seasons during the times of its extreme positions. 
This seems to be the position of the Napipi Eiver in the United States of 
Colombia, about 5° north. "As a rule, two well-marked dry seasons are 
experienced here with corresponding periods of rain. January, Feb- 
ruary, and March are the months which constitute the driest and pleas- 
antest season. In April the rains commence, and in May and June they 
are very heavy. In July a second dry season begins to set in and August 
and September are generally pleasant and comparatively dry. In Octo- 
ber rains again commence, and in November and December they are 
heaviest."' The position of this place is about the middle of the rain- 
belt in its central position. 

On the upper part of the Nile, near the equator, there seems to be 
the same alternating of wet and dry seasons arising from the oscilla- 
tions of the rain-belt. The mean position of this belt here, as in most 
other places, is about 5° N., but the range of oscillation seems to be a 
little greater. Emin Effendi, in his travels in Equatorial Africa, during 
the month of December experienced rain at Mreili, 1° 37' N., every day, 
and frequently three or four times a day. Prom Mreili to Eubahga, a 
little north of the equator, rain feU nearly every day in great abun- 
dance, and the whole country was flooded with water, and the travelers 
had to wade through water often from two to three feet deep.' In Abys- 
sinia, 11° N., On the other hand, the rainy season commences about the 
middle of May, and continues during the summer months, but during 
the rest of the year there is no rain. This is because it is within the 
limits of the belt in its extreme northern position. In June, the Atbara 
and the Blue JSTile pour the whole drainage of Abyssinia into the main 
Nile, also very much swollen at this time by the floods of the White 
NUe, and this causes the annual inundation in lower Egypt. 

The effects of the rain-belt in Equatorial Africa, Central America, 
and the East India Islands may be seen on Professor Loomis's Chart of 
Mean Annual liain-fall." The zone of 75 inches and over, about 12° in 
width on the average, and mostly north of the equator, extends entirely 
across the continents. The islands, also, of Sumatra, Borneo, Java, and 
others, where observations have been made, are included within this 
zone ; also Central and the northern part of South America. At the 
base of the Andes, on the headwaters of the Amazon and its tributaries, 
as likewise in many other parts of the world, there is also an abundant 
rainfall due to other causes. 

174. There are two comparatively dry zones, extending all around 
the globe, where not broken up by strong abnormal disturbances, 
comprising the tropical calm-belts and the whole zones of the trade- 
winds. Under the high pressure of the tropical calm.-belts, we have 
seen, there is a very gradual settling down of the air to supply the out- 
ward flow on each side at the earth's surface from beneath these high 
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pressures. There is here, then, no normal ascending current, as on the 
rain-belt, but the contrary, and consequently there is no rainfall except 
when there are ascending currents arising from some abnormal disturb- 
ance, and hence the annual rainfall is in general small. Over the 
trade-wind zones the currents of the lower strata of the atmosphere, 
which take up and bear away the surface evaporation into the calm- 
belt, do not allow it to ascend to regions where it can be condensed by 
the cold of expansion until it arrives 'at, and ascends in, this belt. Hence 
little rain falls within these zones where nothing interferes with the 
regularity of the trade- winds. 

These dry zones are observable mostly on the oceans, where the ab- 
normal disturbances which interfere with the regularity of the trade- 
wind system are comparatively few, except near the continents. But 
from an inspection of Loomis's chart it is seen that there is at least a 
strong tendency toward this same condition- on the continents of both 
hemispheres. In the northern hemisphere, in a zone between the par- 
allels of 15° and 40°, are the dry regions of California, Arizona, and 
Colorado in North America, the great Sahara and ITubian deserts of 
North Africa, and the dry region of Arabia and Persia in Asia. In the 
southern hemisphere within the same parallels are the dry regions of 
the Argentine Republic and of Eastern Patagonia in South America, 
a large dry region in South Africa, and one comprising the whole of the 
interior of Australia. 

There are, however, certain parts of these zones where there is an 
abundance of rain. The gyrations on the oceans in both hemispheres, 
which have been described and explained, § 171, and which interfere 
with the regularity of the tropical calm-belts, also break up the con- 
tinuity of the dry zones around the globe. By this means the vapor of 
the Caribbean Sea and G-ulf of Mexico is carried around over Florida 
and other Southern States, causing a heavier rainfall there than in any 
other part of the United States, and for the same reason there is an 
unusually large rainfall in the southeastern part of China, though both 
these regions are within the comparatively dry zone, taken all around 
the earth. 

The rainfall over the whole of the United States, as far west a^s the 
meridian of 100° W., is dependent mostly upon the vapor transported 
from the Gulf of Mexico and the sea by means of this gyration, for very 
little comes across the Rocky Mountains from the Pacific Ocean. The 
vapor is supplied in a similar manner for the rainfall over all China. 

Local large and scanty annual rainfalls. 

175. There are several conditions which are all more or less favorable 
to large rainfalls in connection with the general motions of the atmos- 
phere. These are: (1) That the rain-bearing winds shall blow from 
the ocean, and best, from warmer to cooler latitudes ; (2) That there 
shall be ranges of high mountains to deflect the currents upward, which 
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are nearly or quite normal to the direction of the wind ; (3) That the 
place shall be near the ocean. 

If the winds come from the ocean, and especially from a lower to a 
higher latitude, they are more apt to be nearly saturated with aqueous 
vapor. If these stiike against ranges of high mountains, especially if 
they are coast ranges, the nearly saturated air currents are deflected 
upward and the vapor is rapidly condensed and falls in rain, upon the 
same principles as in the equatorial rain-belt. In this manner the east- 
erly winds of the trade-wind zones, charged with vapor from having 
passed over a long distance of water, are thrown upwards by the steep 
and lofty range of tire Andes, and this results in the heavy annual rain- 
fall on the eastern side of the headwaters of the Amazon and its tribu- 
taries, as represented on Loomis's chart. For the same reason the zone 
of heavy precipitation in the central part of' Africa is wider on the east- 
ern side of the continent, and the rainfall rendered more abundant. 

In the higher latitudes of the northern hemisphere the prevailing 
west and southwest -winds, blowing from the Pacific and Atlantic Oceans 
and striking nearly perpendicularly the line of coast ranges of mount- 
ains, the vapor of the currents deflected upward is condensed and gives 
rise to the large rainfall of Oregon and Washington Territory on the 
northwest coast of America on the one hand, and along the coast of 
IN'orway on the other. On the west coast of the southern part of South 
America there is also a very rainy region. The west winds of the 
South Pacific Ocean, striking the west side of the Andes, are deflected 
nearly vertically upward, and consequently there is a very large rain- 
fall. But the southern part of Africa does not extend far eiiough south 
into the parallels of the westerly winds of the lower strata of the at- 
mosphere for a similar effect to be produced tliere, even if there was as 
high a mountain range as on the southern part of South America. 

As the rainfalls on land are dependent in a great measure upon the 
aqueous vapor supplied by the ocean, as a rule much more rain falls on 
and near the sea-coasts than in the interior of the continents. And this 
is especially the case if the vapor-bearing winds hav^e to pass over coast 
ranges of mountains in passing into the interior. For in passing over 
the range most of the air has ascended to an altitude considerably 
greater than that of the mountain, where it has become so much cooled 
and its capacity for moisture so much diminished that there is but little 
vapor remaiuing, and in passing on over the dry interior it receives very 
little more from evaporation. The interiors of large continents, espe- 
cially in the higher latitudes, are therefore comparatively dry and the 
annual rainfalls light. It is seen from Loomis's chart that in the inte- 
rior of North America east of the Eocky Mountains, especially up in 
the cooler and drier latitudes, there is a large area in which the annual 
rainfall is very scant. The same is also seen in Tartary and Mongolia, 
in the interior of Asia. 



CHAPTER IV. 

CYCLONES. 

I. — The Fundamental Equations. 

Temperature conditions. 

176. In the theory of the geueral motions of the atmosphere, treated 
in the preceding chapter, the only disturbing cause taten into account 
is the difference between the normal temperatures of latitude between 
the equatorial and polar regions of the globe, neglecting all local per- 
manent variations of temperature in the different longitudes on the same 
parallel, and also all variations of temperature of a temporary and 
transient character. The former more general variation of temperature, 
we have seen, gives rise to two similar systems of atmospheric circula- 
tion, each one having one of the poles of the earth for its center, and 
embracing a whole hemisphere. In the more local and temporary dis- 
turbances in case of cyclones the causes are similar, but the areas of 
disturbance embrace only a small part of a hemisphere. 

177. In the unequal distribution of temperature over the earth's sur- 
face, arising from various causes, it must frequently happen that, besides 
the great normal inequality of temperature between the equatorial and 
the polar regions, there are also more local, abnormal irregularities, 
either temporary or permanent, independent of latitude. If it should 
happen, as it must frequently, that these local areas of abnormal tem- 
perature are of a somewhat circular form, with a gradient of tempera- 
ture increasing or decreasing with more or less regularity from the cen- 
tral to the exterior part, they furnish conditions somewhat similar to 
those of the general motions of the atmosphere, in which there is a 
gradient of increasing temperature from the poles to the equator. These 
local temperature disturbances give rise to interchanging motions be- 
tween the central and exterior part of the disturbed area, and these in 
turn, on account of the deflecting force due to the earth's rotation, give 
rise to gyrations around the center, often of great violence. Local dis- 
turbances of this character are called cyclones. 

178. In the general motions of the atmosphere the temperature ine- 
quality between the equatorial and polar regions is maintained by a 
constant difference in the vertical intensity of the solar radiation upon, 
the two regions, and hence the general motions of the atmosphere are 
unceasing. In the case of cyclones a mere initial difference of temper- 
ature between the central and exterior parts can only give an initial 
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start to the system of motions, and a permanent cyclone cannot be 
maintained, unless this difference of temperature is kept up from .some 
constant cause, for the interchanging motion between the central and 
exterior parts would soon equalize the temperature and destroy the 
temperature gradient upon which the motions depeud. 

There is a certain state of the atmosphere, however, with which, from 
an initial start arising from temporary differences of temperature, the 
cyclonic action may be continued for some time, and that is the state 
of unstable equilibrium explained in.§ 38. In this case if the central 
region is warmer than the surrounding parts so as to give rise to 
incipient interchanging motions toward the central part below and 
from it above, with ascending currents in the interior, and if the air iu 
ascending here does not cool with increase of altitude at a rate which 
is less than the rate by which the temperature diminishes with increase 
of altitude in the comparativel.y quiet suiTounding atmosphere, then 
the temperature in the interior must continue to be greater and the 
density less than in .the surrounding part until such an inversion of the 
whole atmosphere in the vicinity takes place and the vertical temper- 
ature gradient becomes so changed that the condition of unstable 
equilibrium is broken up. On the other hand, if the vertical tempera- 
ture gradient in the surrounding atmosphere is less than the rate with 
which ascending air is cooled in the interior part, then it is readily 
seen that, even with an initial higher temperature in the interior, this 
part, taken in all its extent through the upper strata, must become 
cooler than the surrounding parts ; for as the air at the bottom is sup- 
plied by the currents coming in from all sides, its temperature must 
soon become the same as that of the surrounding parts, but on account 
of the difference in the ratio of cooling with increase of altitude the 
temperature of all the strata above the earth's surface must be cooler 
and more dense and the ascending currents and all initial cyclonic 
action must cease. 

The conditions of a cyclone, therefore, depend very much upon the 
rate of decrease of temperature with increase of altitude, that is, upon 
the vertical temperature .gradient ; since without the state of unstable 
equilibrium, which depends upon this rate, any initial horizontal tem- 
perature gradient is soon destroyed. 

In the general motions of the atmosphere this latter condition is notre- 
quired, since the solar radiation is so great a disturber of the equality of 
temperature between the equatorial and polar regions that the difference 
is only very slightly affected by any difference in the vertical tempera- 
ture gradients in different latitudes arising from ascending and de- 
scending currents. If in a cyclone there is likewise some permanent 
cause of temperature disturbance, some source from which the central 
part is continually receiving more heat than the surrounding parts, so 
as to keep up a difference of temperature too great to be reversed by 
the changes arising from ascending and descending currents with dif- 
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ferent vertical temperature gradieuts, then in a cyclone, as in the gen 
eral motions of the atmosphere, the condition of unstable equilibrium 
is not required ; but even in this case this condition increases the 
energy of the cyclone. 

179. In the case of dry or unsaturated air, §36, the rate of decrease 
of temperature of an ascending current of air is 1° nearly for each 100 
meters of ascent, and hence if in the surrounding compai'atively undis- 
turbed part the vertical temperature gradient is greater than this, we 
have the state of unstable equilibrium. But so great a vertical gra- 
dient of diminishing temperature is by no means a normal one, or even 
one which frequently odcurs, but is observed only under certain rare 
circumstances and in the lower strata of the atmosphere very near the 
earth's surface. Hence we never have the conditions of a cyclone of 
long continuance in very dry air ; for although some local part of the 
atmosphere may happen to be warmer in the central than in the sur- 
rounding parts, yeb this can only give rise to an initial interchanging 
motion between the central and surrounding part before the temper- 
atures of the two become equalized by the rapid cooling of the ascend- 
ing air in the central part, when this motion must cease. 

In saturated air, however, we have the unstable state with a vertical 
gradient of decreasing temperature which is much less than 1° for 100 
meters. The rate of cooling in an ascending current of air in this case 
is that of the Table XIII, which, it is seen, varies with temperature 
and altitude, the rate per 100 meters for medium temperatures and al- 
titudes being less than half of what it is in all cases in, dry air. This 
rate is about the same as that of the normal or average vertical gra- 
dient in the atmosphere. Hence where the air is saturated or nearly 
so, we frequently have the state of unstable equilibrium, which, we have 
seen, is a very important condition of a cyclone. 

If the air is not completely saturated at the earth's surface, and we 
have the initial or primary cause of a cyclone, namely, a greater tem- 
perature in the central than the exterior part of some local temperature 
disturbance, to cause an initial ascending current there, the decrease of 
temperature for each 100 meters of ascent is 1° until the air has as- 
cended as many hundred meters as there are degrees of diiference be- 
tween the air and the dew-point temperatures, after which the rate of 
decrease is that given in Table XIII. The complete temperature con- 
ditions of a cyclone, therefore, rarely extend down to the earth's sur- 
face, but the interchanging and gyratory motions, commencing first up 
in the cloud regions, are soon propagated downwards to the earth's 
surface by the action through friction of the upper strata upon the 
lower ones. The pressure, also, on the lower strata being diminished by 
the rarefaction of the air above in the central part of the cyclone, the 
air of these lower strata tends to rise up in the central part and then 
that of the surrounding parts flows in to take its place, and in so doing 
it is necessarily drawn also into a gyration around the center. 
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180. The aqueous vapor of the atmosphere is a very important, though 
not an indispensable, condition of a cyclone. It is important because, 
■where the air is saturited with it, we have the unsta.ble state which is 
so essential to continued cyclonic action, with a vertical gradient of de- 
creasing temperature which is much less than in the case of dry air, and 
one which frequently occurs in nature. If the vertical gradient of de- 
creasing temperature were greater than 1° for 100 meters, we should 
have the unstable state, and, with any slight initial cause of disturb- 
ance, the complete conditions of a cyclone in perfectly dry air. Of 
course the tendency of the ascending and descending currents of such 
disturbances, since in both the rate is 1° nearly for 100 meters, the 
former a decreasing and the latter an increasing one, is to bring the 
temperature gradients in the end to the same, as it is in the case of 
saturated air to bring the vertical gradient to a normal or average one. 

181. Where the initial state of the air is such that the central part is 
colder than the surrounding air, it gives rise to an interchanging mo- 
tion toward the center above, a very gentle downward motion in the 
interior, and a motion from the center below. If the temperature con- 
ditions with regard to the vertical gradient were such as belong to the 
unstable state of dry air, the motions would continue until this state 
were changed by such motions; and if the initial state of the air were 
that of complete saturation, there would be little advantage from it, 
since saturated air in a descending current becomes at once unsaturated, 
and the effect of the rising of as much air in the surrounding parts, since 
it would extend over a so much greater area, would be very small in 
raising the surrounding temperature. 

Unless for some reason the central part of some area of disturbed 
temperature is kept colder than the surrounding part, we cannot have 
the conditions of a cyclone with a cold center which will continue long 
unless the atmosphere is in a state of unstable equibrium for dry air, 
which never occurs except near the earth's surface. 

182. Perfectly regular conditions of a cyclone would comprise a cir- 
cular area of no very great extent, with a regular gradient of either in- 
creasing or decreasing temperature from the center to the circumference, 
as is the case very nearly in the general motions of the atmosphere 
where we consider only the normal temperatures of latitude. Of course 
these regular conditions never occur in nature, and generally only very 
rough approximations to them, but the best that can be done in the 
theoretical consideration of cyclones is to assume such regular condi- 
tions, and to form equations representing, as nearly as possible, such 
conditions. The equations even for such conditions, as in the case of 
the general motions of the atmosphere, can only be imperfectly and ap- 
proximately solved; but still results may be deduced from such a solu- 
tion very important in enabling us to understand the various phenom- 
ena connected with these motions, even where they arise from conditions 
differing much from the regular conditions assumed. 
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Gyratory motion of a small portion of the eartWs sv/rface. 

183. A comparatively small portion of the earth's surface around the 
north pole, with the pole in the center, turns with reference to space 
around that pole lilie a disk with an angular gyratory^ velocity, equal 
to that of the earth around its axis, and in a manner contrary to that 
of the hands of a watch, or, as is usually said, from right to left. The 
'same is true with regard to a similar area around the south pole, except 
that it would seem to one at the south pole to turn the contrary way, 
that is, with the hands of a watch. At the equator such an area would 
have a progressive circular motion eastward around the earth's axis, 
but none of gyration around its center. From the poles to the equator, 
therefore, it is reasonable to suppose that the motion is partly progress- 
ive and partly gyratory, and that the gyratory motion around the center 
is some function of the polar distance which decreases with increase of 
polar distances and vanishes at the equator. 

Let Fig. 1 and Fig. 2 represent two intersecting planes passing 





through the point a on the earth, of which the polar distance is ?/;, the 
first passing through the axis around which the earth revolves with a 
gyratory velocity m, and the other perpendicular to it and intersecting 
it at e. If a6, Fig. 2, represents a very small instantaneous motion of 
which the gyratory velocity around the axis is n, and n' represents the 
corresponding gyratory motion around the point d in a tangent plane 
touching the earth's surface at the point a, and intersecting the earth's 
axis produced at d, then we shall have, since in the one case ae and in 
the other ad is the distance of the common motion ab from the center, 



n' 



ae 



sm ij} 



iCOS tp 



'ad tan tp' 
And hence 

(1) n'=n cos ^ 

Every part of a plane gyrating as a disk around a center has an in- 
stantaneous motion which is composed of a progressive motion perpen- 
dicular to the radius and of a gyratory motion with a velocity equal to 
that of the gyrating plane. Hence the instantaneous motion of a part 
of the earth's surface at a, so small that it may be regarded as coincid- 
ing with a tangent plane at a, is composed of a progressive motion ah, 
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and a gyratory motion of which the velocity is n cos ip, or the velocity 
of the earth's rotation multiplied into the sine of the latitude. 

184. The preceding relation may be also demonstrated in the follow- 
ing manner: Let P, Q, and Q' be the three 
angles of an isosceles spherical triangle 
P Q Q', P coinciding with the pole of the 
earth, and p, q, and q' the opposite sides, 

, respectively. We then have, from the well- 
known trigonometrical relations .of a spherical 
'i' triangle, 

tanJ(<3+(?')=S|S|]cotJF 

Let the side p of the triangle be produced to b and V, and let aQQ'a' 
be the parallel of latitude passing through Q and Q'. The change in 
the direction of this parallel, which is the line of motion, between Q and 
Q', is twice the angle aQh=a'Q'h', and these are the complements of the 
angles Q and Q'. But since q=q'=ip of the preceding notation, and 
consequently Q= Q', the preceding relation becomes, since tan J( Q+ Q') = 
tan Q=tan (90°— aQ6) = cot aQl, ' 

cot a'Qb=-^^ cot JP 

or 

tan aQb=cos ;/■ tan JP 

Now, if we suppose the angle at P to be infinitely small so as to rep- 
resent an instantaneous change in the angular motion of rotation, then 
the angle aQb likewise becomes infinitely small, and, we have 

d{aQb)=i cos ipdP 

Or, dividing both members by the element of time dt, we get, since 
'2D,{aQb) is the velocity of change of direction of motion with regard 
to space, and D,P is the angular velocity of rotation, 

n'=n cos rp 
the same as in (1). 

liquations deduced from those of the general motions of the atmosphere. 

185. If the general equations (9), § 143, were applied to a portion of 
the earth's surface around the pole so small that it might be regarded- 
as coinciding with the tangent plane at the pole, then 9 would be so 
small for any part of this area that we could put cos 6=1. For a sim- 
iliir portion of the earth's surface around any point a, Fig. 1, we should 
have similar conditions, since progressive motions with reference to 
space do not enter into them, but only the gyratory motions. Instead, 
however, of a gyratory velocity n, we should have in this case one equal 

1 to n cos '/'. 

If now we adopt the same notation as in § 143 in the case of the 
general motions of the atmosphere, except that U and V represent 
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linear co-ordinates in directions of a radius drawn from the center of 
the area under consideration and at right angles to this radius respect- 
ively, and u and v the corresponding velocities of relative motion in 
these directions, we thus get for the equations of condition in this case 
by ijutting in (9), §, 143, cos 8=1, and n cos ip for n, 
d log P ,„ ^ du ' 

-^dU-=-(^'' ''"^ t+^)^+M+^^ 
(^ loo- jP ^1) 

d log P dx ^ 

-'X-=9+di+^' 

in which, putting p=the linear distance from the center, we have sensibly 
where p is not yery large 

(3) p=r sin 8 

Where the vertical motions are so small, as they are mostly, that they . 
can be neglected, we get from (11),. § 144, by making the same changes 
d log P' „ ^ du ^ ,d log a 

d log P' ,„ , dv „ ,^loga 

as the equations of horizontal motions of the atmosphere. 

In the case of the regular conditions of a cyclone as assumed above, 
a, which is a function of r, becomes independent of V, and hence the 
last term of (43) vanishes, and also the first member, unless, in the case 
of no frictiop, it'depends upon initial motions. But in the case of fric- 
tion such initial motions soon disappear, and then the first member in 
(42) vanishes. 

In the case of cyclones, as in that of the general motions of the at- 
mosphere, § 144, it is necessary to have an expression of the temperature 
in terms of the distance p from the center. In the case of the general 
motions of the atmosphere this is approximately known from observa- 
tion, and is of the form of (12), §144. In the case of cyclones this is not 
known, and it is therefore necessary to assume some expression of the 
temperature which we may suppose to represent it approximately. 
This must be of such a form as to make the temperature a maximum or 
minimum in the center and to increase or decrease from the center to 
the exterior limit according to some probable and regular gradient. 
These conditions are satisfied by an expression of the following form : 

(5) r=A„+Ai cos 2^ 

in which, putting p„ for the value of p at the exterior limit, 

(6) 9=^^^ 

and in which A^ is the value of r at the mean distance between the 
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center and outward limit. From these we get, since dU=dp, both 
being linear distance from the center, 

dt ^ A • n 

But from (4), § 142, we get, as in § 144, 



Hence we get 



d log a .004 dr 

dU '^■~l+.004r3C 



d log a .0047r^j . 



With this value in the last term of (4i), and putting the first member 
of (42) and the last term of the second member equal X), for reasons 
already given, we get 

d log P' , du „ ' .0047rA, , . „ 

-^dW-=-^^'' ««« ^+^)^+g^ +-^"- p„(l+.004 "^ g^ ^'''^'P 

0=(2« cos f+v)u+^+F, 

In the expression of (5) A„ is the mean of the temperature between 
the center and exterior limit. In the last term of (7i) this mean value 
of r can be used without material error, and if this were taken for the 
altitude of ^ hit would be better than the value at the earth's surface. 

These are the equations of the horizontal motions of a regular cyclone 
with a temperature increasing or decreasing from the center to the 
exterior according to the assumed expression of (5). If Ai is positive 
the central part is the colder and the gradient is one of an increasing 
temperature from the center out, but the reverse if Ai is negative, 
which is the usual case of ordinary cyclones. 

All that has been stated in § 145 with reference to equations (13) of 
that section is applicable to the preceding equations (7). 

, II. — Solution in Case of No Friction. 

1°. In case of no temperature disturbance. 

186. Equations (2) and (7) differ but little from (9) and (13) in the 
case of the general motions of the atmosphere. The solutions, there- 
fore, and likewise the results, in the two cases are very similar where 
they are not precisely the same. 

In the most simple case, that of a free body moving over the earth's 
surface, supposed to be entirely smooth and without friction, we obtain 
from (7), just as (14) were obtained from (13), § 145, equations which are 
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similar to those of (14), § 145, and which are deducible from them by 
putting cos 6=1, n cos ^ for n. By introducing these chariges into 
(16i), § 145, we get for the deflecting force arising from the earth's rota- 
tion 

F=2ns cos lb 

I 

which is precisely the same as the former for the middle of the comparar 
tively small tangential area, since ip is the polar distance of that point. 
It was assumed, in forming the equations (2) and (7), that the are^ 
under consideration coincided sensibly with the earth's surface, and as 
this is strictly true for the central point only, the result above c^ri be 
strictly correct for that point only, and for others near to it onii^'apt, 
proximately so. ' , 

187. Where we consider only a circular portion of the atmosphere 
over a comparatively small area of the earth's surface and suppose it 
to be moved without friction by forces, however small, acting only in 
vertical planes passing through the center, we obtain from (Tz), for each 
particle of air, 

(8) p^(« cos ^+T')=c 

this being the integral of that equation, as may be shown by differ- 
entiation. This is the same as (8), § 143, if we suppose that the area is 
so small that sin 6 does not differ sensibly from the arc, or r sin 6 from 
the linear distance from the center. 

By proceeding in the same manner as in § 147 and 148, we obtain, 
instead of (22), § 148, 

/ /f{n cos ip+y')dm 

(9) C= - 

But this is obtained directly from (22) by putting n cos f for n and p 
for r sin 6 by (3), which are the only differences in the equations in the 
two cases. 

Where the initial state of the atmosphere is that of rest with refer- 
ence to the earth's surface, we have t-'=0, for each particle dm. The 
integration of (9), therefore, in this case gives 

0=^p^n cos ip 

putting Pa for the value of p at the exterior limit of the area. With 
this value of 0, which is the common value of c, for all the particles 
after they assume the same angular velocity of gyration at the same 
distance from the center, substituted in (8) we get, putting for v its 
value in (S^), 



(10) v=C^—'C\pn cos ^ 
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If in this equation we put v=0, we get 

for tlie distance from the center at which the gyratory motion vanishes 
and changes sigu. Between this distance and the center the gyrations, 
bj' the notation adopted, are positive, that is, from right to left in the 
northern hemisphere where cos ip is positive, but beyond that distance 

( they are the contrary way. 

^188. By treating equations (2) in precisely the same manner as those 

. of-{Q) in § 149 in the preceding chapter were, it is readily seen that 
w^ must obtain the same results, since the only two terms which differ 

An the two sets of equations, namely, those depending upon the gyratory 
velocity (2«+ J') in the one case and upon (2w cos ^+j') in the other, 
vanish in both cases. Hence equations (25),- (26), (27), and (27') in the 
preceding chapter hold also here in the case of a cyclone without friction. 
If in (27') we suppose Pq and Vq to be the values of P and v at the 
limit of the circular area where p=p„, we get from (10) Vo^=\pi?n^ cos' f. 
With this and the general value of v'^ in (10), (27') becomes by means of 
(4) and Table XIV 

(12) log Po-log pJ^-^ cos' t (4^ -k+^0 . 

in which the expression is adapted to common logarithms. 
If Po is the value of P where v=0, then (27'), § 149, gives by (10) 

14732 X 10"" / p* \ 

(13) log Po-iogP= i^0Q4^ cos^ i^y i^-P°-'^) 

From these expressions it is seen that on account of the term con- 
taining p' in the denominator the first members become very large 
and consequently the value of P very small in comparison with Pq 
where p is small in comparison with po- 

If we put the differential of (12) equal 0, we get 

1 , 

P— ■s/'iP » 

the same as (11), tor the value of p where the pressure P is a maximum. 
Hence this occurs, as in the case of the preceding chapter, § 149, where 
V vanishes and changes sign as any particle passes from the exterior 
to the interior of the circular part of the atmosphere under considera- 
tion or the reverse. This, however, as in the former case, is upon the 
hypothesis that the initial state of the air is that of rest. With other 
initial states we get of course very different relations between p and po. 
For instance, the whole air might have such an initial gyration that 
there would be no maximum in the final result, and the highest press- 
ure would be still at the exterior limit. 

189. Since by (12) P becomes very small near, and vanishes at, the 
center where p=0, however great the value of Po, and also has a max- 
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imam at the distance from the center determined by (11), which is at a 
certain distance between the center and the outer limit, but hearer the 
latter, the figures of the strata of equal pressure must assume forms 
such that sections by vertical :Fiq.I. 

planes are represented by the 
dotted lines in Eig. 1, which 
are similar to those of Fig. 3, 
§ 149, except that in this case 
they belong to only a very 
small portion of the earth's sur- 
face instead of a whole hemis- 
phere as in the former case. 

Between the center and e, the distance from the center of greatest, 
pressure, the gyrations in the northern hemisphere where cos ^ is 
positive are from right to left, by (10), and very near the center the 
velocity is very great ; but beyond e they are the contrary way, the 
maximum velocity being by (10) equal \ p^n cos ^. In the southern 
hemisjjhere the gyrations of corresponding parts are all reversed. 

The value of P with reference to Poj by (12), and likewise the value 
of V, by (10), depend upon ^, the polar distance of the center of the 
area of disturbance. At the equator, where cos ^=0, we have ■»=0, and 
P=Po, and hence no gyrations or any disturbance of pressure. But it 
must be remembered that this is upon the hypothesis of an infinitely 
small temperature disturbance between the interior and exterior parts, 
since a in the preceding integrations has been regarded as a constant. 
For however small this disturbance and the consequent interchanging 
motions between the interior and exterior parts, the final result is pre- 
cisely the same, but the approximation to this result is slower and the 
time in which it is sensibly reached much longer. 

Since (29) of the preceding chapter is entirely independent of the 
earth's rotation or of area of extent, but the relation between s and So 
depends simply upon difference of elevation of the initial and final ve- 
locities, it is also applicable in this case, as likewise (30) and (31). The 
gyratory velocity v being at the distance e from the center C, Fig. 1, 
the velocity v at the outer limit B is the same as would be acquired by 
a body falling through the distance X— Xq in (31) or from a to i' in 
Fig. 1. Likewise the value of v at &, where the stratum & a c comes to 
the earth's surface, is the velocity acquired by a body in falling through 
X or from a to e. Fig. 1. This, however, is upon the hypothesis of an 
infinitely small interchanging motion between the interior and exterior 
parts, since (30) and (31) have been deduced from (29), § 149, upon this 
hypothesis. If, however, w and x in (26), which depend for their values 
upon this interchanging motion, should have considerable values, but 
small in comparison with -b, the result would be very nearly the same. 
The last paragraph of § 149 is likewise applicable here. 
10048 SIG, PT 2 16 
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In the preceding results it is assumed either that the interchanging 
motions depend upon an initial impulse, or else that where there is fric- 
tion the temperature disturbance is merely sufificient to overcome the 
friction of small velocities, since they have been deduced upon the 
hypothesis that a in (9) is a constant, and so independent of tempera- 
ture variations with regard to Z7, V, and X. 

2°. Special solution in case of temperature disturbance. 

190. Another solution of (1) in the case of no friction, but with diifer- 
ence of temperatuj'e between central and exterior parts, similar to that 
of §! 150 of the preceding chapter, can be obtaiued by putting m=0 in 
(Tz) and v=a constant. This satisfies this equation, and we thus get 
i),M=0, and F^=0 in (7i), and it then becomes 

dlosP' ^ , , .004 TiAi , . „ 

At the earth's surface where h=0, we get, since the last term van- 
ishes in this case, 

d log P' „ , 

ad U =(^" ''"^ rp+r')v' 

putting v' and r' for the values of v and v at the earth's surface. 

Subtracting the latter of these equations from the former, and ^eg- 
lecting the small difference between r and v', since it is in general 
very small in comparison with the whole gyratory velocity 2n cos ip-\-v' 
Sit the surface, we get 

,_ _ .004 ttAi gh sin cp 
n4^ ^ ~po(2« cos i,+v') (1+.004 r) 

^ ' _ 0.1232 Ax sin' cp h 

~ {2n cos tp+v') (1-f .004t) ' po 

The value of r' is generally so small in comparison with-(2w cos rp-{-v') 
in the middle zone and exterior part of a large cyclone that it may be 
neglected ; (14) then, by Table XIY, becomes 

^^^> ^ ^-cosV'(l+.004r) Po 

The last two expressions make {v'—v) vanish at the center where, by 
(G), 9>=0, and at the outer limit where ^=180°, and a maximum where 
p=JP(i, or where by (6) ^=90°. 

Where Ai is positive, as it is by (5) where the temperature decreases 
from the center outward, v is less than »', and hence the gj'ratory 
velocity above is less tlian it is at the earth's surface, and in proportion 
to the altitude h. This is evident from a more general consideration of 
the subject, in which, however, no quantitative results are obtainable. 
The air in the interior of the cyclone is expanded upward and the strata 
of egual pressure raised. This diminishes the gradient of pressure, de- 
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creasing toward the center, and hence a less force arising from the 
gyratory velocity, and consequently a smaller velocity of this kind is 
required above to counteract the gradient there than is required below, 
where it is not diminished by expansiou from increased temperature in 
the interior. Where there is no interchanging motion, as assumed, 
there must be no residual of force above to move the air out from the 
interior, nor below to move it in toward the center, and hence the force 
arising from the gradient and that depending upon the gyratory motion 
must exactly counteract each other for every part, both above and below. 
If Ax is negative, that is, if by (5) the interior is the colder and there 
is a gradual increase of temperature outward from the center, then the 
reverse takes place, and the gyratory velocity is greater above than 
below, just as in the case of the general motions of the atmosphere 
without friction in § 150, where the interior or polar regions are the 
colder and the temperature increases toward the pole. If the assumed 
gyratory velocity v' at the earth's surface is 0, then, as in the case of 
the general motions of the atmosphere, the gyrations in the northern 
hemisphere are still from right to left above and the pressure gradients 
decl"!ne toward the center, as they do toward the pole in the case of the 
general motions, as is represented in Fig. 4, § 150. 

Hxamples. 

1. If po=l,000'™ (10), what is the gyratory velocity v on the parallel 
of 50° at the distance from thecenter of p=100'^°'? 

2. If J'o=0.76'" at the outer limit E, Fig. 1, at the distance of po= 
1,000'"", with ;/=45o and t=0o, what is the pressure P at the distance 
p=100'^"? (12.) 

3. If Po=0-''8™ at the point e, Fig. 1, where the pressure is a maxi- 
mum, and po=100 miles, what is the value of P at the distance p=5 
miles! (13.) 

4 If po=l,000 miles and ^.1=10° F., what is the value of v at the alti- 
tude of 3 miles and latitude of 45° and distance p=600 miles, supposing 
there is no gyratory motion at the surface of the earth, that is, that v' 
and y' equal ? (6) and (14'). Ans. 34™. 

III.— Solution in Case op Feiction. 
Introduction. 

191. In the preceding case friction between the atmosphere and the 
earth's surface has not been considered, and only an exceedingly small 
amount of it has been supposed to exist between the different parts, 
merely sufficient to destroy in time all initial motions not depending 
upon some regular disturbing cause, and this latter has been supposed 
to be infinitely small and to be continued only until regular interchang- 
ing motions between the interior and the exterior parts of the area of 
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disturbance liave become established. It is dow proposed to treat the 
equations iu the case in which the friction, both between the atmosphere 
and the earth's surface and between the different parts of the atmos- 
phere, is so great as to require a considerable amount of force to over- 
come the I'rictional resistances and to keep up the motions when once 
established. In the preceding case complete solutions of the equations 
for the most part and quantitative results have been obtained for the 
regular conditions of § 182, but in this case, even for these regular con- 
ditions, as has been stated, the equations can be only very imperfectly 
solved, and in general no quantitative results be obtained, but never- 
theless results which are very important in showing the general tend- 
ency of the disturbing forces and in enabling us to explain and even 
anticipate many of the phenomena which usually occur. 

Interchanging motions. 

192. In the case of cyclones the difference of temperature between 
the interior and exterior parts gives rise to an interchanging motion 
between these parts, just as in tlie case of the general motions of the 
atmosphere the difference between the temperature of the polar and 
equatorial regions of the earth gives rise to such a motion. In the case 
of the latter, however, the motions are toward the polar or central part 
in the upper strata and from it in general in the lower ones, but in an 
ordiiiary cyclone, in which the interior part is the warmer, these mo- 
tions are reversed, being mostly toward the center in the lower strata 
and from it in the upper ones. 

The force which overcomes the inertia of the air in the initial motions 
where the initial state is that of rest, and which afterwards continues 
to overcome the frictional resistances to these motions, depends upon 
the temperature gradient expressed by the last term of the second 
number of (7i). In the initial state before motion commences we have 
P' equal a constant and also F„=0, and (7,) then becomes 

in which F^ only acquires a value after motion has commenced. This 
equation is similar to that of (39) of the preceding chapter, and the 
effect in first increasing the pressure in the central part and of produc- 
ing a motion toward the center above and from it below, and of caus- 
ing a neutral plane in which there is no motion, as explained in § 153, is 
precisely the same in both cases. The equation of continuity expressed 
by (40), § 153, must also be satisfied by the interchanging motions in this 
case. 

Gyratory ^notions. 

193. The force which overcomes the inertia and friction of the gyra- 
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tory motion of any part of the air is obtained from (Tj), which may be 
put into the following form : 

(16) *-^+J',= -(2m cos i>+v)u 

in which the last member is the force which overcomes the inertia and 
friction expressed by the first member, and is similar to (42) in the last 
chapter. 

This force, it is seen, depends upon u and the earth's rotation, so that 
without a motion to or from the center and without rotation of the 
earth on its axis, there is no force to give rise to a gyratory motion, for 
y only acquires a value after this motion has once set in. Since, also, 
cos ifi vanishes on the equator, there can be no gyratory motion there 
in any case. 

"When the interchanging motion is established, as explained above, 
the motion toward the center below, by the principle of § 145, or by (1(5) 
above, in which « in this case is negative, tends to give rise to a gyra- 
tory velocity v from right to left in the northern hemisphere, bnt the 
contrary in the southern, since cos ip changes sign there. The motions 
above /roTO the center tend to give rise to gyrations the contrary way, 
but the tendency of the friction between the strata is to constantly re- 
duce them to the relations of (14) in the case of no friction, in which 
the gyrations, algebraically considered, are greater below than above 
in all parts. The difference, however, must be always a little less than 
that given ^^ (l^); since this, having been obtained upon the hypothe- 
sis of no interchanging motions or of m=0, must be the limit of differ- 
ence. If the relative values of v' and v, the gyratory velocities below 
and above, were such as to completely satisfy (14), the force depending 
upon the temperature gradient and that arising from the centrifugal 
force of the gyrations and the deflecting force of the earth's rotation, 
as expressed by the first term of the second member of (7i), would ex- 
actly counteract each other, and the interchanging motion would ceasej 
M in (16) would vanish, and there would then be no force to overcome 
the friction of the gyrations. 

The velocity of gyration of the earth's surface at unit distance around 
the center of the cyclone being n cos ^, the tendency of the air of the lower 
strata in moving toward the center, to run into a gyration around that 
center relatively to the earth's surface, is similar to that of water in a 
shallow basin having a very small gyratory motion, to run into a gyra- 
tion relatively to the basin around the center, if the water is allowed to 
run out through a hole in the center of the basin, from which arises a 
motion toward the center. In the case of the air in a cyclone, however, 
instead of running down, it rises up in the central part and flows out 
above, and the tendency to gyration from this motion the contrary way 
tends to counteract the other. 

We have seen that in the case of no friction the atmosphere tends to 
run into a gyration in the oue direction in the interior part, and the con- 
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trary in the exterior part, and that the velocity of gyration becomes 
very great near the center. In the case of friction between the air and 
the earth's surface there is the same tendency, but the weak deflective 
forces upon which the gyrations depend are sufficient to overcome the 
frictional resistances of only very small velocities comparatively, and 
hence they cannot cause very rapid gyrations. But there must be at 
least some gyratory velocity in case of friction, since there must be some 
such velocity before friction comes into play. 

Since as much air in general must flow from the center above as toward 
it below and the tendency of each is to cause gyrations the contrary 
way, the only force which there is to overcome the resistance between 
the atmosphere and the earth's surface depends upon the differences of 
the gyratory velocities above and below, as in the case of the general 
motions of the atmosphere, and the expression of this force is similar to 
that of (44) in the preceding chapter. This, in the case of an ordi- 
nary cyclone in which v in the interior is greater below than above, is 
positive in the interior part where the air rises, and the contrary in the 
exterior part where it descends to the surface. Hence in the northern 
hemisphere the gyrations in case of friction, as in that of no friction, 
are positive in the interior and negative in the exterior part of the cy- 
clone, just as in the case of the general motions of the atmosphere, they 
are eastward in the higher latitudes and the contrary in the lower lati 
tudes, as explained in § 155. But the relations between the areas 
occupied by the 'two kinds of gyrations and the relative %elocities are 
determined in this case upon a different principle from tha!t by which 
they are determined in the case of no friction in § 189. They must in 
this case satisfy the following condition, similar to that of (45), § 156, 

(17) ,/pF,,dff=J'p^F„,dpz^O 

the integral of which must extend over the whole area of the cyclone, 
.or in the last form from the center to the circumference. This condi- 
tion makes the sum of all the moments of gyration arising from the 
action of the air through friction upon the earth's surface equal 0, as 
they must be, since the absolute forces arising from the temperature 
gradient are in the directions of the radii, and hence cannot give rise 
to such moments, the deflecting forces being of the nature of centrifugal 
forces, and consequently not real forces, § US. On account of the 
complexity of thcTproblem and the uncertainty in the law and amount 
of friction, we cannot obtain any quantitative results, but can merely 
infer thajt where there are gyrations in the one direction in the interior, 
there must be counter gyrations in the exterior part. A cyclone is usually 
understood to be the interior part, consisting of very rapid gyrations, 
manifesting themselves by very strong and often destructive winds. 
The exterior part, therefore, consisting of comparatively very gentle 
gyrations, usually not distinguishable on land from the various abnor- 
mal and more local disturbances, is properly called the anticyclone, both 
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together forming one system. Where the former exists we know the 
latter must, although it may not be observable. • 

Central calm and calm zones. 

194. There are three portions of a cyclone where there is little force 
to produce and to sustain a motion of gyration at the earth's surface. 
According to (44) of the last chapter, which is applicable to cyclones as 
well as to the general motions of the atmosphere, the force which over- 
comes the friction of the gyrations at the earth's surface depends upon 
dv, and this cannot have a value unless there is an ascending or descend- 
ing current and i) has a value which either increases or decreases with 
increase of altitude. But by (14) v'=v=0, at the center, where by fii) 
(p=0, and at the outer limit of the cyclone where 9>=180o. Hence very 
near both the center and the outer limit of the cyclone the force F„ must 
be too weak to overcome the friction of any sensible gyratory velocity. 
Hence there is always a calm at the center of a large cyclone, which is 
often observed to be 15 or 20 miles in diameter. 

There is also an intermediate zone between the center and outer limit, 
where, for the same reason, there cannot be a gyration at the earth's 
surface. For since the air, in an ordinary' cyclone, ascends in the in- 
terior and descends in the exterior part, there must be an intermediate 
zone where there is no sensible ascent or descent and where, conse- 
quently, there cannot be any sensible gyratory velocity, since, by (44), 
F„,, the force which overcomes the frictional resistance to such motion, 
sensibly vanishes there. This is iii accordance with what has already 
been deduced, for if there are gyrations in the interior part in the one 
direction and on the exterior part iu the contrary direction, then there 
must be an intermediate zone where there are no sensible gyrations. 

Relation between the motions of upper and lower strata of the atmosphere. 

195. In an ordinary cyclone the radial motion of the air in the 
lower strata is toward the center, and in the upper ones out from the 
center, while at the same time the air in all the strata gyrates, either 
cyclonically or anticyclonically, around the center. The normal com- 
ponents of velocity v, especially a little away from the earth's surface, 
have the relation very nearly of (14), by which the positive values of v 
at the earth's surface, denoted by v', are decreased, and the small nega- 
tive values in the exterior part increased, in proportion to increase of alti- 
tude h. The velocities and directions, therefore, in the 1 ower strata a little 
above the earth's surface must be somewhat as represented by the heavy 
arrows, and in the upper as represented by the dotted arrows, in Fig. 2. 
By (14) the small positive values of v in the interior near the surface are 
gradually decreased with increase of altitude and become negative 
before the stratum is reached at which the inward flow toward the cen- 
ter is changed to an outward one, and consequently before the directions 
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incline from the center, but everywhere above that stratum the inclina- 
tion is outward, and the greater the altitude the greater the velocities 
represented by the dotted arrows. 




At and near the earth's surface the friction is so great that in general 
the deflecting forces are not sufficient to cause very great velocities,' 
except very near the center; but these forces, arising from the flow of 
the same amount of air outward from the center above where there is 
comparatively little friction, would soon cause a very great gyrating 
velocity the contrary way if it were not for the limit imposed by (14), 
for as soon as that limit is reached there is no force to keep up the inter- 
changing motion between the interior and exterior parts of the cyclone. 
The whole system acts as a governor in machinery. If the interchanging 
motion is a little too great, the gyl'atory motions and the forces arising 
from them are so increased at once as to diminish this interchanging 
motion, and if this motion is a little too small the reverse takes place. 

The altitude at which the gyratory or normal component of velocity v 
changes sign and becomes negative depends upon the value of v' at 
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the earth's surface and upon the energy of the cyclone or value of Ai 
in (14). Hence it may be only at a very high altitude that the gyrations 
are reversed and become anticyclonic iu the interior of the cyclone, as 
represented in Fig. 2. If this occurs before the plane is reached which 
divides the lower strata of inflowing air from those of the outflowing 
air above, then the anticyclonic gyrations have an inclination of the 
winds toward the center, and this only becomes outward in the strata 
of outflowing air as represented in the figure. 

The preceding general deductions from theory are in general verified 
by observation. According to the conclusions at which Dr. Hilde- 
brantsson arrived with regard to the upper currents of the atmosphere, 
from the synoptic chart of the Royal Meteorological Institute of Den- 
mark, very near the center of a depression or barometric minimum the 
upper currents move very nearly parallel with the isobars and lower cur- 
rents, but with increase of distance they incline from the center and the 
directions are to the right of those of the currents below. This is at 
altitudes where they have not become anticyclonic. 

Mr. Ley, from 620 observations upon the motion of cirrus clouds, 
arrived at the following general law showing the relation between the 
direction of the higher currents of the atmosphere and the distribution 
of atmospheric pressure at the earth's surface: "T/ie higher currents of 
the atmosphere, ivhile moving commonly with the highest pressures, in a 
general way, on the right of their course, yet manifest a distinct centrifugal 
tendency over the areas of low pressure and a centripetal over those of 
. Mgh."'^ 

These observations having been made on the directions of the motions 
of cirrus clouds, which are always at very high altitudes, the "centrif- 
ugal tendency" arises from the radial outward motion in these very 
high strata, the altitudes of which, however, and the distances from the 
center were not such as to cause the anticyclonic motions represented 
iu Fig. 2. 

Mr. Ley farther states, that " there occur at rare intervals in Western 
Europe depression systems, which affect, but in a very singular way, 
the directions of the upper currents, reversing them so that they be- 
come, on all sides of the area, nearly, or quite, in opposition to Ballot's 
law ; that is to say, there exists a direct (cyclonic) upper current cir- 
culation above a retrograde (anticyclonic) circulation of the surface 
winds." 

These cases, at rare intervals, are the extreme cases in which the alti- 
tude is so great that the radial motion of the cirrus clouds is not oidy 
outward, but also the cyclonic gyrations are reversed. The motions in 
this case are represented by the dotted arrows in the middle part of 
Pig. 2, in which it is seen that the motions are nearly in a direction 
contrary to that of the currents below. 

From an examination of 121 cases of high winds on Mount Washing- 
ton, Professor Loomis came to the conclusion (1) that high winds there 
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circulate about a low center, as they do near the level of the sea, and 
(2) that the motion is nearly at right angles to the direction of low cen- 
ter. These being high winds must have been mostly near the center, 
and the motions are in accordance with the cyclonic theorj'. 

Inclinations at and near the eartWs surface. 

196. The inclinations of the gyratory motion in a cyclone at some 
distance above the earth's surface are determined by the interchanging 
motions, and are almost entirely independent of friction, which is here 
very small and depends upon differences of velocities rather than upon 
absolute velocities, as at and near the earth's surface. Whatever the 
law and amount of friction in the strata generally above the earth's 
surface, the air in an ordinary cyclone must necessarily move toward 
the center below and from it above, and this determines there the direc- 
tion of the resultant of the gyratory and radial motions. At iind near 
tlie earth's surface, however, where friction is a function of the velocity 
which is somewhat proportional to the velocity, these directions are 
governed more by the law and amount of friction. 

If in (48) and (49) of the preceding chapter we put cos ^=1 and 
n cos rjj for h, they are applicable to cyclones. The latter of these expres- 
sions may be supposed to hold approximately at and near the earth's 
surface, since friction there is so great in comparison with the term 
arising from the mere inertia of the air that the latter may be neglected 
in comparison. With the changes indicated above this becomes, in the 

case of cyclones, 

f 
(18) tan ^=o — ——- 

^ ' zwcos^+y 

in which v is determined by (3). 

From this expression it is seen that i depends upon friction, and that 
the greater this is the greater is the value of i. At the surface, there- 
fore, where friction is comparatively great, the direction of the resultant 
motion is very much more inclined toward the center than it is a little 
above the earth's surface, and the value of i is greatest at the surface 
and diminishes with the altitude. The gyratory motion, therefore, is most 
nearly radial at the surface and gradually approximates to a circular 
gyration with increase of altitude. 

Th<e friction constant /remaining the same, it is seen from (18) that* 
must become small near the center, where the gyratory velocity is great, 
since in tliis case the value of v by (3) becomes very great. Toward 
the center, therefore, at the distance where the gyratory velocity is 
great, the value of t becomes saiall and the gyratory motion ne.irly cir- 
cular. At a distance where the air first begins to be drawn in toward 
the center, where p is large and consequently v is small, the value of i 
is large and the motion is nearly radial, but the nearer the center the 
greater is the value of v and the smaller the value of i, and the more 
nearly circular is the gyratory motion. 
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Since « cos ^ becomes small near, and vanishes at, the equator, so the 
value of i, all other circumstances remaining the same, increases with 
the decrease of latitude, and at the equator, where cos ip = d and v 
also vanishes, it becomes either 90° or 270°, according to the sign of u 
or direction of the radial motion at the surface, and the motion of the 
air then is entirely radial and there can be no gyrations. 

As friction is less on sea than on land (18) gives a smaller value of i, 
and cousequentl}' more nearly circular gyrations, on the former than on 
the latter. 

The average inclination in large cyclones, obtained by Mr. Ley from 
a great number of observations made at fifteen stations, mostly of the 
British Isles, is 20° 31'. He also found the inclination greater at in- 
land than at well exposed coast stations. The collective mean for 
Brest, Scilly, Farmouth, Pembroke, and Hollyhead is 12° 49', while for 
the inland stations, Londo'n, Nottingham, Oxford, Brussels, and Paris 
it is 28° 53'." This indicates that the inclination is greatest at the in- 
land stations, where the friction is the greatest, for at the coast station^s 
the gyrations were in a great measure over a water surface. 

Subsequently Mr. Ley determined the relation between the directions 
of both the upper and under currents of the atmosphere and the radius 
drawn from the center in areas of low barometric pressure from the 
averages of a large number of observations in the British Isles, France, 
Spain, Switzerland, Austria, Turkey, Russia, Denmark, Sweden, and 
Norway." The average inclination given by all for the undercurrents 
is 24° 7', which is a little greater than his other average, as it should 
be, since there was a greater proportion of Inland stations, and the fric- 
tion, consequently, on the average, greater. 

From the Weather Maps of the United States Signal Service, for the 
years 1872 and 1873, Loomis obtained^^ an average inclination of nearly 
47°, which is much greater than either of the averages obtained by Mr. 
Ley. The average latitude being less, the inclination from what has 
been shown should be some less, but the difference is too great to be 
entirely accounted for in this way. 

The remaining part of the diiference may be explained in. another 
way. Mr. Ley's observations were mostly of winds of considerable 
force, but Professor Loomis took in all within the isobar of 29.9 inches, 
which included many observations of velocities of only 3 or 4 miles per 
hour. The average distance from the center, therefore, of the observa- 
tions used by Professor Loomis was, no doubt, much greater than that 
in the observations used by Mr. Ley. The average inclination, there- 
fore, obtained by the former should be the greater, for reasons which 
have just been given. 

From a subsequent and more thorough sifting of numerous cases 
taken from the Weather Maps of the Signal Service Loomis^' deduced 
an average inclination for low barometer a few degrees less than that 
given above. From this discussion it resulted that inclinations at small 
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distances from the center are less than for greater distances, as, we have 
seen, theory requires. The inclinations for low barometer ranged from 
about 37° at a distance of 250i^™ to 44° at l,200i^". 

The average inclination obtained at the same time for low barometer 
from Hoffmeyer's charts of the northern part of the North Atlantic is 
considerably less than in the preceding case, as it should be, being a 
water surface, and the friction less ; and the inclinations likewise in- 
creased with increase of distance from the center, being 250.4 at the dis- 
tance of 278^, and increasing to 340.8 at the distance of 1,535km Por 
barometric pressures above 760™™ the inclinations were still larger. 

The average inclination obtained by Captain Toynbee from the dis- 
cussion of the observations in the North Atlantic during the great 
cyclone on the 24th and the 25th of August, 1873, is 29o, the observa- 
tions having been madeon the average at theparallel of about 50o. This 
result, although on the ocean, is greater than those obtained by Mr. 
Ley for the land, though much less than thaj of Loomis. 

The observations of Padre Viiies'^ on the hurricanes of the Antilles 
confirm the preceding deductions from (18). In all these hurricanes it 
was observed that the gyrating winds cease to be circular at a long 
distance from the vortex, and are found to deviate from the tangent to 
the circle with an inclination toward the center, forming a kind of 
spiral. This converging is likewise said to "vary, not only in different 
hurricanes, but likewise in the same hurricane, with different directions 
and intensities of the wind and with different distances from the vor- 
tex." In the same connection it is stated that it is " especially small at 
no great distance from the vortex." 

In more recent researches Hildebrandsson has deduced from observa- 
tions at Upsala an average inclination of 40O.2 and for the average of the 
three maritime stations, Waderobod, Utklippan, and Sandon, 320.2. 
The inclination at Upsala at all distances from the center was found to 
be greater in the summer than in the winter.^^ 

Since the gyratory velocity v gives rise to the force which drives the 
air from the central part of a cyclone, and hinders its flowing back to- 
ward the center with a velocity due to the gradient of pressure, if the 
gyratory motion is over an uneven surface, and especially if there are 
mountain ranges and valleys in the direction of the radius of the cy- 
clone, this gyratory velocity in the valleys, and even on the lee-side of 
a single mountain range, cannot exist, and hence, in such cases, there 
is a very strong current in the valley or on the lee-side of the range, 
due to the difference of pressure at the external and interior parts of the 
cyclone, caused by the gyrations above the mountain ranges. The 
velocity of the current in this case is that due to the full effect of the 
barometric gradient where there is no hindering force arising from a 
motion or component of motion transverse to the direction of the radius. 
In such a case the direction of motion and the inclination are determined 
by the direction of the mountain ranges, and the motion may be directly 
toward the center or vary considerably to either side of this direction. 
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Effects of gyration on pressure. 

197. From (50) of the preceding chapter, by putting cos 0=1 and 
n cos ^ for m, for reasons heretofore explained, and neglecting the last 
term depending upon friction and the inertia of the air, we get the fol- 
lowing expression applicable to a cyclone: 



,.q, <ZlogP_/2wcos^ + y\^ 

^ ' adU "V cos'* J~ 



According to this expression the pressure at any altitude is a maxi- 
mum where ^=0. But by (14) this depends upon v', and the greater 
its value in the interior of the cyclone the greater the altitude of the 
stratum where v=0, at any given distance from the center, la Fig. 3, 
let the ordinates of the unbroken curved line, as indicated by the 
arrows perpendicular to the radius of the circle below, intended to rep- 
resent the base of the cyclonic system, represent the values of v', and 
those of the dotted curves, of which only two are given, the values of v 
for strata above the earth's surface, the curve with the greater negative 
values of v corresponding to the higher stratum. Then the strata of 
equal pressure are represented by the dotted curv'ed lines in the upper 
part of the figure. These, on account of the higher temperature and 
less density of the air, are farther apart in the central than the external 
part of the system, so that at a certain altitude, however concave they 
may be at the earth's surface in the central part, they are convex even 
at the center, and the higher the more so, just as they are at the equa- 
tor in the general motions of the atmosphere, as represented by Fig. 6, 
§ 159. 

At the surface the greatest pressure is at e, the distance from the 
center at which v'=Q, and at which there is no gyratory velocity at the 
earth's surface. For a stratum above the earth's surface of which the 
values of v are represented by the ordinates of the first dotted curve 
below, and of which v=(i at the distance c / from the center, the max- 
imum pressure is at the same distance. And so the higher the stratum 
the nearer to the center is this maximum, until above a certain height 
the maximum is at the center. Above this altitude the values of v are 
negative at all distances from the center, as represented by the second 
of the dotted curved lines below, which does not intersect the line of 
abscissas except at the center. The maximum of the pressure, how- 
ever, does not in general coincide with the maximum vertical ordinate 
of the dotted curve in the figure, representing the stratum of equal 
pressure, though this is very nearly the case near the earth's surface. 

The altitudes at which »=0, and the greatest pressures in any hori- 
zontal stratum occur, is a line commencing at e and inclining toward 
the center, somewhat as represented in Fig. 3. These lines, as seen by 
14, depend upon the values of v' at the earth's surface, and are conse 
quently very different in different cases, but they must at some altitude 
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come together at the center. For all parts within and under these lines 
in a vertical section of the cyclonic system the gyrations are cyclonic, 
but for the parts without and above they are antioyclonic, that is, the 
contrary way, just as in the case of the general motions of the atmos- 
phere for all parts under the curved line e c, Fig. 6, § 159, the gyrations 
are from east to west, but without and above from west to east. 




As the air flows into the interior of a cyclone below, its tendency to 
run iuto a gyration around the center is very much counteracted by the 
friction of the earth's surface on the one side and that of the strata 
above, which have a gyratory motion, at least relatively, the contrary 
way. But when this air rises in the interior and central part up to the 
upper regions, where there is no friction from the surface of a solid 
such as that of the earth's surface ou the one side, and comparatively 
little between the strata of different gyratory velocities on the other, 
tbe tendency to run into a gyration the contrary way in flowing out 
from the central part is very little obstructed until it coraes to have an 
anticyclonic gyration determined by (14) ; for if it should have a greater 
one the deflecting force arising from it, according to the principle of 
§145, would entirely prevent the outward flow. 

It is seen from (19) that the increase of i^ressure from the center out- 
ward depends upon the deflecting force of the earth's rotation, the gy- 
ratory velocity of which is w, upon the polar distance f of the center of 
the cyclone, and upon the centrifugal force arising from the gyrations, 
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which is rv=v':p. In the iuterior of the cycloDe both these forces are 
in the same direction, and outward from the center, and hence they 
cause a very steep gradient of increasing pressure, especially near the 
center, where p is small and consequently the centrifugal force very 
great. But in the anticyclouic part of the system these forces are com- 
paratively small on account of the smallness of the gyratory velocities 
and the centrifugal force, and also on account of the great distance from 
the center. Moreover, these forces here are in contrary directions. 
The motion of gyration being here reversed the deflecting force due to 
the earth's rotation is also reversed, and consequently is toward instead 
of from the center, while the centrifugal force here though small, is still 
outward. There is, therefore, in the anticyclone,^ only a very small 
gradient of pressure, decreasing toward the outer limit. 

The diminution of pressure in the interior is being constantly ob- 
served in the passage of all storms of a cyclonic character, and the 
amount, of course, is greater or less according to the violence of the 
gyratory motions produced by the conditions, but a depression of one 
inch or more of the barometer at sea level below the normal pressure is 
often observed. In the great storm which passed over Scotland January 
26, 1884, there was a reading at Ochtertyre, near Crieff, of 27.222 inches 
when reduced to sea-level. This is supposed to be the lowest reading 
ever made in Europe. In a cyclone of so great violence the readings in 
the zone of high pressure would, no doubt, have been much above those 
of anormal pressure, and the difference between the barometric pressures 
of this zone and the center must have been ab least 3 inches. 

In the exterior of the system, oi? anticyclone, the gradient, for reasons 
just given, is small, and on land, as in the case of the corresponding 
anticyclouic gyrations, is generally not observable on account of the 
numerous abnormal disturbances producing greater local gradients. 
Before all great storms, however, it is frequently observed that the 
barometer stands unusually high, and the same soon after it has passed. 
This was first noticed and remarked upon by Eedfield. These are at 
the times when the ring of high pressure around the cyclone passes over 
the plane of observation. At Havana, in Cuba, over which the tropical 
cyclones of great violence frequently jiass, the zone of high pressure is 
distinctly observed, both before and after the passage of the central 
part of low pressure and great violence, and the preceding abnormally 
high pressure is usually regarded as an indication of the approach of a 
cyclone. The approach of the hurricane of September, 1875, was indi- 
cated at Havana by a sudden rise of the barometer while the cyclone 
was yet at the Windward Islands, about 1,200 miles distant. Also, on 
the 13th of September, 1876, there was a great rise of the barometer at 
Havana while a cyclone was causing great destruction on the island of 
Porto Eico.12 The region from which these cyclones come being mostly 
over the ocean, with few disturbances from land surface with hills and 
mountains, the conditions are more regular than on land and the fric- 
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tiou less. Consequently these cyclones are better developed, and the 
gyratory velocities and resulting gradients are generally very great, 
notwithstanding the low latitude. 

It is seen from (19) that the lower the latitude and the smaller the 
value of cos ip the less the gradients, and, for the same extent, the 
smaller the amount of depression in the center of a cyclone with 
the same gyratory velocity. As the whole depression depends upon 
the integration of the gradient of decreasing pressure from the zone of 
high pressure to the center, of course the amount of depression depends 
upon the extent of the cyclone as well as upon the rapidity of the gyra- 
tions and the latitude. The gradients, therefore, everything else re- 
maining the same,.must be the greatest at the poles, gradually decrease 
with decrease of latitude, and vanish at the equator. Hence at the 
latter there are scarcely any perceptible abnormal irregularities, and 
only the normal diurnal changes, occurring regularly every day, are 
observed. Even in the center of areas of great rainfall, which are 
usually accompanied by barometric depressions at other places, there 
is no sensible diminution of the pressure.^' 

On account of the large amount of friction at or near the ealrth's sur- 
face, the gyratory velocities, and the consequent lateral pressures on 
each side of the zone of high pressure, which cause the heaping up of 
the air, would be very much diminished there, and likewise the lateral 
pressure on both sides toward this zone, if it were not that as soon as this 
pressure is diminished the air begins to flow out from beneath this zone 
of high pressure, on the one side toward the center and on the other 
toward the outer limit of the system, the deflective forces of which de- 
pending upon the earth's rotation, § 145, tend to keep up and strengthen 
these gyrations on both sides. In fact, without this outward flow near 
the earth's surface there could be no anticyclonic gyrations very near 
the earth's surface in the exterior part, as represented iu Fig. 2 and 
Pig. 3, and an outward inclination of the resultant directions of motion. 
At only a moderate elevation above this comparatively thin stratum of 
outward flow, where the very gradual motion of interchange is still 
toward the center, the inclinations are slightly inward, until you ascend 
to the stratum which divides the strata in which the air flows toward 
the center from those in which it flows from the center. 

With the regular assumed conditions of a cyclone, the isobars and 
whole area of depression would be circular ; but on account of the greater 
easterly velocity of the upper currents of the atmosphere, over the 
United States, and in middle latitudes generally, they are elongated iu 
the direction of the general motions of the atmosphere in which the 
cyclone is. Loomis^^ found the average ratio of the longer and shorter 
axes to be 1.94, and the average direction of the greater axis N. 39 E. 
iu the United States, and the ratio 1.60, and the direction N. 31 E. in 
Europe. 
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Cyclones with a cold center. 

198. If for any reason the central part of the atmosphere covering 
any circular area of the earth's surface is maintained in any way at a 
lower temperature than that of the surrounding part, and the tempera- 
ture increases symmetrically on all sides from the center outward, so 
■ that it can be expressed by (6) with a negative value of A, it is readily 
seen from (15) that the interchanging motion in this case between the 
central and external parts of the area of disturbed temperature is re- 
versed, and is from the center below and toward it above. According 
to (44) §155, however, which is applicable in case of cyclones, the gyra- 
tions at the earth's surface must be in the same direction as in the 
case of ordinary cyclones, since these gyrations depend upon Fv', which 
has the same sign in both cases. In the case of an ordinary cyclone, v 
decreases with increase of altitude, and as the vertical current in the 
interior in this case is an ascending one dv there is negative, and con- 
sequently Fv positive. In The case of a cyclone with a cold center, the 
sign of A, in (14) being changed, v is greater than v', and the gyratory 
velocity increases with increase of elevation, so that, since the vertical 
current is a descending instead of an ascending one, we still have Fv' 
positive in the interior gyrations and negative in the exterior ones. * 

Since v in this case increases with increase of altitude the distance, p, 
from the center at which v vanishes and changes sign, and at which 
the pressure is the greatest, increases as the altitude is increased, so 
that the curved line e c, Fig. 3, which represents the altitude at any 
given distance at which »=0, and the i)ressure is a maximum, inclines 
outward from the place of greatest pressure at the earth's surface. In 
this case, and for all altitudes at which v has no positive value at any 
distance from the center, the maximum is at the outer limit of the sys- 
tem. At all places within and above such Hues in any vertical radial 
section the gyrations are cyclonic ; but at those without and under, 
they are anticyclonic. In the case of the general motions of the at- 
mosphere for either hemisphere we have the best example of such a 
cyclone, iu which the pole of the earth is the center and iu which 
there is a gradient of regularly increasing temperature from the pole to 
the equator. It is true there are some differeaces arising from the dif- 
ference in the extent of the area considered, and the convexity of the 
surface which has to be taken into account ia the case of the whole 
hemisphere, but, the general results are the same. Fig. G, therefore, or 
the preceding chapter, is approximately applicable in the case of. a cy- 
clone with a cold center, if we suppose the lines representing a section 
of the strata of equal pressure to be horizontal and the distance from 
Pto ^to represent the radius of the circular area covered by the sys- 
tem. In this figure the curved line e c inclines toward the outer limit, 
as, from what is shown above, it must in a cyclone with a cold center. 
This line in either case does not necessarily have a maximum elevation 
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before coming to the limit, since this depends very much upon the value 
v' at the earth's surface ; but this is especially the case in a cyclone of 
this sort of moderate dimensions, since in this the deflecting force of 
the earth's rotation does not vanish at the outer limit, as it does at 
the equator in the hemispberical cyclone. 

At all altitudes above the curved line e c, and all distances from the 
center between/and e, Fig. 3, the gyrations are anticyclonic, and the area 
or annulus of high pressure, as measured at the surface, is to the left 
instead of the right of the direction of motion in the northern hemi- 
sphere, contrary to Ballot's law ; but if the pressure is taken at the 
altitude of the observed current, it is still in accordance with the law, 
since the maximum pressure in a horizontal stratum of any altitude is 
in the line e c. 

In the case of a cyclone with a cold center, the outflow of air near the 
earth's surface from beneath the zone of high pressure toward the center 
is contrary to that of the interchanging motion, which is there from the 
center, and the resultant motion is conaposed simply of the excess of the 
former over the latter, combined with the gyratory motion, and gives 
a direction of motion inclined toward the center. But this, as in the 
case of the southwest winds in the middle latitudes in the general mo- 
tions of the atmosphere, extends up only to a very moderate altitude, 
above which the inclinations are outward from the center, until arriving 
at the middle plane which divides the interchanging motions flowing 
in contrary directions, after which the direction of motion is slightly 
iuclined toward the center. In the external part the outflow from be- 
neath the zone of high pressure combines with the current of the in- 
terchanging motion of the earth's surface, which is outward just as it 
does in the case of the general motions of the atmosphere, by which 
the trade winds are strengthened and the outward inclination of result- 
ant directions increased. 

In an ordinary cyclone the force by which the air at the earth's sur- 
face where friction is great is drawn in toward the center is much 
greater than in the case of a cyclone with a cold center, and hence it 
is drawn in near to the center before it ascends in the interior, and the 
increasing moments of gyration causes very rapid gyrations near the 
center where the radius of gyrations becomes small. But in one with 
a cold center this force is comparatively weak and the air rises up into 
the upper strata, mostly at considerable distances from the center, so 
that there is little concentration of energy near the center, as there is 
in ordinary cyclones. The sum of the positive and negative moments 
of gyrations, however, taken separately in (17) are the same in both 
cases where the velocity of interchanging motion is the same, but they 
are differently distributed, inthe case of an ordinary cyclone those near 
the center where the gyrations are rapid, being small pn account of the 
smallness of p. 
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Progressive motion of cyclones. 

199. The directions in which the centers of different cyclones move 
varies very much, but with very few exceptions they are always easterly. 
The average direction for the United States, as determined by Loomis 
from an examination of the individual directions laid down on the weather 
maps of the Signal Service for three years, comprising four hundred 
and eighty-five cases, is K 81° E., with an average velocity of 26 miles 
per hour. These averages for each month indicate a small annual in- 
equality. For April to September, inclusive, it is 1:?^. 82,5° E., 23 miles, 
and for October to November, inclusive, N. 78.5° E., 29 miles per hour. 
Hence the direction is more easterly and the velocity greater in winter 
than in summer. There was also found to-be a diurnal inequality in 
the velocity of progress, this velocity being about one-fourth greater on 
the average from 4.35 p. m. to 11 p. m. than it is for the remainder of 
the day. 

The principal cause of the progressive motions of cyclones is undoubt- 
edly the general motion of the atmosphere in which the cyclone exists. 
The velocity of progressive motion, however, is generally much greater 
than that of the general motion of the atmosphere, even up at a con- 
siderable altitude. From the table of § 101 we get for the middle 
latitude of the United States a velocity of 26 miles per hour at the alti- 
tude of about 2.5 miles. If, therefore, the easterly progressive velocity 
is the sole cause of the progressive motion in the United States, the 
center of the controlling power of the cyclone must be at that altitude. 
The principal jjart, however, of the rate of progress of a cyclone must 
be due to that of the general motion of the winds, and the annual ine- 
quality in the former to a similar one in the latter. According to 
§ 169 the easterly velocity of the general motions of the atmosphere 
is about twice as great in January as in July, and, hence, taking the 
average velocities for the colder half and the warmer half of the year 
separately we should have very nearly the ratio of 29 to 23, which is 
that given above between the average rate of the progressive motions 
of cyclones for the corresponding halves of the year. 

The directions and velocities of progressive motion are also much in- 
fluenced by the irregularities and deflections of the general motions of 
the atmosphere, caused by continents and mountain ranges. From this 
cause, we have seen, § 171, the westerly motion in the lower latitudes is de- 
flected around toward the pole on the east sideof eachof the continents in 
both hemispheres. From this cause there is a polar component of ve- 
locity over the whole of the United States east of the Eocky Mountains, 
which extends up into high latitudes. This, combined with the east-, 
ward .component, gives a progressive motion of cyclones with a direc- 
tion a little to the north of e^st, in accordance with observation. Since 
the velocity of the general motion of the atmosphere in which the cy- 
clone exists is generally greater in the upper than the lower strata, at 
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least iu middle aud higher latitudes, the progressive motion of the cy- 
clone must depend very much upon the altitude of the center of power 
of the cyclone. If the air is entirely or nearly saturated with aqueous 
vapor this center must be down nearer the earth's surface, and the pro- 
gressive velocity of the cyclone depend more upon the general velocity 
of the air nearer the surface than in the case in which the vapor has to 
ascend to a considerable altitude before condensation and the giving out 
of latent heat commences. In the latter case the center of the power 
controlling the progressive motion of the cyclone is more in the upper 
strata, and the velocity of progression should generally be greater. 

In the progressive motion of a cyclone it must not be supposed that 
there is an actual transfer of the air which is gyrating at any one time, but 
rather that there is a continual forming of a new cyclone a little in ad- 
vance, in which the air in the advanced position, especially of the lower 
strata, is drawn into a gyratory motion by the power of the cyclone in 
higher strata where the vapor is mostly condensed, wbile the gyrations 
of the part left in the rear are gradually destroyed by friction. The air 
above, rarefied by the latent heat of condensation, is carried along much 
faster generally than that near the earth's surface, and, consequently, 
leaves the gyrating air near the earth's surface behind, while other air 
is brought into action under the center of power above in ifs ndvanced 
position. 

As the power of the cyclone is mostly in the aqueous vapor condensed, 
and without this we rarely have the conditions of more than an initial 
cyclonic action, the velocity and direction of the progressive motion of 
a cyclone depends, to some extent at least, upon the distribution of this 
vapor in the region in which the cyclone exists, and the cyclone is likely 
to be drawn somewhat in the direction in which there is the most vapor. 
For this reason it is, perhaps, that the chain of lakes between Canada 
and the United States seems to be a great highway for cyclones. 

In the middle latitudes, where cyclones have an easterly tendency, 
the warmer and moister air is on the southern side. This, in the lower 
strata, is drawn around in the gyrations to the eastern side, while it at 
the same time ascends to higher altitudes where the moisture is con- 
densed. If it should be carried around to the northeast side before it 
rises to the altitude where it is mostly condensed, the effect would be to 
change thedirection of the progressive motion, due mostly to other causes, 
a little toward the northeast, but, on the other hand, if it should be car- 
ried around to the southeast only before it has ascended to the altitude 
of principal condensation, then the effect would be to change the direc- 
tion a little to the southeast. The vapor carried around in this way 
■ from the south to the east side tends continually to give rise to a new 
cyclone a little in advance of the old one, and so to increase the velo- 
city as well as change the direction of progressive motion. 

It is seen from what precedes that both the velocities and directions 
of the progressive motion of the cyclone may depend upon several cir- 
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cumstances besides the motion of the atmosphere in which it is, and 
hence there are great observed differences in both. In cases, however, 
in which there is an apparent westerly motion, the cause is most prob- 
ably the formation of a new cyclone a little in the rear and the dying 
out of the old one, so that this retrograde motion is only apparent and 
not real. 

« Veering of the wind and changes of pressure. 

200. If the atmosphere of any region did not have a progressive mo- 
tion there would be no veering of the wind, and the barometric depres- 
sion would increase until the cyclonic action had arrived at its maximum, 
after which there would be a gradual decrease until it had died out ; 




Fia. 4. 

but where the whole system, in its progressive motion, passes over a 
place, the occurring phenomena are different. Let the arrows of Fig. 4 
represent the directions and relative velocities at the earth's surface in 
a cyclone of the middle and higher latitudes, the interior full circle rep- 
resenting the annulus of highest barometer. For places near the equator 
the inclinations from the isobars in towards the center would have 
to be considerably greater. If the cyclone passes centrally over 
the place of observation, say from west to east, while this place is 
in the outer or anticyclonic part, as at a, there is a very slight rise 
of the barometer and a very gentle wind from a point a little west 
of north, but not generally observable for reasons which have already 
been given, § 193, except occasionally in the comparatively regular and 
well-developed cyclones of the West India Islands. Then comes the 
highest barometric pressure and the calm belonging to it, § 194, and 
when the place of observation is at the point b in the cyclone the cy- 
clonic winds are observed with a direction toward and around the 
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ceuter, the velocity of which coDtinues to increase with little change 
of direction until at some point (c) still nearer the center, where the 
gyratory motion is the most rapid. While the center and parts very 
near on either side are passing over the place there is a calm, and 
the barometric pressure is then the least. When the progressive mo- 
tion continues a little longer, until the place of observation is at d, there 
has been a complete veering of the wind to the contrary direction and 
the barometer is now rising. If the direction of progressive motion is 
exactly from west to east this change is from about S.SE. to IST.NW., 
but if, as usual in the middle latitudes of the northern hemisphere, the 
cyclone moves toward the B.NE., then the veering, it is readily seen 
from the figure, must be very nearly from SE. to ^Y'f. Within the 
tropics, where the direction of progressive motion is W.NW., the maiiner 
of veering is readily seen by placing the figure with the line W. E. in 
that direction, when it is seen from the directions of the arrows that 
the veering is from a north to a south wind, or very nearly. The same 
may be done for any other direction. When the place of observation 
in any case is at e the gyratory velocity and violence of the wind has 
very much diminished and the height of the barometer increased, and 
soon after follows the highest barometer and the calm in that part of 
the system. If the area of central calm is small and the gyrations are 
very rapid up close to the center, as in violent cyclones cff moderate di- 
mensions at sea, then there is a very sudden change of a very strong 
wind to the opposite direction. 

If the north side of the cyclone passes eastward over any place of 
observation in the northern hemisphere, so that the place occupies suc- 
cessively the places within the cyclone m, n, and o, then it is seen that 
the change of the more violent winds in the cyclone proper is from 
about (at m) E., to NE. at m, and then N. at o. In this case there is a 
veering through only about one quadrant, and this is in a direction con- 
trary to that of the hands of a watch ; but if the south side passes in 
the same direction over the place of observation, so that it occupies 
successively the places m', n', and o' in the cyclone, then the veering is 
from S. at m' to SW. at n' and then to W. at o', and the veering in this 
case is through one quadrant in the same direction as the motion of the 
hands of a watch. 

The direction in which the wind veers depends entirely upon which 
side of the place of observation the center of the cyclone passes, and 
the amount of veering, upon the distance of the path of this center from 
the place of observation. If this distance is very small in comparison 
with the dimensions of the cyclone, the veering is through two quad- 
rants nearly, but with greater distances the amount of veering is less, 
to the outer limit of the interior violent part of the cyclone, where it 
vanishes. For other directions of progressive motion, the initial and 
final directions in the veering of the wind is indicated in all cases by 
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the arrows when the line W. E. is placed so as to coincide in direction 
with the direction of progressive motion. 

The winds at any place are liable to veer as frequently on the aver- 
age in one direction as the other, unless the cyclones pass more fre- 
quently on the one side than the other. In the middle latitudes of the 
United States and of Europe cyclones pass more frequently on the 
north side, so that in these latitudes the veering is most frequently in 
the same manner as the motion of the hands of a watch. 

In the southern hemisphere the veering of the wind would be indi- 
cated in the same way in any case by means of a figure similar to Fig. 4, 
but with the arrows so inclined as to give a gyration in the contrary 
direction. 

Gradual enlargement of cyclones. 

201. In the preceding theoretical consideration of cyclones it was as- 
sumed they have definite and unvarying limits, but this is not the case 
in nature. The portion of air which is first brought into gyratory mo- 
tion is continually acting by friction upon the contiguous portions, so 
that the interior gyrations encroach upon the exterior counter gyrations 
and the volume of ascending air is increased, and the outward flow of 
this above, upon which the counter anticyclonic gyrations depend, in- 
crease the volume and extent of' the air in these external gyrations, so 
that there is a tendency to expansion, as long at least as the power 
which keeps up cyclonic action is qot diminished. , 

It may be that cyclones mostly commence over a small area and 
gradually enlarge, but this is not necessarily so. If the initial tempera- 
ture conditions of an ordinary cyclone, which consist of a portion of the 
atmosphere with a warmer interior and gradient of temperature de- 
creasing outward, should extend over a large area, then the initial mo- 
tions set up cover this same area, and the cyclone is commenced at once 
upon a large scale; but if the area of initial temperature conditions is 
of moderate extent only, and the cyclone has the power of continuance 
for a long time, it may gradually expand into a-large cyclone, but it is 
doubtful whether this is the case where the initial conditions are con- 
fined to a very small area. The power of the cyclone dies out before 
the small cyclone can be expanded so as to cover a large area. 

Tropical cyclones. 

202. There is a class of peculiar cyclones which originate within the 
tropics, apparently near the polar limits of the equatorial calm belt, 
which at first are comparatively small, but they seem to have great 
power of continuance, so that they run through a long course and gradu- 
ally expand as they go. Those of the North Atlantic originate almost 
entirely in the summer season, at the northern limit of the calm belt, 
far over toward the African coast. Being carried at first nearly west- 
ward by the westerly motion of the atmosphere in the trade-wind zone, 
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near the nortbeiii liitiitof the equatorial calm belt, until they arrive in 
the regioa of the West India Islands and Gulf of Mexico, they are there 
carried around over the United States or along the east coast or the 
route of the Gulf Stieam by the atmospheric currents which are there 
deflected northward (§ 171) until they arrive in kigher latitudes. Here 
their progressive motion is controlled by the strong easterly tendency 
of the atmosphere in these latitudes and other circumstances, as in the 
case of the cyclones which have their origin in these latitudes. Their 
progressive westerly velocity over the Atlantic is not nearly so great 
as that of the easterly motion in the higher latitudes, for although the 
westerly component of motion there at the earth's surface is consid- 
erable, yet we have seen by (59), §159, and the table of §161, that this 
westerly velpcity gradually decreases with increase of altitude, so that 
at not a very great altitude it becomes not only small but reversed to 
an easterly velocity. The rate of progress here, therefore, is compara- 
tively small, but it becomes still smaller while they are curving around 
into the higher latitudes, since the northerly component of velocity 
of the general air currents is small. When, however, they arrive into 
the middle and higher latitudes, where their general direction is a 
little north of east, they have the usual velocities of progression of 
cyclones generally in these latitudes. The path of the centers of these 
cyclones, therefore, is a kind of parabola having its vertex about the 
parallel of 30°. 

According to Loomis,^" the average direction and velocity of forty 
of these cyclones while moving westward was 24° north of west and 
17.4 miles per hour. Of course the first part of their course is more 
westerly, and it gradually becomes more and more north of west, since 
there is a gradual curving around in these directions. In only two 
cases was the direction south of west. The average direction of these 
storms while traveling eastward to the parallel of 40° was east 38°.5 
north, and the hourly velocity in this part of their course 20.8 miles. 
In the first part cf this, however, the course was more northerly and 
gradually changed around to a course only a little north of east. 

The steady current of the northeast trade -winds is not favorable to 
the origination of cyclones, and therefore they seem to originate at the 
northern limit of the calm belt only, or at least not so far within that 
the deflecting force depending upon the earth's rotation is too small to 
produce gyrations, for we have seen this force becomes very small near 
and vanishes at the equator ; hence of the forty paths of cyclone cen- 
ters examined by Loom is no part of any one of them was found within 
10° of the equator. 

At all seasons of the year except during the latter part of summer 
and the early part of fall, the trade- winds blow down to a latitude where 
tlic deflecting force of the earth's rotations is too weak to give rise to 
cyclones, and as they cannot originate within the zone of these winds, 
they can generally originate al Iha time only in which these winds do 
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not extend down very near the equator. According to Laughton,* the 
following are the ratios in which these cyclones occur in the different 
months of the year : 



January 1.5 

February 2 

March 3 

April 2 

May 1.5 

Juno 3 



July 7 

August 28.5 

September 24 

October 20.5 

November 5 

December 2 



In the South Atlantic the southeast trade-winds often extend con- 
siderably beyond the equator, and at any season too near to the equator 
for cyclones of this class to originate. Hence on the east side of South 
America aud on the ocean adjacent, where there is a deflection of the 
general atmospheric currents by the continent aud the range of the 
Audes around toward the South Pole, in a manner similar to that over 
the United States and the ocean adjacent, few, if any, cyclones of this 
class move around in a parabolic path into the middle latitudes of the 
Southern Hemisphere. 

The east coast of China and the oceans adjacent, including Japan, is 
also traversed by numerous cyclones of this sort, originating in this same 
manner, and mostly at the same season of the year. These likewise curve 
around in a kind of parabolic path with its vertex near the parallel of 
30°, until they arrive in the higher latitudes and assume a nearly east- 
erly direction across the North Pacific. The average rate of progress 
is probably about the same as those of the North Atlantic and United 
States. 

(Jn the east coast of Africa aud the adjacent ocean, including Mada- 
gascar, cyclones originating in the Indian Ocean near the southern 
limit of the equatorial calm belt when it has its most southern position, 
pass around into the middle latitudes of the Southern Hemisphere, 
where their directions become nearly easterly, being controlled there 
by the strong easterly general currents of the atmosphere. These 
cyclones, however, before they arrive at these latitudes, are remarkable 
for their small velocity of progression. This is because the velocity of 
the westerly current in the Indian Ocean, and of the currents deflected 
by the east coast of Africa down towards the lower latitudes, is small. 

Bain and cloud areas in cyclones. 

203. Since there are gently ascending currents in the interior of a cy- 
clone with a warm center, this must be a region of cloud and rain, just as 
the equatorial calm belt is, where the air, coming in from both sides in the 
lower strata of the atmosphere, is deflected upward and becomes an as- 
cending current. The explanation of the formation of cloud and rain is 
the same in both' cases. Of course it is not to be supposed that the 
rain areas coi#icide in form and extent, except roughly and in a general 
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way, with the barometric depressions and areas of ascending carrents, 
for the ascending and partially condensed vapor may be and generally 
is carried beyond by the stronger currents above into the anticyclonic 
area before it falls as rain; so that the center of the rain area is gen- 
erally in advance of that of the area of low barometer, and the areas, 
as in the case of the isolars, are elliptical, and not circular, as they would 
be in case of regular conditions with no stronger general atmospheric 
currents above than below. 

According to Loomis^" "the form of these rain areas is sometimes 
quite irregular, but generally it approximates to an ellipse, of which the 
major axis is not quite double the minor axis." The average distance 
of the center of greatest rainfall from the center of low pressure, north 
of latitude 36°, was found to be 300 miles, but it sometimes exceeded 
750 miles. The general direction of the longer axis of the rain area, 
and of the center of this area from that of the area of low pressure, is 
the same as the direction of the progressive motion of cyclones and of 
the longer axis of the area of low pressure. This indicates that they 
all depend mostly upon the general motions of the atmosphere, espe- 
cially those of the strata at some distance above the earth's surface. 

Considerable depressions were sometimes observed^" where there was 
but little rainfall. This shows that the conditions of a cyclone may 
exist where there is not much moisture in the atmosphere. In such 
cases there is probably a large area with the interior part much warmer 
than the exterior, and with a large vertical gradient of temperature 
decreasing with increase of altitude, in which case the atmosphere ap- 
proximates to the state of unstable equilibrium, which is an important 
condition of a cyclone. In such a case the ascending current in the 
interior would have to be continued perhaps a day or more before the 
interior part would become cooled down to the temperature of the ex- 
terior part, and the horizontal temperature gradient upon which cyclonic 
action depends destroyed. 

In general, areas of low barometer are areas of cloud and rain, but 
there is no proportionate relation between the amount of raiu and of 
barometric depression, since the latter depends very much upon the ex- 
tent of the area, upon the deflecting force of the earth's rotation, and 
the amount of friction, § 197, while the former depends mostly upon the 
velocity of the ascending current and the amount of moisture in the air. 
Hence, with the same measures of temperature disturbance, and of con- 
sequent cyclonic action, there may be very different quantities of rainfall. 

The rainfall also is often very unevenly distributed, for it rarely hap- 
pens that the conditions in nature are such as to give a regularly formed 
cyclone. In fact, they are often only very rough approximations to 
such conditions. Besides, there may be a, blending together of the ef- 
fects of two or more of such sets of conditions, either contiguous, or the 
smaller ones contained within the largest. In the latter case we have 
smaller cyclones within a larger one, but aU, perhaps, imperfectly de- 
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veloped aiid irregular. In such cases there are several centers of more 
violent rainfall within the general area of rainfall, and the isobars, also, 
are very much distorted and irregular. 

While all areas of low barometer are areas, generally, of more or less 
rainfall, it must not be supposed that there may not be much rainfall 
without any sensible depression of the barometer. The atmosphere 
over a large area may be nearly saturated with aqueous vapor, and 
nearly or quite in a state of unstable equilibrium, and yet the tempera- 
ture conditions over this area may not be such as to give an initial mo- 
tion toward and around some central portion of considerable extent, 
but there may be slight, very local, conditions of this sort which give 
rise to ascending currents over small areas, for when the atmosphere is 
only very near the state of unstable equilibrium only a very slight de- 
termining cause in the temperature conditions is necessary to give rise 
to ascending currents and rapid condensation of vapor into rain, which 
may continue some time, though on account of the smallness of area 
there may not be a sensible fall of the barometer, even if there should 
be considerable cyclonic development, but even this latter is not prob- 
able in such cases. 

When the atmosphere over a considerable area is in this state we 
have showery weather. As the whole region of atmosphere generally 
has a progressive motion, when the border of one of these areas arrives 
at any place a shower commences, which continues until it has passed 
by. If the central part of this area passes over the place the shower is 
of longer continuance, and the rate of rainfall may be very great while 
this part is passing, but if one side merely passes over it there may be 
a gentle shower only of short duration. If, while the atmosphere is in 
this state, temperature conditions from some cause are brought about, 
which determine the motions of the atmosphere below over a consider- 
able area toward some one central part, this gives rise to a cyclone of 
considerable extent, which changes this state in a day or two and then 
fair weather follows. 

Resultants of cyclonic and progressive motions. 

204. As the part of the atmosphere in which a cyclone exists gener- 
ally has a progressive motion, the combination of this with the gyratory 
motion gives a resultant motion which is different in direction and ve- 
locity on the different sides of the. cyclone. 

Let a b, Fig. 5, represent the velocity and direction of the cyclonic 
motion on the several sides of the cyclone, with its center progressing 
in the direction indicated by the arrow, and also let b c represent the 
direction and velocity of the general progressive motion, which may be 
assumed to be the same, or nearly, in all parts of the cyclone. It is 
seen from the figure that the resultants of the two motions have very 
different directions on the several sides. On the side of the cyclone on 
the right of the direction of progressive motion the velocity is changed 
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from ab to a c, and is, therefore, much ihcreased, though the direction 
is changed but little, since both motions are nearly in the same direction. 
On the left hand, on the contrary, the velocity is diminished, and the 
direction may be very different when the resultant velocity, a c, is very 
small. On the front side the direction is generally very much changed, 
since, nearly the whole effect of the progressive motion is upon the di- 
rection of motion and not upon the velocity. The change may be so 
great here as to make the inclination negative or outward. In the 
rear the progressive motion changes both the direction and velocity, 
making the observed inclination of the wind there greater than on either 
of the other sides. 




Fig. 5. 

Since the velocity of the wind is increased the most on the right-hand 
side, this is called the dangerous side of the cyclone. But the greatest 
increase of velocity is in that part of the cyclone where the progressive 
motion coincides exactly with the cyclonic, which is somewhere between 
the rear and the right-hand side, according to the amount of inclination. 
In the cyclones within the tropics, where the inclination by theory and 
observation is great, the most dangerous part is jjretty well back in the 
rear but ou the right. In all cases the side exactly opposite the most 
dangerous part is the safest side, and the parts intermediate, differing 
one quadrant in direction from the center, the neutral parts, where the 
direction is changed mostly and the velocity but little. 

Of course the relations between the resultant velocities and either of 
the components depends upon the relations between the latter. Upon 
land, where the progressive motion at the earth's surface may be very 
small in comparison with the gyratory, the resultant directions and ve- 
locities are not much changed, but this is generally different at sea, both 
in the trade- wind zone and in the middle latitudes of the North At- 
lantic, where the progressive motions are considerable. Fig. 5 perhaps 
more usually represents the relations found at sea, where the progressive 
motions may be nearly as great as the cyclone. 
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From an examination of the Signal Service Weather Maps Loomis^' 
obtained results in accordance with thf ory. The inclinations on the 
average were found to be considerably less in the east than in the west 
quadrant, and the difference was still a little greater, as obtained by 
interpolation, between the ENE. and WSW. quadrants, which are some- 
what tbe front and rear parts of cyclones in the United States. The 
differences are not so marked as represented in Fig. 5, and as they gen- 
erally are at sea. 

In the more regular and well-developed cyclones of the West India 
Islands the effect of progressive motion upon the resultants of velocity 
and direction is very observable in any one cyclone. The direction of 
the trade- winds here at the earth's surface is nearly westerly, and the 
velocity considerable in comparison with the velocities of cyclonic motion. 
The effect of this progressive motion, therefore, is to diminish the incli- 
nations the most on the side of the cyclone, where the direction of cy- 
clonic motion is from the north, which, since the inclination in these 
latitudes is considerable, is about at the northwest point of the cyclone 
and nearly in the middle of the anterior quadrant of the cyclone. Ac- 
cordingly the direction of resultant motion here is observed to be nearly 
at right angles to the direction of the center, while at the opposite or 
rear part the direction inclines in very much toward the center.^^ But 
on the right-hand side the progressive motion is nearly in the direction 
of the cyclonic motion, and the resultant is nearly the sum of the two 
velocities. Here, therefore, the absolute velocity of the wind is the 
greatest, and this becomes the dangerous side of these cyclones, while 
on the opposite side the two motions somewhat counteract each other, 
and there is, consequently, comparatively little violence.^" 

If Fig. 6 is compared with Loomis's diagram of the resultants obtained 
for the directions of the wind for low barometer on Mount Washington,^^ 
it is seen that there is considerable similarity, but it would be almost 
perfect if the progressive velocities in Fig. 5 had been taken a little 
greater, and their directions, not from the west, but from N. 76° W., 
which was the average direction of the wind in the observations used 
by Loomis. 

But although the observations of direction in the cyclones of the 
United States and the West India Islands confirm very satisfactorily 
the deductions from theory, yet those of Mr. Ley in England and France, 
for some unexplained reason, give contrary results. He obtained the 
greatest inclination for southeast winds and the least for northwest 
winds, which are nearly in the front and rear parts, respectively, of the 
cyclone.^* 

Also in Mr. Ley's subsequent and more extended researches, § 191, 
the average inclination in the front octant of the cyclone was found to 
be 37°, while that in the rear octant was only 12°. 

Similar results were obtiiined by Hiidebrandsson for the three mari- 
time stations Waterobod, Utklippan, and Sandon. The greatest incli- 
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natiou, 28° 49', v/as found on the east side, and the smallest, 12° 51', on 
the west side.^* 

This variation from the results obtained by Loomis, and apparent con- 
tradiction of theory, is caused by the observed cyclones on the west 
coast of Europe being mostly, and especially in the winter season, on 
the east side of the large stationary cyclone having its center near Ice- 
land. The part of the observed inclination due to the large cyclone, 
being far from the center, is larger than that of the smaller cyclone 
within it, and hence the inclination of the resultant is increased on the 
east side and diminished on the west side of the smaller cyclone. 

For this reason the average inclination is greater in winter than in 
summer, as it has been found from observation. 

In the upper part of the cyclone, instead of an inclination toward the 
center, there is a declination outward from the center. In this case, 
therefore, the effect of progressive motion upon tiae resultant direc- 
tions and velocities is somewhat different, and the effect generally much 
greater on account of the comparatively great velocity of this motion. 




riG. 6. 

In Fig. 6 let a 6 on the several sides represent the cyclonic and h o the 
progressive velocities. The resultants, then, are represented by a c. It 
is seen that in the front and northeast quadrant the outward declina- 
tion is very much increased and also the velocity, while in the rear the 
outward declination becomes an inclination toward the center with little 
increase of velocity. But the greatest increase of velocity is on the 
right-hand side and in the southeast quadrant, where there is little 
change of direction, while on the opposite side there is great change of 
direction with little change of velocity. On this side the progressive 
velocity and direction may be such as to almost or quite counteract and 
destroy the cyclonic motion, and hence this may often be a district of 
calms rather than of currents. 
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The resultant directious in Fig. 6 represent very nearly those obtained 
by Mr. Ley from observations of the directions of the upper currents of 
the atmosphere." The average of more than three hundred observa- 
tions in the front octant gave an outward declination of 53°, while in 
the rear one the average direction was nearly at right angles to the 
radius or progressive motion. 

According to the estimates of Mr. 'Ley, from observations on the 
motions of the cirrus clouds, the most elevated ones not uncommonly 
traverse a distance of 120 miles in an hour, and occasionally much 
more. This great velocity occurs, no doubt, when the great telocity of 
the atmospheric currents in these regions (§ 165) coincides in direction 
with a great cyclonic motion, as in the south or southeast octant. 
On the other hand, he states that calms are uncommon in this elevated 
stratum, and that he observed only twice an actually motionless cirrus 
cloud." In such cases the observations were, no doubt, made in the 
north and northwestern octant of a cyclone, where the cy(;lonic and 
progressive motions very nearly or quite counteract each other. 

For the same reasons that cirrus clouds have almost universally an 
easterly motion, the winds on the tops of high mountains are mostly 
westerly. The large velocities of the general progressive and nearly 
easterly motions here are rarely entirely counteracted by cyclonic or 
any kind of abnormal motions of the atmosphere. In four hundred and 
thirty-two cases, in which the wind blew with a velocity of G'> miles or 
more per hour on the top of Mount Washington, Loomis found that 87 
per cent, came from the W., NW., and N., while only 4 per cent, came 
from the NE., E., and SE.^^ From a similar examination of three hun- 
dred and sixty-three cases of high winds on the top of Pike's Peak, he 
found them distributed with regard to direction as follows: N., 28; 
'MW., 47; W., 154; SW., Ill; S., 18; SE., 1; E., 0; NE., 4. 

Stationary cyclones. 

205. If for some reason there is a local and permanent cause of tem- 
perature disturbance between the central and exterior part of any some- 
what circular portion of the atmosphere, we have roughly the conditions 
of a cyclone which is independent of a state of unstable equilibrium, but 
which would be aided and strengthened by such a state. The cause of 
the temperature disturbance being fixed, of course the cyclone cannot 
have a progressive motion. 

The conditions of such a cyclone are found in the northern part of 
the North Atlantic Ocean, in which there is a considerable area in 
which the temperature is higher than that of the surrounding parts, 
and this is especially the case in the winter season. This is seen from 
the abnormals of mean temperature given in § 119. By locating these 
on a map of the North Atlantic, by means of their latitudes and longi- 
tudes, it will be found that the central part of them, including mostly 
the largest ones, is located a little northeast from Iceland, and the ab- 
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normal temperature above the normal temperature of the latitude is 
about 16° F., the reason of which is given in § 114. In January, how- 
ever, the temperature on the continents in those latitudes has become 
very much less, while that of the ocean has changed but little, so that 
at that time the abnormals of temperature are at least twice as great, 
and we have the conditions of a cyclone of twice as much violence. But 
in July the reverse takes place; 'there is an equalizing somewhat of the 
temperatures in all longitudes, and the abnormals are very small and 
change signs, the region about Iceland then being a little below the 
normal of latitude for that month. 

Similar conditions are found in the northern part of the North Pacific 
Ocean, but not so marked. The greatest abnormal temperature of the 
mean of the year being about 8° P., and that for January more than 
twice as great. 

Hence, in the extreme northern parts of both the Atlantic and Pacific 
Oceans, we have the conditions of a permanent cyclone, which are ob- 
served both in their effects upon the winds and the barometric pressures 
of these regions, especially in the winter season. The average winds 
across the Atlantic in middle latitudes and south of Iceland are from 
the west and far above the average strength of the latitude, adjacent 
to Great Britain' and along the coast of K^orway from the southwest, 
and curving around toward the west in the extreme northern part of 
the ocean, in Greenland and adjacent to it they are li-om the north- 
east. This cyclonic motion causes a mean barometric depression below 
the normal mean pressure of the latitude of about 4°'™, but for January 
this becomes more than twice as great, since the abnormals of tempera- 
ture for that month are greater in about the same proportion than they 
are for the mean of the year, and then the prevailing west winds across 
the Atlantic in middle latitudes are unusually strong. 

In the summer season the temperature of that region is so nearly the 
same as the normal temperature of latitude that there is no observable 
cyclonic action or diminution of pressure below the normal pressure of 
the latitude. The gentle west winds then in the middle Jatitudes of 
the Isorth Atlantic are simply those of the general motions of the at- 
mosphere belonging to those latitudes. In the nortliern i^art of the 
North Pacific there is obseirved, especially in the winter season, a 
similar cyclonic action and a diminution of barometric pressure in the 
central part. 

This great stationary cyclone, being a local disturbance of the general 
motions of the atmosphere, has a considerable influence on the progressive 
directions of cyclones crossing the Atlantic from America to Europe. As 
these approach Europe they are drawn around on the southeast side of 
this cyclone from a nearly easterly direction towards the northeast, and 
pass mostly up toward Norway, so that of the few which cross over in 
middle latitudes from America scarcely any enter Great Britain or 
France. 
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At the same times that the northern part of each ocean has a temper- 
ature with the central part considerably above the normal of latitude, 
there is a large area in the northern part of each continent with a cen- 
tral temperature below this normal. This gives roughly the condition 
of a stationary cyclone with a cold center, but as the areas are large and 
include a land surface with mountnin ranges and high table lands, there 
is perhaps but little cyclonic effect produced, for over so large areas the 
whole depth of atmosphere may be regarded as only a very thin disk in 
which the friclion of cyclonic motions would be very great in compari- 
son with the forces. This is exemplified in the caseof the general motions 
of the atmosphere for each hemisphere, wliich are simply two great hemi- 
spherical cyclonic systems of cyclone and anticyclone, with cold central 
parts in the polar regions. The great amount of temperature disturb- 
ance in these cases, and the greater deflective effect of the earth's rota- 
tion, being as w to w cos W, causes a strong cyclonic motion around the 
south pole, manifested in the strong west winds of the middle and high 
southern latitudes, and also a barometric depression of about 1 inch 
in the polar region ; but in the northern hemisphere the cyclonic action 
is so diminished by the greater surface friction of a mostly land surface, 
that the normal winds of the middle latitudes are very gentle and the 
barometric depression around the north pole is very small. If in addi- 
tion to this the temperature disturbance were less, and also the effect of 
the earth's rotation, as in the case of the cyclonic conditions of Asia and 
North America, the cyclonic effect would be unobservable. 

Areas of high barometric pressure. 

206. If only a single regular cyclone, without any other abnormal dis- 
turbances, existed in any part of the globe in which the atmosphere, in Its 
normal condition, had a uniform barometric pressure, we have seen that 
there must necessarily be an annulus of barometric pressure around the 
central part of low barometer a little above the normal or mean pressure. 
But it has been shown that the normal barometric pressure is disturbed 
and made irregular, not only by the general motions of the atmosphere, 
but likewise by stationary cyclones which disturb the uniformity of 
pressure, and give rise to gradients in an eastand-west direction. If, 
therefore, the inequalities of pressure of a regular cyclone are superim- 
posed upon all these other irregularities, a chart of the resultant press- 
ures does not give regular circular isobars, and indicate a regular an- 
nulus of high pressure, but the former are much distorted and the lat- 
ter is broken up into areas of higher and lower pressure, the former 
being areas of high pressure. As an illustration of this we may suppose 
a circular wall of uniform height to be built on uneven land. This, re- 
ferred to a level plain, would have higher and lower places, and would 
not be represented by a circular wall of the same height all around. 

The annulus of high barometer of the stationary cyclone of the North 
Atlantic, falling on its south side upon that of the general motions of 
10048 siG, PT 2- 18 



274 EEPOET OF THE CHIEF SIGNAL OFFICER. 

the atmosphere, which, undisturbed by abnormal irregularities, would 
pass around the earth on the parallel of about 35°, gives rise to the area 
of high pressure in the Atlantic on this parallel. The effect, also, of 
this annulus on the southeast and east side is to cause the highest an- 
nual mean barometer to be, not on the parallel of 35° in Europe and 
Asia, but considerably farther north, being, in the interior of Asia, about 
the parallel of 50°. In the case of any large progressive cyclone, if its 
annulus of high barometer falls upon this normal annulus of the parallel 
of ,35°, or upon any high ridge or part in the various irregularities, it 
giv^es rise to an area of high barometer. 

If likewise the center of a large temporary and progressive cyclone 
is so situated on a high latitude that its annulus of high barometer falls 
on that of the general motions of the atmosphere on the parallel of 30° or 
35°, the resultant is a very high barometer pressure where the two coin- 
cide, and if the center is situated in the neighborhood of Lake Sui^erior 
or Lake Winnipeg, the tendency is to fill up the gap in the annulus of 
the general motions of the atmosphere in the Mississippi Valley, where, 
we have seen (§ 166), it is interrupted by the curving around of the 
direction of the atmospheric currents from the deflection by the Eocky 
Mountains. 

207. But areas of high barometer are most usually caused by two or 
more progressive cyclones interfering with and encroaching upon one 
another. Across the United States there is generally a pretty regular 
series of cyclones passing from west to east, of which the part of the an- 
nulus of high barometer on the west side of the one which precedes, 
falls somewhat upon that of the east side of the one which follows, caus- 
ing a sort of ridge between,. or if this is still interfered with by other 
irregularities, as it usually is, it may be an area of high barometer of 
almost any shape. 

In forty-four cases of such ridges or areas of high barometer, with an 
area of low barometer between, passing over the United States, Loomis^' 
found the average distance from the center of low barometer to that of 
the areas of high barometer preceding and following to be about 1,000 
miles, and the average height of the barometer about 30.35 inches, the 
normal height being about 30 inches. This indicates that the average 
height of the annuli of highest barometer was about 0.2 inch above 
the normal height, supposing that the highest part of each did not in 
general fall exactly together. 

208. Two areas of high barometer during the winter season are found 
in the central parts of North America and of Asia. These arise from 
the increased density of the air, due to the greater cold of these regions 
at that season, and forming imperfectly the conditions of a cyclone with 
a cold center ; but on account of the great extent of area and its un- 
even surface the cyclonic motion is not sulHcieht to give a value to v in 
(7), which gives to the first term of the second member a value suffi- 
cient to overcome the next two terms of that member depending upon 
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friction and inertia, whicli requires a gradient of pressure increasing 
toward the center where there is no force depending upon the earth's 
rotation, since the radial motion in this case is not from the center. 
With considerable gyratory motion the gradient would be reversed, and 
the pressure be the least in the central part, as ia the case of an ordi- 
nary cyclone, and as is the case in the general motions of the atmos- 
phere in which the central polar regions are the coldest. 

Since the pressure in the central part depends upon extent of area, 
the pressure in the interior of Asia is much greater than that in the 
interior of North America. While, therefore, the barometric pressure 
of the former in January is only about 4™™ above the annual mean, that 
of the latter is more than three times as great. 

209. As the atmosphere over an area of high barometer gradually 
settles down in the interior and flows out from beneath on all sides, and 
in irom all sides above to supi^ly its place, there can be no condensa- 
tion of vapor even if the air were saturated, and the interior being sup- 
plied with air from above, it must soon be occupied with very dry air, 
since there is not only very little vapor in the cool air above, but the 
capacity of the air for moisture is being continually increased as its 
temperature is increased from compression and for other reasons in 
coming down toward the earth's surface. While, therefore, areas of 
low barometer are usually areas of cloud and rain, § 203, those of high 
barometer are usually areas of clear sky and dry atmosphere. If, how- 
ever, the whole atmosphere over a large area is nearly saturated with 
vapor and an area of high barometer should be caused by two or more 
surrounding cyclones, local conditions may give rise to ascending cur- 
rents, and consequently to cloud and rain, where the barometric press- 
ure is considerably above tlie mean normal pressure of the region. 

Since the atmosphere of an area of high barometer is usually very 
dry and clear, especially in high latitudes in the winter season, it allows 
the dark radiations of the earth's surface and of the contiguous air to 
escape through the atmosphere above into space with much greater 
facilitj' than usual, so that there is a rapid cooling of the earth's sur- 
face and lowering of the air temperature soon after the passing away of 
an area of low pressure followed by one of high pressure and clear dry 
atmosphere. To this is to be attributed, in a great measure, the usual 
decrease of temperature in clearing weather on the west side of a 
cyclone. This effect is also increased to some extent on the earth's sur- 
face by the greater amount of evaporation on that side, since the air is 
drier and the surface of the earth damper on account of the rain which 
usually falls' during the passage of the cyclone. 

Since the dry atmosphere has comparatively little radiating power, 
the cooling takes place mostly on the earth's surface, the contiguous air 
being cooled mostly from contact with the earth's surface ; hence the 
cooling is so much greater below than at some altitude above the 
earth's surface that the vertical temperature gradient after a long con- 
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tinuance of high barometer often becomes inverted, and the tempera- 
ture increases, instead of decreasing, with increase of altitude. This is 
especially the case in the interior of Asia during the winter, in the 
almost total absence of any heating effect from the sun's rays. The 
whole surface of the earth becomes cooled down to a very low tempera- 
ture, and where there are hills and valleys the cold air runs down from 
the hill-sides into the valleys and accumulates there. The surface tem- 
perature becomes especially low where there is a covering of snow, since 
this, being a poor conductor of heat, does not allow the heat in store 
beneath the earth's surface to come through readily and heat the air 
above. 

210. In lower latitudes, after a continuance for some time of an un- 
usually great barometric pressure in winter, the vertical temperature 
often becomes inverted, and continues so for one or two weeks. A re- 
markable example of this kind occurred in France during two periods of 
January, 1880. The following table shows the minimum temperatures 
observed during these periods at the several places named :^* 



Dates. 



4. 

5- 

6. 

7., 

8. 

9 

10 

11 

12 

13 

14 

25 
26, 
27 
28 
29 
30 
31 



Pare St. Maur, Poitiers 

Paris (altl- (altitude 

tude46"). ilT"). 



Clermont 

(altitude 

407"). 



— 1.4 

— 1.5 

— 1.1 

— 1.5 

— 3.5 

— 2.0 

— 3.4 

— 0.7 

— 4.8 

— 7 fi 
Wautinj:. 



— 0.8 

— 9.0 
—11.5 
— U.O 

— 5.3 

— 5.4 



-0-4 
— 0. C 
—0.3 
—0.0 
—2.3 
—3.3 
^.4 
-4.2 
—6.1 
—5.4 
—3.2 

—8.1 
—7.1 , 
—6.1 \ 
—8.0 ; 
—5. ' 
—0.4 
1 7 



I 



— 4.0 

— 6.0 

— 4.0 

— 1.4 

— 7.0 

— 7.0 

— 7.0 

— 8.0 
—12.0 

— 7.0 
—10.0 

—14.0 
—10.0 I 
—12.0 j 
—14. 1 

— 5.0 

— 4.0 

— 4.0 I 

I 



Pny-de- 
Dome(alti- 
tndel,467»'). 


Pic du Midi 
(altitude 
2,366"). 


o 


o 


—3.0 


0.2 


1.0 


0.0 


—2.0 


— 3.5 


—1.0 


— 3.3 


—1.0 


— 4.0 


-2.0 


— 4.2 


—2.0 


— 5.0 


—1.0 


— 4.5 


-2.0 


— 5.2 


0.0 


— 5.4 


-6.0 


— 4.8 


—7.0 


—10.9 


—5.0 


- 8.0 


—2.0 


— 8.2 


—1.0 


— 8.2 


—1.0 


— 5.8 


1.0 


- 5.2 


1.0 


— 5.2 



The Puy-de-Dome is about 10 kilometers from Clermont. 

From this table it is seen that during the first and the last parts of 
the month the temperature of the air at Paris, Poitiers, and Clermont, 
was generally less than on the top of the Puy-de-D6me, and frequently 
less than that on the top of the Pic du Midi. 

According to the late Professor Plantamour,^^ "it happens every 
year that the temperature on St. Bernard at several hours, or even 
during several days, of December is higher than at Geneva. But during 
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December of 1879, this anomaly lasted duriug a longer period of time than 
usual. The average temperature of St. Bernard was 8o.4 0. higher than 
atGeneva. Out of the thirty-one days of the month, only during fourteen 
days was it from 0°.4 to 6o.2 0. lower than at Geneva, while during the 
seventeen days it exceeded this by 2° to 16°.4." At such times the vapor 
of the motionless air in the valleys and depressions amongst the Alps is 
partially condensed into fog in all the strata nearest to the earth's sur- 
face up to the altitude where the temperature of the air stratum becomes 
less than that of the dew-point ; and as this is very nearly or quite a 
horizontal stratum, such valleys and depressions seem then to be filled 
with a sea of a milk-white surface. 

211. Since areas of high barometer are mostly caused by the gyra- 
tions of cyclones or any kind of irregular gyrations of the air, around 
about these areas, at some considerable altitude above the earth's sur- 
face where these gyrations are not much retarded by friction, and the 
air is left comparatively free to flow out near the earth's surface from 
beneath the accumulation — if the area of hjgh barometer is situated in 
the middle or higher latitudes — this gives rise to the flow towards the 
equator of a thin stratum of cold air near the earth's surface, under air 
which is comparatively much warmer and generally more moist ; and 
as warm and cold air do not readily intermingle, this thin, cold stratum 
may flow to a long distance and still retain its contrast in temperature 
with the air under which it flows. In such cases, where the strata of 
different temperatures are in contact, which is usually at a very mod- 
erate elevation, there is a stratum of thin cloud formed which in some 
cases, if the air above is very moist, is thick enough and dense enough 
to give rise to a mist or a little rain of very fine particles. When such 
areas occur in the northern part of the United States, and the air in 
the middle latitudes is very moist, there is then usually a cool N.NE. 
wind and damp drizzly weather for several days, and especially if 
this occurs in mild weather in the winter season. In dry weather this 
usually gives rise to a sudden change of temperature, without rain and 
little cloud formation, and is called a " cool wave." At the first ap- 
proach of this wave a thin film of cloud is often formed at a moderate 
altitude, where it is in contact with the warmer and nioister air above, 
which may continue some time and appear threatening, but such clouds 
usually pass away without rain and often in a very short time. 

In the summer season, when the intervening surface of the earth is 
warm and dry, we are not safe in predicting a cool wave in the middle 
and southern parts of the United States from the occurrence of an area 
of high barometer and low temperature in the distant Northwest, since 
the thin stratum of this "cool wave" becomes warmed up before flowing 
very far, and before it reaches us. But in the winter season, when the 
earth's surface is usually cold and wet, and especially if the ground is cov- 
ered with snow, which prevents the heat of the warmer strata below from 
coming through readily to warm up the air above, the flow of cold air 
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from the northwest or north extends to a long distance before its temper- 
ature it much changed, and givesrise to unusually cold weather in lower 
latitudes. The coldest winter weather is experienced in the middle or 
southern latitudes of the United States when the whole country is cov- 
ered with snow, and there is an area of very high barometer and low 
temperature in the northern part or in British America. If these areas 
pass eastward very slowly, or there is a quick succession of them, the 
cold spell continues a long time. 

Effect of cyclones on isotherms and isobars. 

212. Without cyclones, either temporary and progressive or of long 
duration and stationary, or atmospheric disturbances of any kind aris- 
ing from variations of temperature from the normal of latitude, we 
should have the temperature, pressure, and velociiy and direction of 
wind at all places on the globe corresponding to those of the general 
motions of the atmosphere treated in Chapter III. In case of a per- 
fectly homogeneous surface these would be the same on the same par- 
allel of latitude all around the globe, but in the real case of nature they 
are subject to some variations on account of the gyrations caused by 
deflections from continents and mountain ranges (§ 171). In the general 
motions of the atmosphere the normal temperatures of latitude and the 
temperature gradients arising from variations of these normal tempera- 
tures with latitude have already been taken into account, and in the 
theory of cyclones and other disturbances we are only concerned with 
deviations of temperature from the normals of latitude, the resulting 
motions and changes of pressure being very nearly though not quite the 
same as if these temperature variations occurred on a globe with a 
quiescent atmosphere and uniform temperature. 

In the treatment of cyclones the assumed regular initial gradients of 
temperature, increasing or decreasing in the same manner in all direc- 
tions from the center outward, are not absolute gradients, but simply 
gradients relatively to the normal temperatures of latitude, including 
variations arising from the deflections of continents and from large per- 
manent cyclones within the limits of which they may occur. In like 
manner the resulting gradients of pressure and the velocities and direc- 
tions of the wind are not absolute ones, but simply such, or very nearly, 
as would result from a similar temperature disturbance in a quiescent 
atmosphere of uniform temperature. In order to obtain the absolute 
initial isotherms we must add the local variation of temperature giving 
rise to the cyclone to the normal undisturbed temperatures. In order 
also to obtain absolute pressure gradients and wind velocities and 
directions, we must combine the parts due to the cyclonic actions with 
those belonging to the general motions of the atmosphere. 

213. The action of a cyclone in an atmosphere without normal gra- 
dients of temperature depending upon variations of temperature with 
latitude, would not change the relations of temperature and of tempera- 
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ture gradients to the center of cyclonic action ; but this is not so where 
the normal undisturbed temperature varies with latitude, as it generally 
does. In this case the colder air of a higher latitude is being continu- 
ally whirled around to the west side, and the warmer air of a lower lati- 
tude to the east side. The tendency of this action is to cause a gradient 
of temperature decreasing from east to west, and this, combined with 
the normal gradient of temperature decreasing toward the pole, gives 
a gradient of temperature decreasing in some northwesterly direction 
in the northern hemisphere and southwesterly in the southern hemi- 
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sphere. The effect upon the absolute isotherms of the northern hemi- 
sphere is somewhat as represented in Fig. 5. The isotherms which, 
before cyclonic disturbance, are perhaps east and west or very nearly, 
are, thrown up on the east side and down on the west and the tempera- 
ture gradient in the direction of the line a b, since it is the resultant of 
two gradients, may be much steeper than the normal gradient from 
north to south in the direction of e d before the cyclonic disturbance. 
In the central part of the cyclone, therefore, the isotherms extend in a 
northeasterly and southwesterly direction, or it may be in a direction 
still more nearly north and south, and there is then a crowding together 
there of the isotherms. There is, therefore, in a central zone of the 
cyclone, at right angles to the line a b, strong contrasts of temperature 
on the two sides and contrary directions of the wind. 

These deductions from theory are verified by the weather charts of 
the Signal Service in the case of any well- developed cyclone, and 
especially by Finley's Preliminary Tornado Charts for February 19, 
March 11 and 25, and April 1, 1884. Of course the observed effects are 
not so regular, since we never have a j^erlectly regular cyclone, as 
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assumed above, and there are always other abnormal disturbances of 
temperature combined with the cyclonic. 

For the reasons just given, and also on account of the greater radia- 
tion and evaporation on the west and clearing side of a cyclone (§ 1!09), 
the temperature is often very much less on the west than on the east 
side, and it is readily seen that in its easterly progression there must 
be a fall of temperature during its passage over anj^ place. This must 
be greater or less in proportion to the violence of the cyclone and the 
normal temperature gradient before cyclonic disturbance, depending 
upon difference of latitude. This gradient is much less in summer than 
in winter, since in the former season the decrease of temperature with 
increase of latitude is comparatively small, and hence such changes of 
temperature are usually much less in summer than in winter. 

Great changes of temperature, however, often take place which can- 
not be accounted for in this way, especially in winter, which seem to 
arise from the greater terrestrial radiation of a particularly clear atmos- 
l)here at times generally of high barometer, the heat received from the 
sun being but little increased from this cause at the season when the 
wjiole amount received is small. 

The effect of this cyclonic action upon the difference of temperature 
between the absolute and the normal undisturbed temperature, upon 
which alone the action of the cyclone depends, is to continually increase 
it on the east side, and thus to throw the center of abnormal tempera- 
ture disturbance a little in advance of the center of the cyclone, and 
thus to continually cause a new center of temperature disturbance and 
the formation of a new cyclone a little in advance of the old one by 
which the progressive easterly motion becomes a little greater than 
that of the general motions of the atmosphere, as has been already 
explained in § 199. 

214. Corresponding to the gradients of the normal temperatures of 
latitude, there are also gradients of normal pressure of latitude with 
corresponding wind velocities and directions. Without these the iso- 
bars of a regular cyclone would be circular, and the velocities and di- 
rections of the winds would be symmetrical on all sides. But the 
observed isobars are usually not such, since the absolute observed 
])ressures depend not only upon the action of the cyclone, but likewise 
upon the general motions of the atmosphere, and it may be upon other 
large, permanent, and stationary cyclones. 

In general the gradients arising from all the latter combined are 
small in comparison with those of the cyclone, and tend merely to dis- 
tort them more or less; so that instead of isobars running east and 
west, or nearly, before cyclonic disturbance, we have isobars returnirig 
into themselves, but more or less distorted from a circle in proportion 
to the magnitude of the gradients with which the cyclonic gradient 
is combined to give the observed resultant. But in the middle and 
higher latitudes of the southern hemisphere, as in the region of Cape 
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Horn, where the gradients of the normal pressure of latitude, depend- 
ing upon the general motions of the atmosphere, are greater than those 
of many cyclones of considerable violence, the isobars in such cyclones 
would not return into themselves, but the effect would be simply to 
cause great deviations in the normal isobars extending around the 
earth from the same parallel of latitude, and a crowding of them to- 
gether on the equatorial side in the vicinity of the cyclone, aiul weather 
charts for this region would give isobars returning into themselves in 
the cases only of verj"^ great cyclonic disturbances. 




Fig. 6. , 

In Fig. 6 let the line a b represent the normal barometric gradient, 
depending upon the general motions of the atmosphere, combined with 
those of any large stationary cyclones, if there are such at the time, 
and the curved line a e b, considered with reference to a b, the baro- 
metric disturbance of pressure in a central vertical section, arising from 
some local transitory cyclone with its center at c. The co-ordinates of 
the curve a e b, with reference to the horizontal line a' b', then repre- 
sents the resultant disturbance of pressure arising from both causes, 
and the steepness of the curve at different points represents the bar- 
ometric gradient. While the barometric gradient, as represented by 
a e b with reference to a b, is symmetrical on the two sides of the 
center c, that of the resultant, which is represented by the same line 
referred to a' b', is very steep on the one side, but it almost vanishes 
on the other, and the point of lowest pressure does not coincide at all 
with the center c of the cyclone, but is thrown off in the direction in 
which the normal gradient declines most rapidly. Hence, in general, 
the point of lowest pressure does not indicate accurately the center of 
the cyclone. 

In the latitude of Cape Horn, where the normal gradient depending 
upon the general motions of the atmosphere, and represented by a b, is 
very great, it is readily seen that with only a small cyclonic barometric 
depression there would be no central point, e, of minimum pressure, but 
only a very much diminished gradient, which would be in the same 
direction at all points between a' and b'. In this case there would be 
no isobars returning into themselves, and the position of the center of 
cyclonic action would be still more uncertain. 

Another example of this sort is found, especially in the winter season, 
ia the North Atlantic Ocean. The great stationary cyclone prevailing 
here at that season, with its center near Iceland, gives rise to a con- 
■ siderable gradient of barometric pressure increasing in all directions 
outward. The temporary and progressive cyclones which cross the 



282 REPORT OP THE CHIEF SIGNAL OFFICER. 

Atlantic in the middle latitudes are carried around on the southern and 
eastern sides of this cyclone often in the steepest part of the gradient. 
Consequently the resultant gradient of both cyclones is steep on the 
one side of the smaller progressive cyclone and the Isobars close, ^yhile 
on the other side the gradient is small and the isobars comparatively 
wide apart. This is exemplitied iu the case of the great storm of Feb- 
ruary 5, 1870, of which Loomis^' has given a chart of the isobars. If 
the barometric depression of the smaller progressive cyclone had been 
small, the isobars would not have come around on the one side so as to 
form an in closure. 

IV. — EeLATION BETWEEN THE BAEOMETEIC GrEADIENT AND THE 

Velocity of the Wind. 

The relations heretofore obtained. 

215. Equation (53), Chap. Ill, is an expression of the gradient of the 
normal pressure of latitude in the case of the general motions of the 
atmosphere. This same expression, for reasons already given (§ 185), 
is applicable in the case of a cyclone if we put cos ^=1 and v, cos tp for n. 
With these changes it becomes 

10nA{2n cos ip+v)s P 
''"'> ^- cos i (l+.004r) * Po 

in which O is expressed in millimeters and not in meters, and iu which 

(h) v= — =s cos i 

P 

The expression is the same as in (52), Chap. Ill, using the modified 
notation (§ 185) iu this case, p here being the linear distance .from the 
center since the angular distance 6 is supposed to be so small that sin d 
does not differ sensibly from the arc. 

In the general motions of the atmosphere v is always so small in com- 
parison with 'In that it can be neglected iu comparison. This, however, 
is not the case in cyclones, especially near the center, where p in the ex- 
pression (&) above becomes small. For instance, on the parallel of 45° 
where cos (9=0.7071, we have by Table XIV, where the hour is the unit 

of time, 

2w cos ?^'=2x.00007292x3600x0.7071=0.3714 

In a cyclone with a linear gyratory velocity v of SO"^™ (31. miles) {h) 
above gives at the distance p from the center of 500'''° i/=0.1, which 
is more than one-fourth part of the value of 2»i cos ^.j above. But if, 
under the same circumstances the distance p from the center were only 
50km ^yg should have v=l., and it would then become the principal 
term in {2n cps ^+v) in the expression of G in {a). Putting for s iu 
[a) its value deduced from (&), we get the factor pv^ in the expression of 
G ; but py^ is the expression of the centrifugal force arising from the gy- 
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ratory motion. The part, therefore, of the gradient depending upon 
the centrifugal force of gyration is the part of (a) depending upon r, 
while the other part, that depending upon n, is the part depending upon 
the influence of the earth's rotation. 

It is seen from («) that the value of (?, for any given velocity of the 
wind s, depends also upon the values of P and of i, and in a small meas- 
ure also upon the temperature r. The less the value of P and the 
greater the value of r the less the density of the air, and consequently 
the less the force depending upon the earth's rotation and the centrif- 
ugal force which causes the gradient. The greater, also, the inclina- 
tion i is the smaller is cos * and the greater is the gradient G, all other 
circumstances remaining the same. 

216. From (a) and (b) we get 

(e) s^+as=b O 

in which 

^^^ .00014585 p cos '/• , .. , „„ , , P 

But by the formula for the solution of quadratic equations we have 
(5) s=-^a±^/p+6^ 

By means of this and [d) we get the velocity s- of the wind in a cy- 
clone when the values of G, p, cp, i, P, and - arc known. Where the 
altitude is given instead of P, the latter can be obtained with suiBcient 
accuracy from the table of § 27, chap. 1. At and near sea-level we can 
generally put P .- Po=l without material error. The value of i, in any 
individual case, is generally unknown, and the best that can be done is 
to use some average value for the latitude of the place and the kind of 
surface, obtained from the discussion of observations. As its value 
depends upon friction it is usually less upon sea than upon laud. The 
further also from the center of the cyclone the greater its value, as 
deduced from theory and corroborated by observation (§ 196). 

In the preceding formulas p and s must be expressed in meters per 
second, and G in millimeters of the mercurial column for one degree of 
a great circle. 

When the unit of distance is 1 kilometer, and the unit of time one 
hour, we must put 

(/) _ 0.52505 p cos f j^_ p{l+.00ir ) P 

^~ cos* .083055 "P„ 

For the unit of distance 1 mile and the unit of time one hour, and the 
gradient in inches per 60 geographic miles, 

■(^^ a=0.52505pcos,/- 6=Pil+;004r) _ P 
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Corrections needed and the cause. 

217. It has been clearly shown by Loomis^' from the comparison of 
the average of a great many values of O, given by (a) for any observed 
values of s, with the average of the observed values of G corresponding 
with these same values of s, in very numerous cases both on land and 
on sea, and under nearly all the different varying circumstances, that 
the theoretical value of G for any given value of «, as given by {a), is 
always too small, and, conversely, for any given value of G, the theoret- 
ical value of s, as obtained from (c), is too large. 

From an examination of one hundred and twenty-three- cases taken 
from the Signal Service weather maps of the United States he has found 
that the theoretical value of G given by {a) is only about 61 per cent, of 
the true observed value, and from an examination of eighty- one cases 
taken from Hoffmeyer's charts of the Horth Atlantic for three years, 
that the theoretical value of G there is about 73 per cent, of the observed 
value. From a comparison, also, of the averages of the barometric gra- 
dients given by five years' observations at Kew with the computed 
values, and likewise in the case of the great storm of February 5, 1870, 
on the northern part of the North Atlantic Ocean, he obtained results 
differing but little from those obtained in the previous cases for laud 
and sea, respectivelJ^ It would seem, therefore, that the error of the 
formula is greater on land than on sea, but this may arise from improper 
values in miles given to the scale estimates of the forces of the wind at sea. 

The error evidently arises from the assumption in § 157 that the effect 
of friction is in the direction of the motion of the air over the earth's 
surface, and therefore that in (46) we have F^= — F, sin i. The fric- 
tional resistance of any stratum of air moving over the earth's surface 
is both from the earth's surface and from the stratum above it. In a 
cyclone it has been shown that the inclination or value of i depends 
upon friction, and is therefore much greater at the surface than only at 
a small elevation above. The direction of motion, therefore, of the air 
of the strata above in a cyclone differs considerably from that at the sur- 
face of the earth, but it is only in the case where the motions of the air 
are in the same direction in all the strata that the whole resultant effect 
of friction upon the lower stratum, that of the earth's surface on the 
underside in the one direction and that of the stratum above in the con- 
trary direction, is in the direction of motion of the air in that stratum. 

Since the inclination is greatest in the lower stratum there is a radial 
negative component of velocity, that is, a component of velocity toward 
the center, relatively to that of the stratum above, and consequently a 
negative force required to overcome the frictional effect of the upper 
stratum upon the one below. The value of F„, therefore, regarded as 
either positive or negative, is greater than in the expression F^= — F, 
sin i above, which enters directly into the expression of (50), and indi- 
rectly into that of (54), § 167. Since F^ and <i(7 always have the same 
sign, negative in the case of an ordinary cyclone and the reverse in a 
cyclone with a cold center, the effect of this increased value in all cases, 
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as seen from (50), must be to make the gradient. greater than that given 
by (54), deduced from the value of F„= — F, sin i. 

The effect upon the value of O of this additional consideration taken 
into the theory can only be determined from observation, and according 
to Loomis's results its effect is to increase it very nearly in a constant 
ratio under all circumstances, at least for the same kind of surface, as 
of land or water. Disregarding any distinction between land and sea, 
it would seem that this ratio must be about 1.5, that is, that the value 
of given by (a) must be increased about one-half. To obtain the value 
of s, therefore, from the observed gradient, by means of (c), it will be 
necessary to divide the last number by 1.5. 

As an example of the application of (c) in a special case of largo 
barometric gradient and velocity of the wind, we may take the great 
Scottish hurricane of the 24th of January, 1868^". Prom observations of 
the barometer at noon of Thursday, at Aberdeen and Oulloden, it was 
found that there was a difference of 1 inch in 138 miles, giving a gradi- 
ent of 0.5 inch verj^ nearly. As this is a case in which the gyration 
is near the center and very rapid, and also in a high latitude, we may 
suppose the value of i is so small that we can put cos i=l without sen- 
sible error. We may also put for January r=0, for a large error in 
temperature produces only a very small effect. The value of r is not 
known, but we shall put it at 160 miles. We can also put P=P^. The 
value, also, of W, the polar distance, may be put equal 32°. 

Using in this example the expressions in {g), since the units are mile 
and hour and the gradient expressed in inches, we get, with the data 
above, a=71.24, i=^0'^1^ „ l^W'^ thes e valuesof a and h, and the value 
o f gi =Q.5 inchTwe get from (e) the velocity of the wi^ud s=92.9 miles. 
^""'*'' • " -,rf««BH!*!fe \^^x.5. we get «=71.4 milesT^ 



Italic head just above paragraph 218 sliould read : 
YehoiUes corresponding to given gradients greater in summer than in 

icinter. 

f The italics in paragraph 218 should read: " The mean velocity of the 
mi corresponding to each gradient is much higher in summer than in 

'Winter.^' 



Tne aveietgco <ji. >j,^^^^ 



Gradient per 1°. 


Winter (Ootobei-April). 


Summer (April-September). 


Number of in- .^^^^ velooitv. 
stances. ^ 


Number of in- 
stances. 


Mean velocity. 


Itiches. 
■ 0.24 
0.36 
0.48 
0.60 
0.72 
0.84 
0.% 
1.08 
1.20 


1 Miles. 
142 ' 3. S5 
245 ' 4. 90 
:!17 ; 6.76 
■.m 10. 76 
191 ' 12.96 
170 14 15 
149 16. 98 
Ki 1 21. 12 
66 24. 73 


274 
40J 
406 
274 
ISfi . 
101 
77 


Miles. 
6.07 
8.01 
11.17 
14 60 
16.47 
18,47 
20.98 
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Corrections needed and the cause. 

217. It has been clearly shown by Loomis^^ from the comparison of 
the average of a great many values of G, given by (a) for any observed 
values of s, with the average of the observed values of G corresponding 
with these same values of s, in very numerous cases both on land and 
on sea, and under nearly all the different varying circumstances, that 
the theoretical value of G for any given value of s, as given by (a), is 
always too small, and, conversely, for any given value of G, the theoret- 
ical value of s, as obtained from (c), is too large. 

Prom an examination of one hundred and twenty-three- cases taken 
from the Signal Service weather maps of the United States he has found 
that the theoretical value of G given by (a) is only about 61 per cent, of 
the true observed value, and from an examination of eighty-one cases 
taken from Hoffmeyer's charts of the lUorth Atlantic for three years, 
that the theoretical value of G there is about 73 per cent, of the observed 
value. From a comparison, also, of the averages of the barometric gra- 
dients given by five years' observations at Kew with the computed 
values, and likewise in the case of the great storm of February 5, 1870, 
on the northern part of the North Atlantic Ocean, he obtained results 
differing but little from those obtained in the previous cases for laud 
and sea, respectively. It would seem, therefore, that the error of the 
formula is greater on land than on sea, but this may arise from improper 
values in miles given to the scale estimates of the forces of the wind at sea. 

The error evidently arises from the assumption in § 157 that the effect 
of friction is in the direction of the motion of the air over the earth's 
surface, and therefore that in (46) we have F^= — F, sin i. The fric- 
tional resistance of any stratum of air moving over the earth's surface 



Since the inclination is greatest in the lower stratum there is a radial 
negative component of velocity, that is, a component of velocity toward 
the center, relatively to that of the stratum above, and consequently a 
negative force required to overcome the frictional effect of the upper 
stratum upon the one below. The value of JF'„, therefore, regarded as 
either positive or negative, is greater than in the expression F^= — F, 
sin i above, which enters directly into the expression of (60), and indi- 
rectly into that of (54), § 157. Since -F„ and ^C/" always have the same 
sign, negative in the case of an ordinary cyclone and the reverse in a 
cyclone with a cold center, the effect of this increased value in all cases, 
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as seen from (50), must be to make the gradient, greater than that given 
by (54), deduced from the value of F„= — F, sin i. 

The effect upon the value of O of this additional consideration taken 
into the theory can only be determined from observation, and according 
to Loomis's results its effect is to increase it very nearly in a constant 
ratio under all circumstances, at least for the same kind of surface, as 
of land or water. Disregarding any distinction between land and sea, 
it would seem that this ratio must be about 1.5, that is, that the value 
of G given by (a) must be increased about one-half. To obtain the value 
of s, therefore, from the observed gradient, by means of (c), it will be 
necessary to divide the last number by 1.5. 

As an example of the application of (e) in a special case of largo 
barometric gradient and velocity of the wind, we may take the great 
Scottish hurricane of the 24th of January, 1868^". From observations of 
the barometer at noon of Thursday, at Aberdeen and Oulloden, it was 
found that there was a difference of 1 inch in 138 miles, giving a gradi- 
ent of 0.5 inch verj'' nearly. As this is a case in which the gyration 
is near the center and very rapid, and also in a high latitude, we may 
suppose the value of i is so small that we can put cos i=l without sen- 
sible error. We may also put for -January t=0, for a large error in- 
temperature produces only a very small effect. The value of r is not 
known, but we shall put it at 160 miles. We can also put P^P^. The 
value, also, of V, the polar distance, may be put equal 32°. 

Using in this example the expressions in {g), since the units are mile 
and hour and the gradient expressed in inches, we get, with the data 
above, a=71.24:, 6=30473. With these values of a and 6, and the value 
of 6^=0.5 inch, we get from (e) the velocity of the wind s==92.9 miles. 
If, however, we divide b G by 1.5, we get s=71.4 miles. 

Velocities corresponding to given gradients greater in winter than in sum- 
mer. 
218. Mr. Ley has found from the discussion of a great many observa- 
tions taken from the daily telegraphic reports issued by the Meteoro- 
logical Office (London), from August, 1870, to July, 1875, that " the mean 
velocity of the wind corresponding to each gradient is much higher in icinter 
than in summer." The stations selected were Stonyhurst and Kew. 
There is a remarkable conformity in the results for the two stations. 
The averages of these are given in the following table : 



Gradient per 1°. 


Winter (Ootobei-April). 


Summer (April-September). 


Number of in- ! Mean velocitv. 
stances. | 


'^""^rs^'"'^^^""^!""'^- 


Inches. 
' 0.24 
0.36 
0.48 
0.60 
0.72 
0.84 
0.96 
LOS 
1.20 


i Miles. 
142 3. 55 
245 ■ 4. 90 
317 6.75 
305 10. 75 
191 ' 12.96 
170 14. 15 
149 10.98 
93 21. 12 
66 24. 73 


274 
40J 
406 
274 
131! . 
101 
77 


Miles. 
0.07 
S.Ol 
11.17 
14.60 
16.47 
18.47 
20.98 
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The results in this table show very decided differences in the veloci- 
ties for the same gradients in winter and summer. We have seen that 
the average inclination of cyclones in this region is greater in winter than 
in summer, § 204, and it is also evident from an inspection of (a) that the 
greater the value of i, the less is that of s, for the same gradient Q. 
This is especially the case for small gradients which are mostly on the 
outer part of the cyclone where i is large. Hence the velocities for the 
same gradients are less in winter than in summer. A small part of this 
eli'ect, however, arises from the smaller value of -^ in the formula in 
winter than in summer. The effect is simply a local one due to the 
proximity of the great stationary cyclone in the northern part of the 
North Atlantic, which prevails mostly in winter and nearly vanishes in 
summer. 

Uocamples. 

1. Given at the earth's surface, ^)=29.1™ per second, r=12° C, i=o, 
ip=39°, rho p=764i'", what is the value of O f (a) Answer. 13.7"°. 

2. Given at an altitude where the pressure P = 733™™, 6^=3.73"™, 
t=36.8o, T=— 2o, ^=450, and ^=249"™, what is the value of sf An- 
swer. 12.2™™. (c) and {d). 

3. What is the value of s in the same example, using the divisor 1.5 
in the last member of {c)l 

4. Given 0=0.11 inch, i=25o, 7p=50° t=15o C, p=nO miles, 
what is the value of « in miles per hour? Answer. 37.4. (e) and (51). 

5. What, in the same example, using the divisor 1.5 in the second 
member of (e) ? 



CHAPTER V. 

TORNADOES. 

Introduction. 

219. Besides the general motions of the atmosphere in couuectiou 
with those of cyclones, either stationary and more or less permanent, 
or progressive and transitory, there are various other local disturb- 
ances called tornadoes, hail-storms, waterspouts, &c., which occupy at 
any one time only a very small portion of the earth's surface in compar- 
ison with that occupied by a cyclone, but which, over this small area, 
are characterized by far greater violence and destructiveness. They 
are somewhat similar in their general character to one another and also 
to small cyclones, and all depend in some measure upon the same con- 
ditions of the atmosphere. The distinctions between them arise simply 
from small variations in these general conditions, and all may be in- 
cluded under the general head of tornadoes. 

Tornadoes differ from cyclones mostly in their extent. They have 
the same interchanging motion of atmosphere between the central 
and the exterior parts, arising from the same cause, a difference of tem- 
perature, an ascent of atmosphere in the interior, a flowing out above, 
and a gradual descent in the outer surrounding part. The conditions, 
however, from which they arise are somewhat different, and this causes 
the difference in their magnitude. In the cyclone, as well as the tor- 
nado, the most important condition is that the atmosphere shall be 
in the state of unstable equilibrium. But in addition to this, a cy- 
clone must have the condition of an initial increase of temperature, de- 
pending upon primary causes and not upon the action of the cyclone, 
over a considerable area, so as to determine _the initial motions over a 
large area toward some central point. The greater this area the greater 
is the initial extent of the cyclone, and the gyratory motion depends upon 
the effect of the earth's rotation, and may be, and generally is, sensibly 
independent of any initial motions of the atmosphere relatively to the 
earth's surface. On the other hand, the condition of a tornado in re- 
gard to temperatue is simply that of unstable equilibrium for saturated 
air at the existing temperature, the other condition being that the air 
shall. have a gyrating motion relative to some central point, arising from 
any cause whatever. In the unstable state the lower strata are liable to 
burst up through the upper ones at any point where there may be some 

287 
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slightpredeterminingcause, which is never wanting, arising from a slight 
local temperature or other disturbance. An upward current beiug once 
started at any point, the region of ascending current, as has been ex- 
plained in the case of cyclones, is kept warmer, and consequently rarer, 
as long as the ascending current is supplied with air nearly or quite 
saturated, or until, from an inversion of the air in the lower and upper 
strata, the state of unstable equilibrium is changed. Without the other 
condition, however, of a disturbed and gyrating state of the atmosphere, 
the motion from all sides would be directly toward a central point, with- 
out the gyratory motion and violence which characterize the tornado. 
The case is similar to that of water in a shallow basin running out 
through a hole in the center. If the initial state of the water is that of 
perfect rest the water flows directly toward the center, with a very slow 
velocity, but if theru is the least initial disturbance of a gyratory char- 
acter when the water first begins to flow, it soon runs into rapid gyra- 
tions around that center. The case is somewhat the same in a tornado, 
except that instead of running down, the air of the lower strata runs up 
through the strata above at the place where it receives its first upward 
impulse. 

While the conditions of a cyclone rnay extend over a large area and 
cause a correspondingly large atmospheric disturbance, those of a tor- 
nado cause only a local disturbance over a comparatively small area. 
Hence tornadoes are of small extent in com])arison with cyclones, and 
although somewhat similar in other respects, they yet form a distinct 
class of atmospheric disturbances, and it cannot be said that there is a 
connecting link, or, in other words, that the smaller cyclones commence 
where the larger tornadoes leave off. Since the gyratory motion de- 
pends upon the influence of the earth's rotation, and this is not sensible 
in small areas, cyclones, at least such as have a very sensible gyratory 
motion, must extend over a considerable area, as observed, § 207. But 
in six hundred tornadoes observed in the United States, according to 
Finley,-' " the width of path of destruction, supposed to measure the dis- 
tance between the areas of sensible winds on the north and south side 
of the storm's center, varied from forty to ten thousand feet, the average 
being 1,085 feet." 

The fundamental equations and their solution. 

220. The fundamental equations of a tornado are the same as those 
of a cyclone (2), § 185, but in the case of a tornado the term n cos ip can 
generally be omitted in comparison with v, since the former, on account 
of the smallness of extent of the tornado, is supposed to have no sensi- 
ble influence. Since 2» cos tp is the gyratory velocity at unit distance of 
the earth's surface around the center of the tornado, and v is that of the 
air relatively to the earth's surface, these two terms are to each other as 
the absolute linear velocities at the same distance p from the center. For 
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the former of these we have iu miles per hour, or 3,600 seconds, by 
Table XIV, 

w/jcos ^=.00007291 X 3600 pcos.c/'=2625 p cos f 

This, for the extreme distance of 1 mile from the center, gives, on the 
parallel of 45°, where cos(/'=707, only 0.18 of a mile per hour for the 
linear gyratory velocity due to the earth's rotation of any point of the 
earth's surtace around the center at the distance of 1 mile. For smaller 
distances from the center it is less in proportion. Hence in the case of 
all ordinary tornadoes, in which the distance of the gyrating air is much 
less than a mile, the linear gyratory velocity per hour is a very small 
fraction of a mile, and hence may be neglected in comparison with the 
usual velocities in a tornado, which often surpass 100 miles per hour. 
All the results, therefore, obtained in the preceding chapter from the 
solution of these equations in case of no friction, so far as they took 
into account all the terms, are applicable iu the case of tornadoes, but 
in this case the quantity v', which was omitted in the initial conditions 
of cyclones, becomes the principal determining cause of the direction of 
the gyrations, and cannot be neglected. We therefore get from (8) and 
(9), § 187, in this case, by neglecting in the former n cos rp in comparison 
with V, as it has been shown we can without sensible error, for all alti- 
tudes 

(1) p'v=pv=C 

in which 

. /f^{n cos tp+v') dm 

<2) ■ ^= m 

retaining n cos rp in comparison with y', though even here the former is 
very small in comparison with the latter. The effect of friction in torna- 
does is very small in comparison with what it is in cyclones. The latter 
are very broad disks of revolving air having diameters many times 
greater than their depth, and hence the gyrations are very much hindered 
and their velocities diminished by the friction between the thin revolv- 
ing disks and the earth's surface. Tornadoes, on the other hand, are 
rather columns of air having generally small bases in comparison with 
their altitudes, so that the friction is very small except at the base of 
the column near the earth's surface. A solution, therefore, of the equa- 
tions above with the friction terms omitted, must give approximate re- 
sults, especially for the upper strata, but in these as in the flowing of 
liquids and the spouting of fluids, some allowance must be made for 
the effect of friction, and the observed effects must always fall a little 
short of the theoretical results. 

If the sum of the moments of initial gyration, expressed by the 

numerator of the expression of in ^2), and consequently G, equals 0, 

then by (1) we must have v=0 for all values of p, and consequently there 

is no gyratory motion. The gyrations in this case, therefore, depend 

10048 siG, PT 2 19 
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mostly upon an initial state of disturbance such as will give G a value, 
but. not necessarily upon any initial regular gyratory motion of the air 
subject to tornadic action. Hence, tornadoes usually occur in a cyclone, 
■where the necessary initial disturbances exist, and as the cyclone in 
the northern hemisphere gyrates from right to left, these initial dis- 
turbances generally tend to give a positive value to G, and consequently 
to V, since by our notation v is positive in that direction. If the initial 
local disturbances were such from any cause as to give C a negative 
value, then the gyrations woijld be in the contrary direction. The effect 
of the term n cos ip in (2), though very small in tornadoes, is always in 
the positive direction, and the initial disturbances, together with the 
effect of this term, seem to determine the direction of gyratory velocity 
in tornadoes, always in the same direction. In the cases of six hundred 
tornadoes, according to Finley,"the observed gyrations were in every 
case from right to left. 

221. Since the equations for a tornado are the same as for a cycloue 
given in (2) § 185, and the solution of these, in the case of no friction, is the 
same as in the case of those for the general motions of the atmosphere, 
§ 149, except in the two terms which vanish in both cases, we get from 
(25), § 149, in the case of tornadoes, for a stratum of equal pressure, in 
which case the first member of that equation vanishes 



(3) Xo-X = 



sJ — s^ 



2g ' 

in which X^ and Sq are the altitude and velocity respectively, of some 
assumed point regarded as the initial point of integration. This expres- 
sion gives us the relation between the differences of altitude and of ve- 
locity for different points in the stratum of equal pressure, but we learn 
nothing from it with regard to the directions of motion. The solution 
also from which it has been deduced does not take into account any dif- 
ferences of temperature, since a, which is a function of the temperature 
(4), § 142, is treated as a constant. Ttie disturbing force is supposed to 
be simples an initial impulse toward the center, or such as would arise 
from a very small difference of temperature, such that a may be regarded 
as a constant in the final expressions. But in this latter case we must 
suppose also that there is sufiQcient friction to prevent acceleration of 
motion, and the initial velocity s„ must be the velocity at the initial point 
after acceleration has ceased. Without this the tendency of any differ- 
ence of temperature between the interior and exterior parts would be to 
continually accelerate the radial interchanging motion between them. 
As has been stated, we learn nothing from the solution with regard to 
directions of motion, and consequently with regard to the relations be- 
tween u, V, and x, upon which the directions of motion depend. 

If in a tornado we assume that the radial velocity u and the vertical 
velocity oc are small in comparison with the gyratory velocity v, we 
may then put in (3) without much error s^=v'' and 8^=v^, for with 
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u and X small in comparison with v, it is seen from (26), § 149, since 
the squares of the velocities enter into the expression, «^ diflers but 
little from v^. If, therefore, in (3) we put I for Xo — X, and v and 
Vo for s and «05 respectively, we get 



(4) 



1= 



■ — V'' 



in which I is the height of any point in a stratum of equal pressure 
corresponding to v above any horizontal plane intersecting that stratum 
where the gyratory velocity is «„• 
If in (1) we put p„ for the value of p where 1^=1)0) we get 



(5) 



v=. 



Po«o 



This expression shows the relation between v and p, and it is seen 
that with only a very small value of v^ at a considerable distance Po 
from the center the value of 'y near the center becomes enormously great, 
and as p vanishes it approximates to infinity. With this value of v (4) 
gives 



(6) 






This expression shows the relation between I and p the distance from 
the center, and consequently I is negative for all values of p less than 
Pa and vice versa. 



a. o a g 

Fig. 1. 



In Fig. 1 let the line m a represent the height of an undisturbed hor- 
izontal stratum of equal pressure before being brought down in the 
central part by tornadic action in the form of ai e d, and let c or o bo 
the center. Also let/ e represent the depression of the stratum of equal 
pressure below the undisturbed horizontal stratum i i which intersects 
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the line ai e d at i, nt the distance po from the center. We shall then 
have ci= Pa, where v = Vq, cf= p, and/e = I in (6) 
If we now put 

A= the height of any point of the stratum of equal pressure 
above the earth's surface at the distance p from the 
center, 
H= the height beyond the limit of disturbance represented in 
the figure by a m, supposed to be at the distance po 
equal to infinity, 
we shall then have, since unity in (6) can be neglected for all finite values 
ofp, 

(7) h=H- ^/P\ 

2g p' 

For any given value of Va, corresponding to an assumed distance po, 
the product being always the same for all values of po, the values of h 
corresponding to any distances p from the center can be computed. It 
is seen that for any value whatever of H the value of h must become 
for some finite value of p, and hence the stratum is brought down to 
the earth's sui-face in case of no friction, in which case alone the relation 
of (5) holds strictly. 

For other strata at greater or less altitudes the values of h for all 
valuesof p would differ by a constant equal to the difference of the values 
of H in the two cases, and the curves representing the strata of lower 
altitudes, after having been lowered by the action of the tornado, would 
be represented by the dotted liues in the figure. The higher the alti- 
tude of the undisturbed stratum the more nearly to the center it touches 
the earth's surface. 

222. All the preceding relations between pressure and velocity are 
such as satisfy the fundamental equations in case of no sensible friction 
and difference of temperature between the interior of the tornado and 
the surrounding parts. '<-f course we must suppose that there is some 
difference of temperature and interchanging motion between the in- 
terior and exterior parts in oriler to give the relation of (5), but this 
may be almost infinitely small and the final gyratory velocities at dif- 
ferent distances become a question of time simply, unless we suppose 
the initial to be such as to satisfy (5), and in this case we need no un- 
stable equilibrium or differences of temperature. But where there is 
the least amount of friction we must have a little difference of tempera- 
ture to give a force to overcome its effects. The gyratory velocity where 
there is friction is the same at all altitudes, and the centrifugal force 
arising from it where there is no sensible temperature disturbance 
prevents the air from pressing in toward the center, or, in other words, 
the centrifugal force outward is exactly equal to that of the gradient of 
pressure toward the center. There is, therefore, no sensible motion of 
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the air toward, and ascension in, the central part, and such a motion 
can only arise in the case of a sensibly greater temperature in the in- 
terior than in the surrounding undisturbed part of the atmosphere. 
When the atmosphere is in the unstable state this difference of tempera- 
ture arises from the ascensional motion itself, when once started, and 
then this motion continues as long as this state remains. 
From (83), § 185, with the value of a in (4), § 142, we get 

—gl (1+.004 t) d log P=:gdX+xdx 

when the air has a vertical motion, and 

-gl (1+.004 t') d log F=gdX 

when it has none, the temperature of the surrounding undisturbed air 
being denoted by t'. Subtracting the two members of the latter from 
the corresponding ones of the former, we get 

.004 gl (t'— t) d log P= xdoc 

Substituting in this the value of d log P, deduced from the last of 
the preceding ones, we get 



(8) 










.004: g (r- 
1+.004 


-r') 
r' 


dX: 


=xdx. 


If 


we now 


put 














(9) 






r= 


= ^0' 


-eX 






r' = r„. 



-e' X 

then e and e' express the rates of decrease of temperature with increase 
of altitude in the ascending.air and in the surrounding air without ver- 
tical motion respectively. "With these values we get from (8) 

The same is true if there is not a regular rate of decrease, provided 
(e' — e) is constant at all altitudes. 
The integration of this equation from Xa gives : 



(11) ^'-^0'= (1^.004 r„) (.^-^"V 



(1+.004 r„) 

in which a^o is the velocity at the height Xo. At the earth's surface we 
have Xo=0 and xo=0. 

If e<;e', that is, if the decrease of temperature with increase of alti- 
tude in the interior ascending air is less than in the surrounding 
undisturbed air, the value of x may be either positive or negative, and 
this is determined alone by the initial motion which the air receives. 
If e>e' the first member becomes negative, which is absurd, and hence 
in this case there is no accelerated motion, and if the air is disturbed, 
the tendency is to bring this initial motion to rest. This is, therefore, 
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simply a mathematical' expression of the tendencies of the unstable 
state of equilibrium, already explained in a general way in § 38. 

223. Although the preceding expression has been legitimately de- 
duced from the condition of (Sa), § 185, and is the one usually given in 
this case, yet it is not the true expression in the case of nature, for it is 
evident we cannot have a continually accelerated vertical velocity up 
to all altitudes or values of X, but above a certain altitude it must be 
gradually decreased and finally brought to 0. 

It must be remembered that the equations referred to do not express 
all the conditions to be satisfied, but that the condition of continuity 
must likewise be satisfied, and that no solution can be admitted in 
which this latter condition is not also satisfied. As the air ascends it 
expands into a greater volume, and only such motions can be admitted 
as will make room for the increased volume and yet not carry the air 
up indefinitely far above the general level. As the air ascends it must 
flow off laterally on all sides, and the ascending velocity at the limit 
of the atmosphere, if we can assign to it an absolute limit, must vanish, 
and at any rate gradually diminish in the upper strata. 

As the ascending air in the interior of a tornado ascends and is re- 
lieved of pressure it expands upward and laterally, but cannot expand 
downward. The expansive force downward causes increased pressure 
at the earth's surface and in the lower strata, and the reaction causes 
expansive force upward to be twice as great as it would be if it were 
free to expand in both directions. This, in the case of no gyratory mo- 
tion to disturb the horizontal strata of equal pressure, would cause the 
air and these strata to rise above the general level until the gradients 
of pressure above decreasing outward would cause the volume of out- 
ward flow on all sides to equal that of the expanded ascending air in 
the interior. Since the action of the expanding ascending air is exactly 
the same in both vertical directions in the integration of (83) with refer- 
ence to this force, in addition to that of gravity from the bottom to the 
top of the column, gives no increase of pressure at the bottom, except 
so far as it is increased by the increase of the height of the vertical 
column arising from the heaping up of the air in the central part where it 
is ascending. The integration, also,with rega'rd to the term D^ increases 
the pressure of the lower strata on the earth's surface where dxis pos^ive, 
that is, where the ascending velocity is accelerated; but it is the con- 
trary with regard to the upper strata where dx is negative. And as 
the amount of momentum generated and destroyed exactly balance' 
each other, the integration through the whole volume gives nothing. 
The pressure of the whole column of ascending air is the same as if it 
were at rest, and for the whole column is given by (25), § 149, by putting 
« and «o equal 0, Since, however, the column of air is higher, the value 
of Pis increased at all altitudes, but where e<e' it is also decreased 
from the effect of less density arising from a greater temperature. 
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Wbere the pressure in the central part is diminished by a gyratory mo- 
tion, as in a tornado, these small modifications of pressure are simply 
in addition to this principal disturbance. 

If in the case in which e=e' a single impulse were given to a portion 
of air, such as to cause an ascending velocity at some central part, this 
would be continued if there was no friction to bring the air to rest. But 
the relations of the velocities in the different parts would have to be 
such as would satisfy the condition of continuity, and this could be done 
with an infinite number of such relations arising from different impulses. 

With e=e' we get from (10) x equal a constant, but this is independ- 
ent of X, and we do not know its relations to X, but simply that it is a 
constant with regard to time. With e<e' and without friction we 
should have a continued acceleration as long as the conditions should 
remain which make e>e', that is, as long as the air is in a state of un- 
stable equilibrium. With friction the acceleration would continue until 
the friction would become equal to the forces causing the acceleration, 
after which the motions would be uniform, or at least only change with 
the relation of e to e'. This must be understood with regard to a fixed 
and definite amount of air. In the case of the atmosphere at large the 
tendency would be to continually bring new portions of air into circu- 
lation, and the forces then would be mostly required to overcome the 
inertia of these, and in this case little or no acceleration of velocities 
would be produced even without friction, unless the condition of e<^ef 
should continue a long time. The ascending velocity in a tornado, 
therefore, depends upon friction as well as upon (e'—e), and in the case 
of a definite portion of the atmosphere and no friction it is continually 
accelerated as long as e<;e'. The expression of (11), therefore, is not 
the true expression of this velocity. 

224. It is seen from (87), § 36, that the rate of decrease of tempera- 
ture with increase of altitude in a current of rapidly ascending and un- 
saturated air, where the pressure is not sensibly disturbed by tornadic 
action, is .00979° on the parallel of 45°, and that this may be adopted 
for all latitudes without material error. Putting, therefore, 
T'=the temperature at the earth's surface beyond tornadic disturbance 
T =the temperature there at the altitude JS 

we shall have, where the thin stratum of equal pressure is not sensibly 
lowered by tornadic action, as at a, Fig. 1, 

(12) r'-r=.00979^=^-^ 

Where the air is saturated the rate is much less, and varies with dif- 
ference of pressure and temperature. In this case r can be determined 
for any altitude; H, approximately, by means of Table XIII, Ap- 
pendix. 

But according to (71), § 33, the relation between t' and r depends 
upon difference of pressure alone, and if in ascending from m to b, Fig. 
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1, t' is decreased to r, it is because of a certain amount of expansion and 
decrease of pressure, and the same decrease of temperature would arise 
from the same amount of expansion, whatever the space passed through 
during the expansion. As the air in a tornado ascends it is also drawn 
in toward the center, and therefore, wherever it proceeds from the earth's 
surface, and by such a motion arrives anywhere at the stratum of equal 
pressure, aied, Fig. 1, either by an ascent nearly vertical to the part be- 
tween a and i, where this stratum is not sensibly depressed by tornadic 
action, or by a more lateral motion to any other part of this stratum 
brought down to the earth's surface at d, the temperature is decreased 
from t' to r, in accordance with (12). In a tornado, therefore, with rap- 
idly ascending currents, the thin stratum of equal pressure, however 
much lowered in the central part by tornadic action, is likewise a 
stratum of equal temperature, for the air which ascends in the tornado 
is mostly that of the earth's surface of temperature r', drawn in below 
and then ascending, and must cool down to the temperature t on arriv- 
ing anywhere at this stratum. 

225. For the pressure at different distances from the center in the 
same horizontal plane, where m and x are so small in comparison with 
the gyratory velocity v that the former can be neglected in (26), § 149, 
and V substituted for s, we get from this equation, by means of (5), 
since X— Xq vanishes in this case, 



(13) logP„-logP=- 



VPq- 



300940 (i+.004r) 360940 (1 +.004t) f^ 

in which Po is sensibly the undisturbed pressure at a great distance 
from the center. 

The diminution of pressure in the central part of the tornado given 
by this expression is that alone due to the gyratory velocity. The 
value of u, the radial velocity, is always too small to produce any sensible 
effect, since the gyrations, when rapid enough to produce any sensible 
effect upon the pressure, are so nearly circular that u is always very 
small. The ascending velocity, however, in extreme cases, may be so 
large in comparison with the gyratory that its effect may be consider- 
able, and, if known, should be taken into account, but in general its 
effect is small. 

From (27), § 149, we get a relation between the pressures and veloci- 
ties independent of any consideration of distance from the center of the 
tornado. We may suppose that Sq is assumed at a distance from the 
center where its value is so small that its square may be neglected, and 
Po' is then the undisturbed pressure beyond the influence of the tornado. 
We thus get 

(13') log Po-log P= ?! 

^ ' SOS 360940 (1+.004 r) 

This is sensibly the same as the preceding in the case of no friction, 
since then we have s=v. 
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From this expression, the relation between Pq and P being given, we 
can compute the value of s. 

If in (27), § 149, considering only vertical mcTtion, in which case s=x, 
we put JPo=the effect upon Pq of the reaQtion of accelerated velocity, 
we get sensibly, where ^Pq is small, 

-^ log Po=^»= ^=1^ 

^ P„ 156754 (l+.004r) 

This, for the earth's surface where ar(,2=0, gives, distinguishing by an 
accent in this case, and putting Po=760™, 

(14) JPo'= *" ■ ^ 



ii06.^(l + .004T)Po 

The effect is upon the value of P' at the surface, since it cannot affect 
P, which is above, and it increases the difference between P' and P. 

The value of x to be used is the maximum value in any part of its ver- 
tical ascent. If a less value nearer the earth's surface is used, we get 
only the effect of acceleration so far. It is necessary to know the press- 
ure P of the air up where this maximum occurs, since the effect is pro- 
portional to this, or to the density where r varies. Since the tempera- 
ture in the integrations of the formula was assumed to be constant, some 
average value of r should be used. A considerable variation in the 
value of T in the formula affects the result but little. 

With a maximum value of x equal 40 meters per second up where the 
pressure is one half of the normal pressure, this expression, for the earth's 
surface, putting r=0, gives z}P„'=3.87™™. For a much larger value of x, 
however, the effect would be very much greater, since it increajSes as 
the square of x. 

226. The same expression holds in the case of any horizontal motion 
of air of velocity x, which is gradually retarded by a resisting surface at 
right angles to the direction, and brought to rest in this direction. In 
this case the value of x must be the maximum velocity ; that is, the ve- 
locity in the given direction which the air has before it suffers any sen- 
sible retardation. In this case JPq' represents the whole increment of 
barometric pressure, since the difference in the statical pressure depend- 
ing upon gravity vanishes, and is the difference between the pressure 
on the surface of the resisting body and that of the air generally when 
not resisted. If the resisting body is a thin plate, it therefore represents 
the difference of pressure, expressed barometrically, between the press- 
ures on the two sides, since the static pressure on the opposite side, in 
the case of no friction, is not affected by the motion of the air. It is, 
therefore, a measure of the force of the wind. 
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Fig. 2. , 

If the wind falls upon the surface « 6 of any body with an angle of in- 
cidence i and velocity s before sensibly retarded, then, instead of x in 
(14), we must put s cos i, and we get for the increase of pressure or force 
of the wind, at the point d, 

^^^> ^^ -20b.L'(l + .004r) P„ 

The same is deducible from (13'). 

Examples. 

1. With «o=3™ at the distance /3o=1000°', what is the value of v at 
the distance p=25°''? (6) 

2. What is the height of the stratum at this distance, which before 
tornadic action was 5^=800"? (7) 

3. What is the increase of temperature of rapidly ascending unsatu- 
rated air at the altitude of 800"? (12) 

4. What the temperature of air at this altitude with a temperature 
of 30° at the earth's surface and temperature of dew-point 25°? (12) 
and Table XIII, Appendix. 

5. In the case of the first example, what was the barometric pressure 
at the distance of 25™, supposing Po to be 760"" and r=15o? (13) 

6. In the same example, what is the increase of barometric pressure 
in the central part from the reaction of acceleration, supposing the 
maximum accelerated vertical velocity is 50", and the pressure at the 
earth's surface equal 700""? (14) 

7. The general pressure being Po=760"", and that in the interior of 
a tornado being P=700"", what is the velocity of the wind, the tem- 
perature r being 0? (13') 

8. What, if Po=700"", P=600"", and t=20o? 

Waterspouts. 

227. As soon as the ascending and expanding air in a tornado cools 
down to the dew-point, condensation and cloud formation take place. 
But this temperature is first reached in the thin stratum of equal press- 
ure of that temperature, for we have seen that the temperature of such 
a stratum, whatever form it may have, is uniform. As soon, then, as 
the air ascends above, or enters anywhere within, this stratum, as repre- 
sented hy a e d. in Fig. 1, condensation and cloud formation take place, 
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and we have the phenomenon called a waterspout, since the part of the 
atmosphere suflSciently rarefied and cooled to cause condensation ex- 
tends down in the form of a tapering trunk, as outlined on the two sides 
by a i d in the figure. 
If we therefore put 

Ti=the temperature of ^he dew-point 

Ai=the height of the stratum of incipient condensation, 
we then get from (7) and (12) when r becomes ti 

(16) fei=102.1(r'-r,)-^ 

With the difference between the air temperature at the earth's sur- 
face and the temperature of the dew-point, this expression gives the 
altitude ^i of the stratum of incipient cloud formation xjorrespondiug to 
any distance p from the center of a tornado, where the gyratory velocity 
»o at the distance po is known. The first term expresses the height of 
this stratum around on the exterior part of the tornado where it is 
not sensibly depressed by tornadic action, expressed by the last term. 
228. Let 

Po'=the value of P at the earth's surface and at a great dis- 
tance from the center of the tornado, where P is not 
sensibly disturbed, 
P]=the pressure of the air when, by ascending from the earth's 
surface and expanding, its temperature is reduced to Ti, 
We then have from (71) § 33, in a practical form: 

(17) log Po'-logP,=f(log (273O-|-r'o)-l0g (273o+r,)) 

in which, § 32, £=3.489. From this the vahie of P, is obtained for any 
given value of ti. The value of t'o may be regarded the same as the 
general value of r' at the earth's surface, since po is taken so as to ex- 
tend to the outer part of tornadic disturbance, where neither tempera- 
ture or pressure are sensibly disturbed. Within this range, however, 
the value of r' is gradually decreased by rarefaction to the center of the 
tornado. 
If "we put 

B= the radius of the waterspout at any altitude hi, 
F=the value of v where p=B, 
we get from (16) and from (5), by putting B for p, 

p „ Po'«o_ 

y/2 a [102.1 (V-rO-A,] 
(io) 

Y=-S^= V2p[102.1(r„'-r,)^(7] 

From these expressions the radius of a waterspout at any altitude %, 
and the gyrating velocity at its outer limit, may be computed when all 
the necessary data are given. 
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Denoting by B' and Y' the values of B and V at the earth's surface 
we get by putting /(i=:0, in (18) 



(19) 



B'-- 



V' 



pi) ^'o_ _ 



229. If with the assumed data in connection with the following figures 
we compute by (10) (he values of the vertical co ordinates li^, concspond- 
ing to suilably assumed values of the abscisses p, or values of i2 by (ISj), 
corresponding to suitably chosen values of /(,, and represent the results 
graphically, we get the forms under the several circumstances as repre- 
sented in these figures : 



r„=;:U)-, T =■!:•'' , r„=l 



,,=:;!)', ri=i!'i', ?•(,=?.' 



=30^, r,=18°, !-n=-3'". 




Scale: 1000 metres. 



It is seen from these figures, as well as from (12), that the greater the 
diflerence between the tem]ierature of the air at the earth's surface and 
that of the dew point, the higher is the cloud and the longer the spout, 
and in proportion to this difference. 

The values \\ above have been assumed for the distance po=1000 
meters. These give only a very moderate gyratory velocity at that dis- 
tance, yet its increase according to the law of (.5) makes it very great 
near the center, and the centrifugal force arising from it is sufficient to 
decrease the pressure very much (here, and to bring down the stratum 
of incipient condensation to the earth's surface. In fact, however small 
the value of ^'„, the value of P' must become infinitely small at the center, 
and however small the amount of aqueous vapor in the air, there would 
have to be a small thread-like spout of condensed vapor. This, of course, 
must be understood in the case only of absolutely no friction between 
the air and the earth's surface, or between its own strata moving with 
diffei'ent velocities. 

The directions of the resultants of the vertical and radial motions 
may be supposed to be somewhat as represented by the arrows in the 
figures, but of course these differ very much under different circum- 
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stances. But it must be borne in mind that in connection with these is 
the gyratory motion, which, especially near the center, is the principal 
one, so that while the air is ascending and inclining in toward the cen- 
ter, it is also gyrating rapidly around that center. As soon as the air 
in ascending thus comes where the tension is reduced to Pi, correspond- 
ing to the temperature tx, as determined by (17), condensation com- 
mences, and this determines the under side of the cloud. Near the 
center of the tornado the infinitely thin stratum of tension P], and tem- 
perature Ti, as we have seen, is brought down to the earth's surface. 
Hience a water-spout is simply the cloud brought down to the eartKs sur- 
face hy the rapid gyratory motion of the tornado. 

From (19i) we get, from the three sets of conditions given with the 
preceding figures, B' equal 10"", 24™, and 13™, respectively, and for the 
corresponding velocities of gyration at the outer limit of the spout at 
the earth's surface, we get from (192), y equal 100", 127™, and 156", 
respectivelj. 

Assuming Po'=760'""' we get from (17), for the several sets of condi- 
tions respectively. Pi equal 717™", 692™", and 660™, for the tensions of the 
several strata of incipient condensation. For any high plateau consid- 
erably above sea-level the value of PJ would be much less than the 
normal value here assumed. Of course these are the pressures also 
given by (13) by putting ■j;=F' or p=jB', and using for Po its value at the 
earth's surface. It is seen from this expression that where the distance 
p is very great we have sensibly P=P^, and that from this there is a 
decrease of pressure, slowly at first, but very rapidly near the center 
within the spout, so that very near the center the rarefaction must be 
very great and the temperature extremely low, and at the center the 
tension of the air, upon the hypothesis of no friction, must become in- 
finitely small and the temperature absolute zero. 

In water-spouts at sea there is a rising up and foaming of the sea- 
water under the spout. By theory the water rises, as in a pump when 
relieved of pressure, 13.6 inches for each inch of barometric depression, 
so that if there should be a depression of 3 inches in the center of a 
water spout, the water would rise about 41 inches. This lieaping up of 
the water is always observed, and on account of the rapid gyratory ve- 
locity of the air very near the center, the water is much agitated at the 
surface and much of it may be carried up in the interior of the spout 
by the ascending current. In this way the water in small ponds with 
fish or any other animals in it may be carried up in the air and fall at 
a considerable distance away. The water, however, which falls as rain 
at sea is always observed to be fresh water, for the small amount of 
sea-water carried up, when mixed with so much rain-water, is not per- 
ceptible. 

Uxamples. 

1. If ^70=5" at the distance /c)o=l,000", and the temperature of the 
dew-point at the earth's surface is 10° below that of the air, what is the 
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height of the stratum of incipient condensation at the distance of 
p=50"'l (IG) 

2. What, in the same example, is the tension of the thin stratum of 
incipient condensation or outer limit of the water-spout, if P'o=76(l°"" 
and t'o=15o? (17) 

3. In the same, what is the radius of the water-spout and the gyra- 
tory velocity at the outer limit at the earth's surfaced (19) 

4. If iji'=4°' at distance po=l,000°', t'o=30o, ti=15o, and P'o=725°«°, 
what are the values of Pj, B' and V and the value of P' at the dis- 
tance p = 30"" ? 

Force of the tcind and supporting power of ascending currents. 

230. The velocity of the wind in a tornado being known, in order to 
have its force iu grams per square centimeter of surface exposed nor- 
mally to its direction, we must know the weight of a column of mercury 
with a square centimeter for its base and height equal to ^P'. For a 
column of pure water of standard temperature //P' in centimeters ex- 
presses its weight in grams, and in that case (14) would express the 
force of the wind in grams. In the case of mercury, therefore, (14) 
must be multiplied into the density of mercury, 13.59G, and expressed 
in centimeters instead of millimeters, in order to give the pressure in 
grams. Hence, putting 

J9=the force of the wind in grams; 

;8'=the surface in square centimeters exposed normally to the 
wind; 

we get, using s here for the velocity of the wind, since the expression 
is true for any direction, 

(20) 13.596 a' P „ ^ P „ 
^ 2002 (l+.004r) Po 151.7 (1-f .004r) P„ 

in which, it must be understood, Po is the standard pressure, 760™™ on 
the parallel of 45°. The force, therefore, is as the square of the veloc- 
ity and also as the density of the air. Hence, at high altitudes, winds 
of the same velocities have much less force than at the earth's surface. 
This expression is reduced to pounds avoirdupois per square foot, 
with the values of s given in miles per hour, according to Table XIV 
ot the Appendix, by multiplying the second member by 2.04830 :2.2370» 
=0.40933. We thus get in these measures 

(21) 0.002698 s^ P ^ 
^ 1+.004T P„ 

Where force is. expressed in pounds, the force of a pound subject to 
standard gravity — that is, gravity on the parallel of 45° and at sea- 
level— must be understood. For other altitudes and latitudes the force 
of the pound would be a little different. 
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At sea-level, if P is Hot observed, we can generally put it equal to P^ 
without material error. For dry air, it should be remembered, the 
numerical coefficient .004 in all cases becomes .003605. For ordinary 
hygrometric states of the air, however, the former is to be preferred, 
since it takes into account approximately the variations of density de- 
pending upon the most probable amount of aqueous vapor, when not 
observed, belonging to the observed temperature. 

By (21) we can compute the force of the wind, where s is known, 
against any surface 8 exposed normally to the wind, either at sea-level 
or for any altitude, when P and r are known. When the altitude is 
given the value of P can be obtained with sufficient accuracy from the 
table of § 27. With a velocity of 100 miles per hour and r=0 (21) 
gives, at sea-level, 27 pounds avoirdupois for the force against each 
square foot of surface. If the temperature were 15°, it is readily seen 
that this would be diminished in the ratio of 106 to 100, and at an alti- 
tude where P=i Pj it would be still diminished one-half more. The 
following table gives the force of the wind in pounds upon each square 
foot, at sea-level, and temperature t=0, corresponding to the given 
velocities in miles per hour : 



Velocities. 


Forcee. 


Velocities. 


Forces. 


5 


0.07 


100 


27 


10 


0.27 


150 


61 


20 


1.08 


200 


108 


40 


4.32 


250 


169 


70 


13.23 


300 


243 



According to the preceding formula and table, the mechanical force 
of the wind in tornadoes must often be enormous. In the first of the 
preceding examples, § 229, although the gyratory velocity is very small 
at the distance of 1,000 meters, yet at the distance of 10 meters it be- 
comes by (5) equal to 100 meters per second, or, by Table XIV, 224 miles 
per hour. This, it is seen from the preceding table, would give a force 
considerably above 100 pounds to the square foot anywhere on the earth's 
surface of not very great altitude above sea level, and by (21) a force of 
135 pounds at sea-level and temperature t=0. 

The barometric pressure in a tornado has been observed to be nearly 
3 inches below the general pressure. Supposing this latter to be 30 
inches and the pressure in the tornado to be 27 inches, and temperature 
7=25°, we get from (13') the value of s equal to 144 meters per second, or 
323 miles per hour. This, according to (21), or the preceding table, would 
give a very great force to the wind. From this example we therefore 
see that the wind forces in a tornado must often be enormous, since the 
barometric depression in a tornado may be very much more than 3 
inches, for observations are never made in the centers of violent torna- 
does. 
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231. The explosive force of confined air in a tornado may be very- 
great, and it is to this rather than to the force of the wind often that 
the destruction of buildings is due. If air of the ordinary tension of 30 
inches is confined within a building so that it cannot escape readily, and 
the center of a tornado comes suddenly over it in which the tension is 
reduced to 27 inches, then the difference of tensions at the time is equal 
to one-tenth of the pressure of the atmosphere, which by (54), §18, is 
14.696 pounds to the square ,inch. The explosive force in this case, 
therefore, would be one-tenth of this, or about 211 pounds to the square 
foot. But the example which we have assumed is by no means an ex- 
treme one, for the tension of the air in a tornado may be diminished 
twice as much as this, or even very much more, and the explosive force 
of confined air increased accordingly. Before the confined air in the 
building has time to escape, the explosive force bursts asunder the walls, 
and throws the roof up into the air and to a considerable distance 
away, and the building is a wreck. If the whole roof is not carried 
away, at least the tin or copper sheathing is often removed, since the ex- 
plosive power of the closely confined air beneath it and the material to 
which it is fastened is sufQcient to loosen it, and it is then carried away 
to a great distance often by the wind. Under such circumstances, also, 
cellar doors have been known to be blown away from their fastenings 
against the force of a strong wind blowing directly against them, and 
also the corks of empty bottles to be blown out from the sudden ex- 
pansion of the air within them. 

232. Where the opposing surface is not normal to the direction of the 
wind, the expression of (21) is modified in the manner of (15). In the 
case, therefore, in which the wind blows on an irregular, or any surface 
which is not a plane, and consequently falls upon it at different angles 
of incidence, we get from (15) for each differential element dp, taken 
with reference to a plane 8 normal to the direction of the wind, 

/oox A 0-002698 8' P ^.,„ 0.0026 98 s" P , ._, 
(22) dp= 1+.004 r Po ^"^ *^^= l+.004r P, '^"^ '^'^ 

dff being a differential element of the surface of the body upon which 
the wind falls with an angle of incidence i, and which varies with ff. 

In the case of a cylinder with its axis normal to the direction of the 
wind, we have 

dff=lrdi 
in which 

r=th6 radius of the cylinder, 
J=its length. 

Substituting this in the last member of (22), and reducing by the 
relation of 

cos' di=cos^ id sin i=(l— sin^ i) d sin i 
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and integrating for the whole surface of the cylinder exposed to the 
wind we get 

0.002098 «2 P 4 , 
(23) P = i+.004r • p; 3^^ 

This expresses the force of the wind against the cylinder. Since 2rl 
is the greatest section of the cylinder normal to the direction of the 
wind, by comparing this with (21) it is seen that the forCe of the wind 
blowing against the cylinder is two-thirds of that in the case of a sur- 
face S — 2rl exposed normally to the direction of the wind. 

In the case of a sphere, regarding da as a function oi.i, we have 

dff = 2r^7i sin i di 
in which 

r = the radius of the sphere. 

Substituting this value of A0 in the last member of (22), and reducing 
by the relation of 

Cos H sin i di = cos H sin i d sin ^ = (l — sin^) sin i di 
and integrating from i = to t =^7C, that is, for the whole surface of the 
sphere exposed to the wind, we get 

,0.. 0.002698 P, , 0.001349 s^ P „ 

(2^) ^ ^ i+o.ou4r p, -i ''''=T+m^ •^r^' 

for the expression of the whole force upon the globe in the direction of 
the wind. Since r^n is the area of a great circle of the sphere, it is seen 
by comparing this expression with (21), that the force is only half as 
much as if the wind blew normally against a surface S equal r''7t, a 
great circle of the globe. Loomis'^^ obtained from two sets of experiments 
made at the request of Newton in St. Paul's Cathedral at London, with 
several hollow glass globes and with several bladders formed into 
spheres, and all about 5 inches in diameter, a resistance of 0.2856 ounces 
troy, equal 0.019584 pounds avoirdupois, with a velocity of 15 feet per 
second, equal to 10.227 miles per hour. •With these data in (24), which 
is adapted to feet, pounds avoirdupois, and miles per hour, putting 
P = Po and r = 0, we get p, the force of wind with a velocity of 15 feet 
per second, and conseqtiently the resistance to a falling body, equal to 
.019242 pounds avoirdupois, for the theoretical value, which differs but 
little from 0.019584 pounds, obtained from the experiments. There is 
some uncertainty, however, with regard to the exact diameters of New- 
ton's spheres. 

But in these experiments no account seems to have been taken of the 
temperature or of the barometric pressure P. The experiments, how- 
ever, were most probably made in the summer season, and if so, in com- 
paring the theoretical result with that from experiment, we should per- 
haps put r in (24) equal to 20° (68° F.). The experiments were made so 
near sea-level that we can perhaps put P = Pq without sensible error. 
With these values of r and of P (24) would give for the theoretical value 
'p =■ .017817, and hence about one-eleventh less than the experimental 
value. But this was to be expected, since some allowances in such cases 
10048 SIG. PT. 2 20 
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have to be made for friction, which is not taken into account in the for- 
mula. In measuring forces by pounds, the force of a pound under 
standard gravity must be understood. 

233. The force due to gravity of a spherical body, expressed in pounds 
avoirdupois, is 62.431 np4 r'^n in which n has its value of (8) § 9, and p 
is its density. Putting this equal to the force of the wind expressed by 
(24), which is a condition which must be satisfied in order that the body 
may be supported by an ascending current, we get 

(25) s^=61660 pr (1+ .004r) ^n 

from which to determine the velocity s of the ascending current which 
will support a body of given radius r and density p, the density of the 
air, or r and P, being known. It is seen that the velocity is directly as 
the square root of the radius and density of the body, and inversely as 
the square root of the density of the air. Hence it is much greater for 
high altitudes. It is also as the square root of n and hence a little less 
in equatorial than in polar regions of the earth. 

Putting r equal 1 foot and p=l, we get for air at sea-level and with 
T=0, 8=248 miles for the velocity per hour required to support a body 
two feet in diameter and of the density of water. Putting also r equal 
1 inch (reduced to feet) and p=0.865, the density of ice, and 7=20°, we 
get for the lower strata of the atmosphere, where P may be put equal 
P„, s=69.3 miles per hour, equal to l(tl.6 feet per second, for the veloc- 
ity of the ascending current required to support a globe of ice two 
inches in diameter. The velocity obtained by Loomis^^, with the nu- 
merical coefficient of the formula determined from experiment, is 98 feet 
per second. This velocity, therefore, would suffice to keep supported 
in the air almost the largest hail-stones, where the air has the density 
near the earth's surface, but at great altitudes the velocity required 
would be much greater. ^ 

According to (25) the ascending velocities required to support rain- 
drops and hail-stones of different diameters at an altitude where 
P=630™'", which is an altitude of about 1 mile, are as given in the fol- 
lowing table, for t=0 : 

Table. 



Eain. 


Hai. 


1' 
11 

.2" 


■11 


^0 

'is 

a. '3 

as 

ffi 


■SrSS 

■3 Hfl 


fi 


> 


P 


l> 


0.01 


5.6 


0.5 


36.6 


0.02 


7.9 


0.6 


40.0 


0.05 


12.4 


0.8 


46.0 


0.1 


17.6 


1.0 


51.4 


0.2 


24.8 


2.0 


72.7 


0.4 


35.2 


3.0 


89.9 
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It is seen from these results thatavery gently ascendingcurrent of air 
keeps fine raindrops from falling, and that these are kept up until they 
unite and form drops sufficiently large to fall down. In falling through 
the lower strata they overtake and unite with those of smaller diameters 
falling iuore slowly, and meet those of still smaller diameters being car- 
ried upward, until they arrive -where the air is so rare, or the velocity 
of ascending currents so small, or they become so large by uniting with 
others, that the force is not sufficient to carry them further up. Hence 
the further they fall in the cloud region the larger they become. If only 
large drops fall to the earth's surface it indicates a strong ascending 
current. It is seen that a velocity of 25 miles per hour prevents drops 
of 0.2 inches in diameter from falling. 

Examples. 

1. What is the force of the wind on each square meter of normal sur- 
face at sea-level, temperature of freezing, when it has a velocity of 20 
meters per second ? (20.) 

2. What, in the same example, at an altitude of 2,000 meters and tem- 
perature of 150 « (20.) 

3. What is the force of the Avind on each square foot of normal sur- 
face at sea-level, and temperature 75° F, with a velocity of 40 miles per 
hour? (21.) 

4. What, with the same velocity, at the height at which the barome- 
tric pressure is 17 inches and temperature freezing? (21.) 

5. What is the force of the wind, with a velocity of 70 miles per hour, 
against a vertical cylinder, 40 feet high and 10 feet in diameter, at sea- 
level and freezing temperature ? (23.) 

6. What is the force of the wind with a velocity of 100 miles per hour 
and temperature of 50° P., against a globe 6 feet in diameter, near sea- 
level? (24.) 

7. What velocity of ascending current of air of barometric pressure 
29 inches and temperature 60° F. will keep suspended in it a globe of 4 
feet in diameter and density 1.5 on the parallel of 45°? (25.) 

8. What is the diameter of a hail-stone of density 0.865, which is kept 
suspended in the air with an ascending velocity of 80' miles per hour, 
at an altitude of 2 miles and temperature of freezing? (25.) 

Hail-storms. 

234. If in th& expression of hi. (16), we put for the first term the 
height of the stratum of freezing instead of that of the temperature of 
the dew-point, then hi will represent, at any distance p, the height of 
this stratum, or B in (18) will represent the radius of the spout of air 
below freezing temperature at any altitude hi. We shall, therefore, 
have in this case 



(26) 7h=-ff- 



P'o 



2g p' 
ia which R is tjie yalije of Ai at a great distance from the center. In 
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pended it falls to the earth a hail-stone,, with a UrneV of frozen snow in 
its center. In falling to the earth down through the cloud region with 
temperature in the Ibwer part much above freezing, of course its orig- 
inal size is somewhat decreased. It often happens that in falling very 
gently where the ascending currents are not quite, but nearly, sufllcient 
to keep it suspended, it descends so near the center that the indrawing 
currents from all sides in the lower cloud-region draw it in towards the 
center where the ascending currents are suflcient to carry it up again 
into the snow-region, where it receives a coating of snow, moistened 
by the small rain-drops carried up into the snow-regions before they 
have time to freeze. The whole mass becomes frozen solid, and, it 
may be, reduced considerably below zero temperature, before it is 
carried up and out again where it can gradually drop down again 
toward the earth, and in falling, even through the lower part of the 
snow-region, where there is little snow, but mostly rain-drops not 
yet frozen, it receives a coating of solid ice, lor its temperature hav- 
ing been reduced considerably below zero, it continues to freeze the 
rain coming in contact with it for a long distance in itss passage through 
the cloud-region. But in gently falling down it may be drawn .in a 
second time toward the center and be carried up by the rapidly ascend- 
ing currents into the snow-region and receive another coating of wet 
snow over the last one of solid ice, and in falling again receive another 
coating of solid ice. This process may be repeated a number of 
times, in each of which the hail-stone describes a kind of orbit some- 
what as represented in Fig. 6, until finally it is carried out above 
so far from the center, or the strength of the tornado becomes so much 
weakened, that it is no longer carried in toward, and up, in the cen- 
tral part, but falls to the earth, a hail-stone with a snow-hernel and. 
a number of alternating concentric strata of solid ice and frozen loet snow. 

A remarkable example of this last kind of hail was observed in a hail- 
storm at Northampton, Mass., June 20, 1870, an account of which has 
been given by Mr. Houry.^^ In this storm hailstones fell weighing over 
a half pound, and most of them were formed of concentric layers like 
the coats of an onion.- Mr. Houry states that in one of them he counted 
thirteen layers, indicating, as he says, that it had passed through as 
many strata of snowy and vaporous clouds. The true explanation is 
that it oscillated as many times between the rain-cloud and the snow- 
cloud regions, or, in other words, that it performed six or seven revolu- 
tions with the lower part of its orbit in the rain cloud, and the upper 
part in the snow-cloud, as described above and as represented in Fig. 6. 
In connection with the vertical and radial components of motion, as 
represented in the figure, of course there is also the rapid gyratory 
motion belonging to the interior parts of cyclones and tornadoes. 

236. From what precedes, a hail-storm differs from any ordinary tor- 
nado, only in its having ascending currents sufliciently strong to carry 
large rain-drops up very high into the region where the temperature is 
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sufficiently low to freeze them. Although this region is much higher 
in summer than in winter, yet we have hail mostly in the former 
season, since in the latter season we rarely have the conditions which 
give rise to a tornado of sufficient violence to carry up rain-drops very 
high, and besides the stratum of incipient freezing then is so low that 
there is little or no rain-cloud region in which large rain-drops can be 
formed and in which, after having been frozen above, they are increased 
in falling through. Winter hail, therefore, consists of only very fine 
particles of frozen water. 

As in a cyclone and a tornado, large rain-drops are an indication of 
strong ascending currents, so hail-stones indicate a stUl much stronger 
current of that kind. 

Modifying effects of friction. 

237. So far we have taken little account of friction, especially of that 
between the air and the earth's surface. In all cases where there is any 
disturbing power, however small, arising from differences of temperature 
it has been necessary to suppose a small amount of friction, just suffi- 
cient to prevent a continual acceleration of motion and to reduce the 
gyratory velocities to the same at all altitudes, whatever may have been 
the initial velocities. The great power in the center of a tornado does 
not depend much upon any forces arising from dififerences of tempera- 
ture, but upon that which is already contained in it by virtue of its 
initial gyratory state, which gives a value to the constant poVo con- 
tained in our expressions. The small forces arising from differences of 
temperature between the central and exterior part in the tornado, as 
well as in a cyclone, except in the initial motions, is spent in overcom- 
ing friction, but still by means of this the force which is already in the 
tornado is concentrated, in accordance with (5), into a comparatively 
small area at the center at the expense of that of the surrounding parts. 
If we put po'''o=Oj that is, suppose there is no initial gyratory motion, 
then the only power we get is from the action of the force arising from 
differences of temperature, which causes a continually accelerated radial 
velocity, toward the center below and from it above, until the friction 
becomes sufficient to counteract the force, after which the velocity be- 
comes uniform. In this, however, there is no gyratory velocity devel- 
oped, and no concentration of power in the central part, at the expense 
of the surrounding parts. 

238. The effect of friction in tornadoes is much less than in cyclones. 
A cyclone of considerable extent may be regarded as a disk, with a 
diameter many times .greater than its depth or thickness, and hence 
the gyrations of the air are very much retarded by friction between it 
and the earth's surface ; but a tornado is rather a pillar of gyrating air 
with a small base in comparison with its altitude, and hence the re- 
tardation of the gyrations by friction, except at the base at the earth's 
surface, is comparatively very small, and they are very nearly in ac- 
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cordance with the principle of the preservation of areas, as expressed 
in (5), and consequently must be very great, but of course some less 
than in the case of no friction. All the preceding results, therefore, 
obtained upoh the hypothesis of no friction, are somewhat modified in 
the real cases of nature, but not nearly so much as in the case of cy- 
clones. 

According to the results which we have obtained upon this hypo- 
thesis, the whole column of gyratory air in a tornado is somewhat like 
a tall flue with rarefied air within it, but with the draft cut off be- 
low, for the centrifugal force arising from the rapid gyrations act as 
a barrier to prevent the flow of air from all sides into the Interior, not 
only above, but likewise down to the earth's surface. In this case there 
would be only a very gently ascending current in the interior arising 
from difference of temperature, the velocity of which at most would not 
equal that given by (11), since this is obtained by integration of (10), 
without taking into account the condition of continuity, which causes 
a heaping up of the atmosphere over the top of the column, which re- 
tards the upward velocity and causes a deflection toward the top into 
lateral horizontal ones. 

But if we now suppose the gyrations at the bottom to be considerably 
retarded by the friction of the earth's surface and the centrifugal force 
consequently diminished accordingly, it is readily seen that this must 
allow a rush of air in below, which must escape up in the interior. It 
is the same as supplying a draft to the .flue, which before had been 
almost completely cut off. It is in this way we get the powerful ascend- 
ing currents in the interior of tornadoes necessary to account for the 
great supporting power which they are known often to possess. 

It is seen from § 223 that the greater— i),.P, that is, the increase of 
the rate with which the pressure decreases with increase of altitude, 
the greater is the rate of vertical acceleration of velocity, and con- 
sequently the greater the increase of velocity in ascending through any 
vertical distance corresponding to a given decrease of pressure. It is 
seen from an inspection of Fig. 1 that in the central part of a tornado 
the pressure is much diminished, and the strata of equal pressure being 
nearly vertical, the vertical change in pressure is also small. A great 
part of the outside normal pressure is resisted by the centrifugal force 
of the gyrations. If this force were all cut off' below near the earth's 
surface by an entire absence of gyratory velocity, the pressure then 
at the center would be equal the outside pressure, except so much of it 
as would be used in overcoming the friction of a rapid current, and 
then there would be an enormously rapid ascent, and even where the 
gyratory velocity is only considerably diminished the ascending velocity 
must be very great. 

If we suppose the barometric depression in the middle of a tornado 
to be only 30™" without any gyratory motion at the earth's surface, so 
that there would be no force to resist the outward pressure, then by 
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means of (13'), putting Po'=760"™ and t=:30o, we get the value of s, or 
X in this case, equal 84'" for the velocity per second of the ascending 
current. This is a case which could occur if the gyrations were over a 
very deep and narrow valley. The outside pressure would then come 
in unobstructed, except by friction, from both sides along the valley. 

We have in this case no increase of power, but, upon the whole, a 
diminution of it, and the increase of the ascending velocity in the in- 
terior is at the expense of the gyratory velocity which it had before. 
The gyratory velocity being diminished below, the motion toward the 
center below becomes more nearly radial and much more ascensional. 
It is the same in the case of cyclones in which, we have seen, the effect 
of friction near the earth's surface is to cause a much greater inclining 
of the directions of motion toward the center, and to allow the air, which 
supplies the gently ascending current in the interior part, to flow in 
mostly very near the earth's surface. 

239. The effect of friction being to diminish power, all the effects 
which we have obtained upon the hypothesis of no friction must gener- 
ally be a little, and often very much, greater than the true ones and 
observed ones where there are observations. The gyratory velocities 
do not follow strictly the law of (5), even far above the earth's surface, 
aod-near it they may deviate very much from it, especially on land. 
The velocities being diminished by the effect of friction, it is readily 
seen from (13) or (13') that the computed diminution of pressure cor- 
responding to any assumed value of the constant poVo is too great. 

According to (16) and (18) every tornado must have a water-spout in 
its central part, larger or smaller according to the amount of initial 
gyration which gives value to the constant poVo, and the amount of 
aqueous vapor in the air, upon which the value of (t' — ti) depends. With 
a small gyratory velocity and little vapor it might be very slender and 
threadlike extending down to the earth's surface, but in no case could 
the value of B in (18) vanish. It is a co-ordinate of the hyperbola, ap- 
proximating but never touching its asymtote. But the effect of fric- 
tion is to retard the very rapid gyrations near the center ; and since the 
effect is comparatively very great there, the velocities are not so great, 
that the pressure, and consequently the temperature, are sufficiently 
diminished to cause condensation even in the center, and thus to give 
rise to a water-spout. 

When the spout first appears it is seen as a funnel-shaped cloud sus- 
pended from the lower surface of the undisturbed stratum of clouds. 
As the gyrations become more rapid, it descends lower, until finally it 
extends to the earth's surface. This descent may be very rapid, since 
only a small change often in the gyratory velocities is required to di- 
minish the pressure and temperature in the middle sufficiently to cause 
condensaption in a small column. After continuing some time until the 
violence of the tornado begins tO' diminish, and the force arising from 
the gyrations is no longer able to keep the pressure and temperatxire in 
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the center low enough to cause condensation, the lower part Of the spout 
vanishes, and with only a very little more decrease of power it may be 
suddenly drawn apparently up into the clouds above, or at least so 
much as to leave the appearance only of the funnel-shaped cloud. 
Sometimes, as it is carried along in the general currents of the air, the 
gyrations are suddenly increased or diminished, from variations in the 
amount of friction at the earth's surface, from air being drawn in 
which has a greater gyratory motion with reference to its center, or, it 
may be, from various other causes. When this is the case the spout is 
seen to apparently drop down and rise up suddenly, and this may be 
repeated several times. It must not be supposed, however, that there 
is a real dropping down or rising up of the cloud, but simply a sudden 
bringing about and vanishing of the conditions all the way down which 
give rise to condensation and cloud-formation. The spout is sometimes 
seen to lag behind, and not quite reach to the earth's surface. This 
arises from the general currents above moving faster than those at the 
earth's surface, so that in order to maintain the spout all the way down • 
it is necessary to continually bring into the gyrations new portions of 
air. The tornado often does not have sufficient power to overcome the 
inertia and friction of the gyrations of these new portions of air, and 
hence the gyrations then are not sufficient to bring the spout down to 
the earth. In fact it can never happen in nature that we have all the 
regular conditions assumed in the preceding theoretical treatment, or 
even a near approximation to them, and hence we can never expect to 
have a regular theoretical spout such as represented in the preceding 
figures. 

246. In the force of the wind and the supporting power of ascending 
currents the neglect of friction in the theory causes it to give results 
too small instead of too great. The effective force of the wind against 
a plate or barrier of any kind does not depend simply upon the inertia 
of the air, but upon the dragging effect of the air through friction upon 
the column of air in the front and rear, partially brought to rest by the 
barrier. This increases the pressure a little in front of the barrier and 
diminishes it in the rear. This latter is seen in the effect of cowls placed 
upon the tops of the flues of chimney^. The air is dragged away, and 
the pressure diminished, so that the draft of the ilue is increased. 
Hagen's empirical formula, determined from very accurate experiments 
made only a few years ago, gives for the pressure in grams on small 
plates, 

(27) i>=(0.00707-+-0.0001125M) J't)^ 

in which m is the periphery and F the surface of the plate in decimeters, 
and « is the velocity per second in decimeters. The barometric pressure 
in the experiments was 758°"" and the temperature 16°. 
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This formula, expressed with the measures and notation of (21), so as 
to give the temperature and pressure corrections, is 

(28) p=\ ^-^-^^ '-.p8 

Distinguishing p with an accent in this case, we get by comparing this 
with (21) 



(^000366+^0001479«)s^ P 
(Ai)) P-P- i+.004r "Po 



as the effect of friction upon the eflfective force of the wind in moving 
the plate. About one-half of this, perhaps, is due to increased pressure 
upon the one side of the pjate, and the other to a relieving it of press- 
ure on the opposite side. 

It is seen that this has a term depending upon the periphery, and hence 
it increases in a greater ratio than the extent of surface, and for very 
large plates it would be very great. The experiments were made with 
small plates from two to six inches square, and most probably the for- 
mula cannot be extended to larger areas. 

The same correction is applicable to the supporting power of ascend- 
ing currents on a normal surface, but is no doubt different in the caseof 
a sphere supported in the air. We have seen, however, that in the case 
of hollow globes falling through the air the theoretical resistance was 
one-eleventh less than the experimental one, which does not differ much 
from the effect of friction in the preceding case, (21) being less than 
(28), where u is small, by about one-eighth part of the latter. This 
makes the effect of friction in the case of a sphere less than in that of 
a square plate of the area of a great circle of the sphere, which is what 
we would reasonably expect. 

Precipitation and cloud-bursts. 

241. On account of the very great velocity of the ascending currents 
of saturated air in a tornado, §238, the aqueous vapor of which is 
nearly all condensed, the amount of precipitation, rain, hail, or snow, 
must often be enormous. Let 

e=the elastic force of aqueous vapor at the base of the cloud, 
d=the depth of rain in a unit of time resulting from the conden- 
sation in the ascendipg current, supposing that the current 
extends so high that the vapor is all condensed. 
u =tlie ascending velocity per second at base of the cloud. 
Then the weight of vapor in a column of homogeneous air measured by 
the height of the mercurial column of the barometer is 0.623e. Multiply- 
ing this by 13.6, the density of mercury, and dividing by 7992, the height 
of a homogeneous atmosphere, we get .00106 e for the depth of water 
equal to a column of air of one meter in altitude. Hence if the vapor 
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of the saturated air at tbe base of the cloud is all condensed in its as- 
cent, the fall of rain per second is 

d=M106eu 

If in the example of Fig. 3 we suppose the ascending velocity at the 
base of the cloud to be 60 meters per second, the vapor tension of sat- 
urated air at the temperature t=25o, by Table X, being 0.02355'° we get 

^=.00106 X 0.02355 x 60=.0015'" 

for the depth of rain per second or .09™ (3.6 inches) per minute for the 
fall of rain, if it were all to fall directly back. From the reasoning of 
§ 238, and from what we know of the supporting power of ascending 
currents in tornadoes, the assumed ascending velocity of 60" per 
second is no unusual one, and therefore this result gives us some idea 
of the immense quantity of rain whicli may fall in a tornado in a short 
time. Of course the vapor is never carried so high that all of it is con- 
densed, and being carried out above from the center, the area of rain- 
fall is generally much greater than a section of the column at the base 
of the cloud where the velocity of ascent is so great. But still it must 
be considered that the currents above the base of the cloud are bring- 
ing in vapor from all sides into the central column of rapidly ascending 
air, so that the vapor which enters the base of the cloud may not be 
half of the whole quantity which comes into the central ascending 
current and is condensed. 

Where the ascending velocity is very great the rain does not fall in 
the central part at all, but is supported until it is carried out above, 
where the ascending currents are not suflScient to keep it from falling, 
and it falls around about the more active central part of the tornado. 
With an ascending velocity of 60™ per second (134 miles per hour) the 
rain would all be carried up to an altitude where it would be carried out 
from the vortex before falling. Accordingto (25) this velocity at an 
altitude wherethepressureof the air is diminished one-half, and where 
consequently Po:P=2in the formula, would support a rain-drop 3.84 
inches in diameter, which would be increased a little from the effect of 
friction, §240. With such an ascending velocity, therefore, no rain could 
fall back in the central part, but there would be an immense rainfall 
nround in its vicinity, especially if the tornado in its irregular progressive 
motion should remain stationary, or nearly so, for several miniates at 
auy.place. 

243. If the velocity of the ascending current is not so great that the 
rain is all carried up to where the currents are outward from the vortex, 
and where consequently the water is dispersed, and yetgreat enough to 
prevent its falling back, then in the whole of the lower part of the cloud 
in the central part of the tornado, even up perhaps to the altitude 
of 3 miles or more, there may be a great accumulation of rain, pre- 
vented by the ascending currents from falling, and also by the centrip- 
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eta] horizontal component of the current from being canied out and 
dispersed. Of course the sustaining of this water in the cloud uses up 
the energy of the tornado and hastens its breaking up. Suppose the 
gyratory motion and all the circumstances of the tornado were such 
as to give a depression of 30™" as assumed in §238, but that the 
gyrations at the earth's surface were so diminished as to reduce this to 
15™"^, then there would still be an effective force of 15™™ for giving rise 
to an ascending velocity in the interior. Now if rain were so collected 
in the body of the cloud as to reduce this effective force from 15™™ to 
3™™ this would require a depth of water equal to 12™™ x 13.6=163™™ 
(about 6.3 inches) and the 3™™ remaining, by (13') would still give an 
ascending velocity of 27™ per second, or 27x2.237=60 miles per hour. 
This by the table of section 233 would still support rain-drops with a 
diameter equal to 1.6 inches at the height of 1 mile, but less at greater 
altitudes. Hence a depth of rain even greater than 6.3 inches would 
be required to so diminish the effective force in producing ascend- 
ing velocities that these should not be suf&cient to prevent drops of 
ordinary sizes from falling to the earth. If we now suppose the energy 
of the tornado and the velocity of ascending currents to be somewhat 
rapidly diminished either by friction or by the accumulation of water 
in the cloud, this accumulation may nearly all fall to the earth in a very 
short time and give rise to a cloud-burst. 

This is especially liable to occur in mountainous regions ; for if we 
suppose that a tornado thus heavily charged with rain is moving to- 
ward the side of a mountain, its coming in contact with it would inter- 
fere very much with the gyrations and energy of the cyclone and tend 
to break up the whole system almost at once and let the whole accumu- 
lation of water drop suddenly down. Hence cloud-bursts most frequently 
occur on mountain sides. 

243. The water in cloud-bursts does not generally fall as rain, but. is 
poured down. Long before the ascending currents are so reduced as to 
allow the water to fall in drops it seems to collect together at certain 
places and force its way downward through the ascending current in a 
stream. This it would naturally do, since we cannot suppose that the 
water is ever evenly distributed over any given place, or that the ve- 
locities of the ascending currents are the same at all places in the same 
vicinity. A considerable body of water having been collected at cer- 
tain points, it is then enabled to force its way down, and it draws into 
its train much more from all sides on its way, so that it may become a 
continuous stream of water, kept up for several minutes. Of course, ha v- 
ing collected in large masses and once made an opening ior itself at one 
or more places, its velocity is gradually accelerated, since the ascending 
currents then are not able to support them, so that on reaching the 
earth the velocity may become immense and the stream strike with great 
force. Bach one of these descending streams may make a great hole or 
basin in the ground 5 and onasteep mountain side, if the stream continues 
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only for a short time, it may give rise to a mountain slide, or at least 
to a great ravine, and carry rocks and trees with it down the mountain 
side. 

Immediately after the great tornado at Hollidaysburg, Pa., on the 
19th of June, 1838, Espy" visited the vicinity and examined the sides of 
the ridges and mountains. He found a great many holes eight or ten 
meters in diameter and one or two in depth, according to the nature of 
the soil and depth to the rock, and the sides often cut almost perpen- 
dicularly down on the upper side, but entirely washed out below, so as 
to form the commencement of aravine. Sometimes the current descend- 
ing through the atmosphere seemed to strike the earth with so great 
force that it made a great hole or basin and then rebounded so as not 
to strike the earth again on the mountain side for a considerable dis- 
tance. A considerable number of these holes were often found close 
together in the same vicinity, indicating that the water was poured 
down at the same time through several openings made in the ascending 
air currents beneath by the concentration of large bodies of water at 
these places. 

With regard to a ridge a half mile west of Hollidaysburg, he says : 

On examiaing the northern side of this ridge, large masses of gravel and rooks and 
trees and earth, to the number of twenty-two, were found lying at the base on the 
plain below, having been washed down from the side of the ridge by running water. 
The places from which these masses started could easily be seen from the base, 
being only about 30 yards up the side. On going to the head of these washes, they 
were found to be nearly round basins from about 1 to 6 feet deep, without any drains 
leading into them from above. The old leaves of last year's growth, and other light 
materials, were lying undisturbed above, within an inch of the rim of these basins, 
which were generally cut down nearly perpendicularly on the upper side, and washed 
out clean on the lower. The greater part of these basins were nearly of the same 
diameter, about 20 feet, and the trees that stood in their places were all washed out. 
Those below the basin were generally standing, and showed by the leaves and grass 
drifted on their upper side how high the water was in running down the side of the 
ridge ; on some it was as high as 3 feet. It probably, however, dashed up on the 
trees above its general level. / 

In an account of a remarkable storm which occurred at Catskill, July 
26, 1819, it is stated that " the rain at times descended in very large 
drops, and at times in streams and sheets." 

It is evident from these and many other similar paragraphs which 
might be cited, the water in such cases is poured down in streams, and 
does not fall as rain, especially since the lightest materials close to the 
margins of these basins on the upper sides, referred to above, were not 
washed away; and the reason of this, evidently, is that the accumulated 
water in the cloud is poured down in streams, while the ascending cur- 
rents are, as yet, too strong to allow the largest drops to fall as rain. 

244. It is seen from a reference to the table of § 233, that a rain- 
drop 0.2 inches in diameter at an altitude of 1 mile cannot fall through 
an ascending current of air with a velocity of 25 miles per hour, and 
those with still smaller diameters are carried up to where the velocity and 



REPORT OF THE CHIEF SIGNAL OFFICER. 319 

density are such that they are supported by them, and only begin U> 
fall after they become so large, or the velocity of the ascending current 
becomes so much diminished, that they are no longer supported. Hence, 
with an ascending velocity of 25 miles per hour, no rain in drops of 
ordinary size can fall directly back to the earth, but in the case of a 
tornado it can be carried out above, and fall at a distance from the center, 
provided that the drbps are so small that they can be carried up far 
above the position where the ascending currents turn outward from the 
center. From what precedes, a velocity of 25 miles per hour would 
carry most, if not all, the rain in the central part of the tornado up to 
that altitude, which was not formed into drops with diameters greater 
than 0.1 inch. Those with larger diameters would have to remain in 
the cloud in the central part of the tornado until they became much 
larger, or in the case of very rapid ascending currents until they collect- 
ed into large masses and forced themselves down in streams of water. 

245. All that has been stated with regard to immense rainfalls and 
cloud-bursts is applicable, with a few modifications, to the sudden falls 
of immense quantities of hail. In this case, however, the circumstances 
must be such that the out-turning ascending currents are at a great 
altitude and the ascending currents are so great that instead of the 
accumulation being down very far below the region of freezing, it 
must be much higher up but not necessarily up in the region of freezing. 
For the hail-stones, formed in the manner described, § 235, may fall di- 
rectly back from above or be carried out above and come around and 
be carried up into this place where the ascending currents are too 
strong to allow them to fall and not strong enough to carry them up 
where the currents would carry them out above where they can fall, 
and so they remain there a considerable time without much loss from 
melting, and if from any cause the energy of the tornado becomes 
exhausted suddenly, the accumulation of hail all falls as rain does iu a 
cloud-burst, in a very short time, leaving a great depth of hail over a 
small district of country. 

Where the bed of hail is below the region of freezing of course the 
hail-stones cannot increase in size, but must rather diminish. In some 
extraordinary cases, however, the ascending currents may be so strong, 
and the altitude where they turn out from the center so great, that the 
collection of hail is up in the freezing region, and then by continu- 
ally freezing the rain carried up from below and coming in contact 
with them, they grow until they becoine so large, or until the velocity 
of the current is so much diminished, that they can be no longer sup- 
ported. This may not be until they become very large. Accordingly 
hail-stones of enormous size are sometimes observed. 

At Olmutz, on the 31st of May, 1868, there was a hail-storm in which 
the larger stones were mostly of an irregular and oval shape with un- 
even surface, the longest diameter being from 14 to 22 lines, Those 
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fcorn 18 to 22 lines all weighed over 3 drams, and the greatest, 24 lines 
in length, weighed 5 drams.^" 

In Iowa, in April, 1880, "hail-stones 12 inches in circumference 
have been measured in Sac County. In Davis County a flattened 
disk of hail measured 4J inches in diameter afid was 2 inches thick. 
In Iowa County a group of ice crystals fell, 2 inches in length, If 
inches wide, and one inch thick." '' 

There is a great diversity in the shape of hail-stones. Some are like 
a disk or very oblate spheroid, and others are oblong. If for any rea- 
son the hail-stone becomes the least flattened or oblong, the ascending 
current which keeps it suspended in the air also keeps its shortest di- 
mension perpendicular to the direction of the current, and hence it 
increases most on its edges or ends, where the ascending rain water 
adheres and becomes frozen more readily than at the sides, where it is 
carried rapidly past by the current. ^ 

They often appear to be fragments of broken ice of almost any shape, 
with the angles more or less rounded off. This can only be accounted 
for by supposing that very large hail-stones are broken into fragments 
by clashing together in the vortex of the tornado. In falling a long 
distance, often slowly through the ascending current, the sharp corners 
are melted away. 

A remarkable example of this kind was related in a letter to General 
Sabine by Captain Blackiston.^^ It was a shower of ice in a tornado, 
which occurred January 14, 1860, about 300 miles SSE. from the Cape 
of Good Hope, and continued about three minutes. It was said to be 
not hail, but irregularly formed pieces of solid ice of different dimen- 
sions up to the size of a half brick. Some weighed from 3J to 5 ounces 
after a considerable part had been melted away. 

Fair-weather whirlwinds and white squalls. 

246. These are simply small tornadoes, which occur during fair 
weather whenever and wherever the proper conditions are found. These 
are found when there is an unusually rapid decrease of temperature 
with increase of altitude, or else a very nearly saturated atmosphere. 
They are sometimes observed on land, but mostly on lakes and at sea, 
arid may be accompanied by a water-spout or not, according to the 
violence of the gyratory motion and the amount of aqueous vapor in the 
atmosphere. At first a small cloud is formed in the clear sky, which 
gradually increases from the condensation of vapor rapidly carried up 
in the central part of the gyrating air, which in this case arises just as 
in the case of any other tornado. The gyrations may sometimes con- 
tinue to increase in violence and extent, and the clond to spread until 
it assumes the dimensions of a tornado such as usually takes place in 
a cyclone, but it is mostly confined to only a very narrow streak, and 
its violence, although very great at the center, is not felt at a short 
distance away. Although the gyrations are violent very near the cen- 
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ter, yet decreasing in velocity, at least a little above the earth's surface 
where the friction is small, somewhat according to the law expressed 
by (5), at a short distance from the center they are entirely harmless, 
and they may pass very near without doing any injury. If, however, 
they pass directly over houses on land, or a ship at sea, their destructive 
ettects may be very great and sudden. 

When these small tornadoes are accompanied by a water-spout and 
are first seen at sea at a distance, they can generally be avoided, or if 
not, preparations can be made to guard against danger ; but where they 
are suddenly formed on the spot and drop down, as it were, from above, 
they give no fore warnin g of approaching dan ger. A remarkable exam pie 
of this kind was related in the New York Herald of December 10, 1878. 
The British bark Bel Stuart, Captain Harper, on the evening of No- 
vember 14, 1878, 160 miles from Cape Sable, '' was struck by a white 
squall in a comparatively smooth sea and clear sky, which swept her 
decks and created consternation on board. At 6 p. m. of the same day, 
all hands being on deck after supper, a strange sighing of the wind was 
observed by the watch, and the sky became suddenly threatening with- 
out corresponding indication of the barometer, which showed a rising 
tendency; Captain Harper and his first offlcer were on the deck at the 
time. All hands noticed the peculiar change in sea and sky and were 
discussing it, when, without a moment's notice the sea forward seemed 
to swell up to meet the lowering sky and swept the bark across her 
bows, carrying away her foretopgallant mast, jib, jib boom, foretopmast- 
stays, and the maintop-gallant mast, with all their accompanying sails. 
In a moment, as it seemed, the bark, with all sail set in a fair wind, with 
a moderate sea, was left a comparative wreck to wallow in the trough 
of the tremendous seas which had followed the spiral volume of water. 
Two minutes before the fatal catastrophe. Captain Harper says there 
was no indication of the water-spout." 

It seems from this account that the bark ran into the spout as it was 
being formed and before it became visible. The sighing of the wind 
was caused by the rapid gyrations of the air, and the threatening sky, 
by the incipient condensation of the aqueous vapors carried up by the 
ascending current. The barometer, before its very near approach, re- 
mained unaffected because, as we have seen, the barometric pressure is 
diminished only at and very near the center, and it was by this that 
the uprising of the sea was caused which swept across the bark.*" 

247. These small tornadoes are sometimes called white squalls, espe- 
cially where they arise in a dry atmosphere and there is formed, at least 
at first, a small white cloud only, high up in the atmosphere. In such 
cases, the air being very dry and consequently the aqueous vapor in it 
not being condensed until it has ascended very high, the gyrations are 
often not sufficient to bring the cloud down to the sea in. the form 
of a water-spout. There is, no doubt, a funnel shaped depression of 
the cloud in the center, but to an observer nearly under it this is not 
10048 sia, PT. 2 21 
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observed. Although there is no spout, yet the usual rapid gyrations 
and ascending current are there, aS manifested by the rising and boil- 
ing of the sea immediately under the small cloud. This cloud, though 
usually small and white at first, may eventually extend over a consider- 
able portion of the heavens, and where the atmosphere is not too dry, 
be followed by a considerable fall of rain. 
Peltier says : 

White squalls are very rare, but they are sometimes met with between the tropics, 
especially near elevated lands. They are generally violent and of short duration. 
They often take place when the sky is clear and without any atmospheric circum- 
stances giving notice of their approach. The only thing which indicates their prox- 
imity is the boiling of the sea, which is very much agitated by the violence of the winds. 
Many of these squalls, which commence either by a little cloud, or even without any 
visible cloud, are soon accompanied by violent rains and thick clouds. 

On the west coast of Africa these little tornadoes or whirlwinds are 
called huWs-eye squalls. According to Piddington '*, the Portuguese de- 
scribe such a squall as " first appearing like a bright white spot at or 
near the zenith, in a perfectly clear sky and fine weather, and which, 
rapidly descending, brings with it a furious white squall or tornado." 

From the preceding descriptions it is evident that these squalls differ 
but little in their nature from the small tornadoes and water-spoats met 
with in higher latitudes, such as the one which wrecked the bark Bel 
Stuart, except that the atmosphere is usually too dry for the formation 
of a water spout. 

248. Small water-spouts observed on seas and lakes in clear, calm, and 
hot weather usually arise from a state of unstable equilibrium in the lower 
strata of the atmosphere. In such cases the whirling of the air and the 
agitation of the water is first observed below, and afterwards the forma- 
tion of a cloud above, and finally the complete spout, unless the atmos- 
phere is very dry. Where, however, the air is very moist, near the point 
of saturation, such spouts extend up to only a small height, and are not 
accompanied by any rainfall, since they are usually too small and con- 
tinue too short a time to send up the vapor to so great a height that it 
can be condensed and collected into drops and fall as rain. 

A number of such small spouts are often seen at one time in the same 
vicinity. When the air is brought into the unstable state it is liable to 
burst up through the strata above at several places nearly at the same 
time, and then, if there is any whirling motion, even only very small and 
imperceptible, as in the case of the water in a basin, there is a concentra- 
tion of this motion into rapid gyratory motions at the center of each 
one of these upbursts, which may continue to increase until a water- 
spout is formed. 

During the summer season water-spouts of this sort are said to be 
very common on the Little Bahama Bank, as many as fifteen having 
been observed at the same time. The following account of them is given 
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by an officer of H. M. surveying vessel Sparrow-Hawk, employed in 
the West Indies :=* 

I have noticed that the first movement which eventually produces a water-spout 
is a whirlwind on the surface of the water, gradually increasing in velocity of rota- 
tion and decreasing in diameter as it travels along before the prevailing wind. The 
spray is lifted to a height of from five to ten feet, and then gradually melts away, 
assuming the appearance of hot air, which is visible (still rotating) to a similar height 
above the spray. A motion amongst the clouds soon becomes apparent, a tongue is 
protruded, and the spout becomes visible from the top downwards. 

On one occasion a portion of a spout appeared for a moment in mid-air above the 
disturbances on the surface of the water. 

Although these appearances are commonly called water-spouts, I have been in- 
formed by men who have been caught in them that they contain no water and should 
be properly called "wind-spouts."' The small fore-and-aft-rigged schooners' tha,t ply 
on the bank do not fear them, although a. prudent captain would probably shorten 
sail to one. I have been unable to hear of an accident having occurred through a 
vessel being caught in a water-spout. 

They frequently cross the land but no water falls ; they take up any light articles, 
such as clothes spread out to dry, straw, &o., that happen in their course, but have 
never been known to carry anything with them to a distance. 

249. M. Defrauc^^ has given an account of a great many water-spouts 
of the class which occur mostly in weather which is nearly clear and 
calm. He says: 

On the 23d of June, 1764, a water-spout was seen on the Seine, which had its base 
on the river and reached up into the clouds. It was judged to be about three feet in 
diameter where it touched the river. There were some parts transparent, which al- 
lowed the ascension of the water to be seen. It finally broke at about one-third of its 
height. The lower part fell in rain, the upper part was drawn up into the cloud in a 
second of time and the phenomenon was followed by hail. 

This spout is remarkable for the smallness of its diameter, and seems 
to have arisen from conditions similar to those of Fig. 5, except that 
there was not so much difference between the dew-point and air tem- 
perature, and consequently it was most probably of not nearly so great 
a height. The air must have been very nearly calm, except some small 
local^ disturbances, giving rise to the gyrations as the air of the lower 
strata burst up at the central j)oint through the strata above and was 
drawn in from all sides toward that point. We have seen that in the 
case of no friction the least amount of initial gyratory motion would 
bring down to the earth a fine thread-like column of very much rarefied 
and cooled air in which condensation of the vapor coming into it from 
all sides would take place and give rise to a very slender water-spout. 
Being a very tall, slender column, with its base on the river, the fric- 
tion in this and similar cases is very small, and it approximates to the 
case of no friction. At the time when the air in the central column is 
not quite rarefied and cooled sufliciently to condense the vapor, the least 
increase in gyratory velocity brings it into this condition, and then the 
spout appears to shoot down from the cloud above to the earth's sur- 
face. Just the reverse of this occurs at a certain stage when the gyra- 
tions are being gradually reduced by friction. The water, of course, 
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rose to a considerable height in the center from diminished atmospheric 
pressure, and the rapidly ascending currents carried it up still higher, 
and when it broke suddenly at about one-third of its height this 
water fell back, but it was not rain. Its being followed by hail indicates 
that the ascending currents extended high up into the upper strata of 
freezing temperature. Again he says: 

On May 17, 1863, Captain Cook 8aw six -water-spouts on Queen Charlotte Sound. In 
one of them a bird was seen, and in arising was drawn in by force and turned around 
like a spit. Their first appearance was indicated by a violent agitation and eleva- 
tion of the water. When the t ube was first formed or became visible, its apparent di- 
ameter increased. It then diminished and became invisible at its lower extremity. 

The fact of the bird's being drawn in and whirled around is important 
in showing that the air Is really drawn in from all sides iu a spiral and 
ascending current exactly in accordance with theory. The violent agi- 
tation and heaping up of the water before the spouts appeared show 
that the gyrations and barometric depressions in the center exist before 
the spout becomes visible, and that the spout appears only after the 
diminution of tension and temperature necessary to condense the vapors. 

250. Small water-spouts which occur in fair weather have been ob- 
served to be hollow. This is often indicated by the central part of the 
column appearing lighter than the surrounding parts. It has also been 
observed, under very peculiar circumstances, by looking down into the 
top of them. M. Bou6,'* in the year 1850, observed three waterspouts 
at the same time on Lake Janina, from the top of a high mountain. 
The weather was entirely clear, without clouds or wind, but very op- 
pressive and hot. The spouts seemed to rise up from the lake, and he 
could look down into the top of them and see that they were hollow in 
the middle. 

This hollowness in the middle arises, no doubt, from the effect of the 
centrifugal force of the very rapid gyratory velocity near the center, in 
driving the condensed vapor, as soon as formed, out. from the center, 
and also from the fact that the central part is so rarefied and cooled 
down that but little vapor, even before condensation, can approach near 
it, since it is mostly condensed before arriving there, just as in its as- 
cent vertically into the region of snow and freezing very little uncon- 
densed vapor is left after having ascended to that altitude. 

Where and when tornadoes are most likely to occur. 

251. It has been shown that there are two principal conditions upon 
which tornadoes depend, and that in the absence of either of these 
they cannot take place. The one is the state of unstable equilibrium of 
the air, and the other a gyratory motion with reference to any assumed 
center. It is not necessary that this center shall be stationary, but sim- 
ply that the motion of the air around it shall be such that when it is 
drawn In toward this center it shall run into a gyration around it. 
When we have these two principal conditions, the other, that there shall 
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be some slight initial disturbance to cause tbe air to burst up at some 
point through the strata above, can scarcely ever be wanting. The 
places and times, then, in which these two principal conditions are 
found are those in which tornadoes are most likely to occur. Of these 
two, however, the unstable equilibrium is the most important, since it 
more rarely occurs than the other, which is scarcely ever so entirely 
absent as to not give at least some gyratory motion which becomes vio- 
lent very near the center. 

252. With regard to fisled areas on the earth's surface where the un- 
stable state is most readily induced at all seasons of the year, these are 
found where, in the general motions of the atmosphere, as deflected by 
continents and mountain ranges, currents of air at the earth's surface 
which come from a warmer latitude, or at sea from a much wariner con- 
tinent, are caused to flow under the colder upper strata where the' normal 
motion is nearly eastward, and where consequently the temperature is 
the normal one, not affected by such motion as takes place in the lower 
strata. One such place is found in the Mississippi Valley, and especially 
between the Mississippi and the Eocky Mountain range, where, for rea- 
sons given in §171 the air currents of the lower strata are from 
lower latitudes, comprising the Gulf of Mexico, curving around first 
northward and then more easterly under the higher upper strata which 
pass over the top of the range of the Eocky Mountains and directly or 
nearly eastward without having their temperatures changed from the 
normal temperature of the latitude by such deflections. And this is es- 
pecially the case in the summer season when the interior of the continent 
is warmed up and the air of the lower strata is drawn from lower lati- 
tudes far up into the higher latitudes on the eastern side of the Eocky 
Mountains, and the isothermal curve there is deflected very far toward 
the north. From this cause the temperature of the lower strata of this 
region becomes unusually great relatively to that of the strata above ; 
and if the complete unstable state is not induced from this alone, it is 
readily brought about by the addition of any small effect from some 
other cause, as from extremely warm weather in which the earth's surface 
and the lower air strata become abnormally heated. The great moisture 
of the air in these southerly winds is also favorable to the induction of 
the unstable state, since it is more readily brought about in air niearly 
or quite saturated. 

The other condition of tornadoes, that of a relative gyratory motion 
with regard to any point, is also found to an unusual extent in this region, 
especially in the winter season. For the southerly current curving 
around toward the east causes a pressure to the right, giving rise to the 
permanent barometric gradient of increasing pressure toward the central 
part of the permanent area of high pressure in the Atlantic Ocean east 
of Florida, and on account of this there is a counter current between 
this and the Eocky Mountains flowing down toward Texas, just as in 
the Atlantic Ocean the Greenland current flows down to Florida be- 
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tween the Gulf Stream and the coast of the United States There is 
evidence of such a current in this region in the averages of all seasons, 
since the resultant of these has a large southerly component, and 
especially is this seen in the isotherms of the Mississippi Yalley extend- 
ing in a somewhat northeasterly and southwesterly direction, so that 
the mean temperature of New Mexico and the northern part of Texas 
is the same as that of places east of the Mississippi from five to ten 
degrees further north. In the summer season this flow of cold air down 
toward the Gulf is confined to a comparatively narrow belt close to the 
mountain range, for then the warm currents from the Gulf are drawn 
further up toward the northwest. At this season the northern part of 
Texas has the same mean temperature as Minnesota and the isotherms 
are nearly north and south in direction, and the contrast between the 
tempetature of the warm southerly winds on the one side and the colder 
northerly ones on the other side is similar to that of the cold wall be- 
tween the Gulf Stream and Greenland current in the Atlantic Ocean. 
This tendency of the air, therefore, to flow in contrary directions gives 
the second condition of a tornado to a greater degree in this region 
than in almost any other. 

Both of the two principal conditions of a tornado, therefore, are 
found in a pre-eminent degree in the Mississippi Valley, and especially 
between the Mississippi and the Eocky Mountains. Hence there is per- 
haps no part of the world where they prevail more than in this region, 
and especially in that part of it in the middle latitudes west of the Mis- 
sissippi Eiver embracing Kansas and Missouri. 

Near the Eocky Mountain range, and some distance to the east of it, 
the conditions are not so favorable, both on account of the dryness and 
the lower temperature of the air. Hence in this region large destruc- 
tive tornadoes do not prevail much, though small tornadoes with water- 
spouts are of frequent occurrence. 

253. Another place on the globe where the normal condition of the 
atmosphere approximates to the unstable state is on the west coast of 
Africa and extending a considerable distance westward over the ocean. 
Here the warm trade winds from the northern part of Africa run under 
the comparatively very cold air of the ui)per strata moving eastward 
over the Atlantic, § 164, and thus cause a very rapid decrease of tem- 
perature with increase of altitude, very nearly, if not quite, equal to that 
which produces the unstable state in unsaturated air. But the excess- 
ive dryness of the air here, coming from the coast of Africa, is a condi- 
tion which is not favorable to the formation of large tornadoes accom- 
panied by water-spouts, but very small tornadoes or whirlwinds without 
spouts, usually called white squalls, are very frequently seen in this region 
and are here called bull's-eye squalls. 

254. Tornadoes pretty generally accompany cyclones. This is because 
the condition of unstable equilibrium necessary in the formation of a 
tornado is also required in a cyclone, at least in the upper cloud-region. 
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The gyratory motion, also, of the air in a cyclone furnishes the second of 
the two principal conditions of a tornado^ The unstable state in a 
cyclone, however, hardly ever extends down to the earth's surface, so 
that there are not necessarily visible tornadoes and water-spouts in 
every cyclone ; but there are doubtless many secondary whirls in the 
cloud-region of a cyclone, the effects of which do not reach down to 
the earth's surface, and the only visible effect above is the formation of 
a local cloud a little denser and darJjer than the cloud generally. 

It is now known from Finley's researches^' and tornado charts that 
the positions of tornadoes in cyclones have a certain relation to their 
centers, and that they are mostly found in a southeasterly direction from 
the center. The distance is very variable and depends upon the mag- 
nitude of the cyclone and various other circumstances, for in the same 
cyclone and at the same time there may be several at very different dis- 
tances, since the conditions of a tornado, at least on this side, may exist 
at almost any distance from the center. 

This relation of the positions of tornadoes to the centers of the cyclone 
in which they occur is accounted for upon the general principle already 
given, that the unstable state of the air is most liable to be induced 
where surface winds from a lower latitude or any warmer region pre- 
vail while the normal temperature of the air above is not affected or at 
least increased in the same way. In a cyclone, we have seen, the air 
at the earth's surface is slightly anti-cyclonic on the outer border, but 
upon the whole mostly cyclonic and very much so near the center. 
With increase of altitude, however, the anti-cyclonic part increases and 
the cyclonic diminishes, so that at a great altitude it may become en- 
tirely anti-cyclonic. On this account we have the relations between 
the lower and upper currents as represented in Pig. 2, § 195. It is seen 
from this figure that in the southeast octant, within the cyclonic part 
of the surface, the surface currents are from the south, bringing warm 
and moist air northward under the cold air currents above from the 
north. This increases the temperature below and decreases it above 
and. gives rise to the large vertical gradient of temperature decreasing 
with increase of altitude which is necessary to the unstable state. And 
even on the anti-cyclonic part, where the directions are somewhat the 
same, a similar effect is produced, since the velocities of the upper cur- 
rents are much the greater. 

From an inspection, however, of the northwest quadrant of the figure 
it is seen that just the reverse takes place. Here we have the colder 
surface winds from the north under the warmer upper currents from, the 
south, the tendency of which evidently is to diminish the vertical gra- 
dient of temperature decreasing with increase of altitude, and hence if 
the atmosphere in this quadrant were even in the unstable state the 
effect of this would be to reduce it to the stable state, in which a tor- 
nado cannot be found. Hence in this quadrant no tornado can occur 
and none are observed. 
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In the southwest and northeast quadrants the currents and counter 
currents are nearly east and west, and hence the effect is neutral, neither 
tending to produce or destroy the unstable state. 

On the approach of a cyclone, therefore, from its usual direction of 
west or southwest, we need have no fears of tornadoes on the north or 
northwest side of its line of direction, and they are most to be feared 
when the center of the cyclone is in a direction northwest from us. Of 
cours6 this is only true in the main-, and it is not to be understood that 
the conditions of a tornado may not be found over a large range of dis- 
frict and tornadoes sometimes be observed even on the bordering parts 
of the southwest and northeast quadrants. 

255. For well-known reasons the unstable state occurs mostly in the 
cloud-region, and hence the toinadic gyrations usually commence there 
first, and are afterwards propagated downward to the earth's surface. 
The unstable state, however, is often produced in the lower unsaturated 
strata of the atmosphere, even when very dry ; and then, if the other 
condition of a tornado is present, small tornadoes at least, may be 
formed, even where this unstable state does not extend to the upper 
strata, and thus tornadoes occur not only in cyclones but elsewhere and 
in clear weather. In such cases, however, the effects do not reach very 
high into the atmosphere. 

The unstable state in unsaturated air occurs mostly on very dry 
and sandy soils, with little heat conductivity, when the weather is very 
warm and the heat rays of the sun are unobstructed by any clouds 
above. The heat thus accumulates in the surface strata of the soil and 
the lower strata of the atmosphere, and thus is brought about the un- 
stable state, at least up to a low altitude, even in clear and dry weather. 

The same is often found, also, in very calm weather over the surface 
of seas and lakes. The surface of the water becomes heated, and also 
the lower strata of the atmosphere, by heat rays passing directly down 
and by those reflected back until the unstable is brought about. 

256. The season of the year in which tornadoes mostly occur is that 
in which the atmosphere in its normal state for the season approaches 
most nearly the unstable state. This, we have seen from the table of 
rates of decrease of temperature with increasing altitude, § 140, seems to 
be in all parts of the world in the summer season, and in the United 
States at least in the early part of summer, May or June. Hence, 
although tornadoes occur at all seasons and in every month of the year, 
yet, according to Pinley's researches, ^^ " summer is the season of great- 
est frequency," and " June is the mouth in which they occur most fre- 
quently." The relative frequency of their occurrence in the United 
States during the winter, spring, summer, and fall seasons was found 
to be respectively as the numbers 35, 215, 240, aud 86. These numbers 
indicate a great difference between summer and winter in the fre- 
quency of their occurrence, and also, since the numbers for spring and 
summer do not differ much, that the maximum occurs very early in 
the summer. 
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For the very same reason that toruadoes occur mostly during the 
warmest season of the year and very rarely in the winter season, they 
should occur during the warmest part of the day and seldom at night. 
For during the day the surface of the earth and the lower strata be- 
come very much warmed up, and at night the reverse takes place 
from nocturnal cooling, while the temperature at a yaoderate elevation 
is subject to only a small diurnal variation. Hence, when the general 
state of the atmosphere, aside from its diurnal variation, is very nearly 
that of the unstable state, this state Is frequently induced during the 
warmest part of the day by this diurnal and other abnormal variations, 
but very rarely at night. Accordingly Finley found that " tornadoes 
are most frequent in the afternoon between noon and 6 o'clock," and that 
" the hour during which the greatest number of tornadoes occurred was 
from 5 to 6 p. m.," and that " the next hour was from 4 to 5 p. m." 

The same is true with regard to small tornadoes and water-spouts, as 
well as those which occur in cyclones. M. Defranc^^ remarks that 
he " never saw a water-spout before 10 o'clock in the morning nor after 
5 o'clock in the evening ;" that " they never appear during the night 
nor during the winter, and that there are always two circumstances at- 
tending them. The first is the presence of the sun durinsr, or a little 
before, the phenomenon. The second is the absence of the wind, or only 
a very feeble one, except in the space occupied by the water- spout." 

This refers mostly to small water-spouts on seas and lakes, depending 
upon the conditions referred to in a preceding paragraph. 

257. Tornadoes occur mostly in the summer season and during the 
warmest part of the day, not only because the vertical gradient of de- 
creasing temperature is greatest at these times, but also because a 
smaller gradient is required to induce the unstable state then than dur- 
ing the coldest season of the year and the coldest part of the day. By 
referring to Table XIII, Appendix, it is seen that with a hot surface- 
temperature of the air during the warmest part of the day in the 
summer season, say 35°, the unstable state for saturated air is induced 
with a vertical gradient of decreasing temperature of 0.35° for each 100 
meters, while if the temperature were that of freezing, the gradient would 
have to be 0.63° for each 100 meters, and hence nearly twice as great 
as in the former case. So great a gradient as the latter is rarely, if ever, 
found in winter even during the warmest part of the day. 

In the case of small fair-weather tornadoes and water-spouts, such as 
are observed on seas and lakes, unless the atmosphere is. very near the 
point of saturation, the vertical temperature gradient required is very 
nearly that of dry air, which is never found in the winter season, and 
only during the hottest part of the day in summer. Heiiee these are 
never observed at night even in the summer season. 

258. Where the unstable state has been very nearly induced from 
some other cause, as a very hot surface temperature during a warm, 
clear day, it may often be consummated by the burning of dry brush 
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on the earth's surface, or of a caue- brake, or by a large fire of any sort, 
and thus great whirlwinds, and even showers of rain accompanied 
with thunder, may be produced. The vertical columns often visible in 
such cases are composed of dark smoke brought in from all sides to- 
wards, and carried up in, the center. These assume all the usual forms 
of water-spouts, and of course often contain also condensed vapor in the 
form of a waterspout concealed by the smoke, else rain would not be 
produced. 

Mr. Omsted^' has given an interesting account of such a phenome- 
non arising from the burning of a cane-brake on the shores of the Black 
Warrior in Alabama. Columns of smoke of various forms were wit- 
nessed which assumed the usual forms of water-spouts, some extending 
up to only a moderate height with a funnel shape at the top, while 
others were very slender columns extending up 300 yards into the 
clouds of smoke, and all were accompanied with a whirling motion of 
the air and the smoke. Both EedfleW and Espy' have given a num- 
ber of statements made by eye-witnesses of the effects of great fires in 
producing whirlwinds, rain, and thunder, from which it appears evident 
that they are at times followed by a considerable amount of rain. And 
it was proposed by the latter to try the experiment of producing arti- 
ficial rains in time of drought by burning great quantities of brush- 
wood, or by means of i^rairie fires in the West when the grass is dry. 

Sand-spouts and dust-whirlwinds. 

259. In very hot,,dry climates, where there is a sandy soil, sand-spouts 
and dust- whirlwinds are of frequent occurrence. The dry air of sum 
climates, especially over a sandy soil, is often in a state of unstable 
equilibrium from the accumulation of heat on the earth's surface, for a 
sandy, dry soil conducts it very slowly down into the earth, and there 
are then generally all the conditions of a whirlwind and a water-spout, 
except the vapor in the air to condense, for the condition of an initial 
whirl of the air can scarcely ever be wan ting where there is not a per- 
fect calm. The gyrations of the air and the ascending currents are the 
same as in a waterspout, but instead of aqueous vapor, sand or dust 
collected and drawn in from the vicinity is carried up. The inflowing 
and spiral currents from all sides towards the vortex, up to a consid- 
erable height often, keep it near the center in the form of a column 
or pillar of sand, if the whirlwind is well developed over a small area 
only with very rapid gyrations and a strong ascending current. The 
height of tbe column depends upon the strength of the ascending cur- 
rents and the altitude at which they are turned outward from the vor- 
tex, for, as in cyclones and water-spouts, where there is a flowing of the 
air in from all sides below, it must flow out again above a certain alti- 
tude, dependingupon the different circumstances under which the whirl- 
wind takes place. Sand-spouts are frequently observed in Arabia, Persia, 
and India, and also in Arizona and other places in the western part of the 
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TJnited States where the climate is very dry. In the hot, dry climate 
of Australia, situated in the dry zone of the southern hemisphere, 
§ 166, these pillars of sand are said to be often more than a half mile 
in height. 

Where the whirlstakeplaceoveraconsiderablearea,anddonot become 
concentrated into rapid gyrations near the center, and the ascending 
cujicnts do not extend up very high, they give rise to dust-whirlwinds, 
which often overtake caravans and travelers on the deserts, and if 
they ])roduce no fatal effects they are at least very unpleasant and an- 
noying. These are very frequent in India and the Sahara or Great 
Desert of Northern Africa, and in fact in all places in the warmer lati- 
tudes where there is a dry, sandy soil. 

Where the air^is nearly calm the sand and a thin stratum of atmosphere 
in contact with it become heated very much above the ordinary tem- 
perature of the air a little above the surface. The inflowing currents of 
the whirlwind from all sides collect this warm surface stratum into the 
central part of the whirlwind and cause the whole interior to be of an 
extraordinarily high temperature. The much-dreaded simoon, stripped 
of all exaggerations, is most probably simply one of these dust-whirl- 
winds. 

260. Sand-spouts, as well as water-spouts, have been observed to be 
hollow. Of a whirlwind observed at Schell City, Mo., in the summer of 
1879, it was said,^' "there were no surface winds strong enough to bear 
dust along the surface of the ground, but the dust carried up in the 
vortex was collected only at the vortex of the whirl. The dust-column 
was about two hundred feet high, and perhaps #)Out thirty or forty 
feet in diameter at the. top. The direction of rotation was the same 
as of storms in the northern hemisphere. Leaving the road the whirl 
passed out on the prairie, immediately filling the air with hay, which 
was carried up in somewhat wider spirals, the diameter of the cone thus 
filled with hay being about 150 feet at the top. It was then observed 
also that the dust-column was hollow. Standing nearly under it, the 
bottom of the dust- column appeared like an annulus of dust surround- 
ing a circular area of perfectly clear air. The area grew larger as the 
dust was raised higher, being about fifteen or twenty feet wide when 
last observed." 

The sand-spout and the dust- whirlwind, where well developed and 
concentrated, is free from sand or dust in the center for the same reason 
that the water-spout is free from cloud or condensed vapor. The cen- 
trifugal force of tBe gyrations keeps it off at a distance where this force 
is just equal to that of the indrawing currents which tend to drive it in 
toward the vortex. 

Blasts of wind and oscillations of the wind-vane. 

261. The wind is often observed to blow in blasts, with an oscillating 
vane and unsteady barometer. This arises from the au- running into 
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numerous whirls, or gyrations, wliile it at the same time has a progres- 
sive motion. As in a cyclone, while passing over any place, the wind 
is first from one direction and then, in the course of a day or two, grad- 
ually veers around to another, often to oue in nearly a contrary direc- 
tion, so in the passages of small whirlwinds, the vane in like manner 
oscillates from one direction to another in a few minutes, the manner and 
range of oscillation, as in the case of a cyclone, depending upon which 
side of the vane the center of the whirl passes, and the distance from 
it. If the center of the whirl passes over the vane, then there is a 
very sudden oscillation of the vane through a range of 180°, or nearly, 
especially where the diameter of the whirling air column is small. 

As in a cyclone the velocity of the wind is the greatest on the side 
called the dangerous side, on which the direction of cyclonic motion 
coincides with that of the general progressive motion, and is compara- 
tively small, or may entirely vanish, on the opposite side, so in one of 
these small whirls of air the velocity on the oue side is very much in- 
creased above the average, which is that of the general progressive 
motion, while on the other it is as much diminished, and there may be 
almost a calm. Wherever the air is in the unstable state these little 
whirls are very numerous, and consequently, in their passage over any 
place, they cause the wind to blow in blasts, and a very frequent oscil- 
lation of the vane from side to side occurs, sometimes from right to 
left and at other times in the contrary way. 

These little whirls in the atmosphere are especially liable to occur in 
connection with cyclones extending over a considerable area, for in 
these, especially up in the cloud-region, the air is in the unstable state, 
and on account of the gyrations of the cyclone and the general agitation 
of the air, the moments of gyration, with regard to any point where 
there may be a rushing up of the air of the lower strata through those 
above, can scarcely ever he 0, and hence there are both of the two prin- 
cipal conditions of such little whirlwinds. These may form small sec- 
ondary cyclones contained within the larger, or tornadoes and water- 
spouts, or simply local whirlings in the atmosphere of small extent and 
no great violence, but sufficient to cause intermittences in the steadi- 
ness of the velocity of the wind and oscillations in its general direc- 
tion. Hence there is generally great unsteadiness in the velocity and 
direction of the wind in a cyclone, and the greatest injuries usually arise 
from the violence of the wind on the side of these subsidiary whirls 
where the direction of motion coincides with that of the gyratory motion 
of the cyclone. 

These blasts and oscillations of the vane are generally observed on 
the clearing-up side of a storm. As the central area of a cyclone is 
warmer than the surrounding parts, and the upper colder strata in mid- 
dle and higher latitudes move eastward faster than the lower strata, the 
effect is to cause a more rapid decrease of temperature with increase of 
altitude, and hence to induce the unstable state which gives rise to these 
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whirls. As the air is comparatively dry on this side of the storm the 
small amount of vapor remaining is usually carried up in the central 
part of the whirl to a considerable altitude before condensation takes 
place and then it forms a patch of whitish fractocumulus cloud of 
greater or less extent, or even sometimes to a large dark cloud if the 
extent and duration of the whirlwind are sufaciently great. As the 
condensed vapor is carried up in the shape of a cumulus cloud to a con- 
siderable height above its base, and the progressive velocity of the up- 
per strata is greater than that of the lower, the tops are blown forward 
in the general direction of the currents, so that they often appear of an 
oblong shape and indicate the general direction of the currents at that 
altitude. Such clouds usually appear for awhile and gradually vanish 
by the re-evaporation of the condensed vapor forming them. 

Pumping of the barometer . 

262. In connection with frequent changes of the velocity, and conse- 
quently force of the wind, there is an unsteadiness of barometrical col- 
umn called " pumping," where the barometer is placed on one side or 
the other of a barrier to the progress of the air. This eflect is given in 
millimeters of the barometer by (15), § 226. According to this expres- 
sion, where the barometer is placed against a wall or post where the wind 
blows normally against its surface with a velocity of 10 meters per 
second, the height of the barometer is increased 0.5™"'. If the velocity 
is increased to 20 meters per second it becomes 2.0"™, and hence a 
change of 1.6"™ with a change of velocity from 10™ to 20™ per second.* 
With a change, however, from 20 to 30™ per second the change in baro- 
metric pressure would be 2.5™™. Hence the same change of velocity 
where the velocity is already great gives a much greater effect upon the 
barometer than the same change in velocity where the velocity as yet 
is small. Hence in cyclones where the general velocitj' is great, small 
changes in velocity produce a considerable effect on the barometer, and 
it is in cyclones, therefore, where this effect is mostly observed. 

Much depends upon the position of the barometer. If placed in the 
open air little or no effect is observed, since there is little obstruction to 
the wind. If placed where wind blows obliquely against the face of 
the barrier, it is seen from the effect of the factor cos^ i in the formula 
that the effect is diminished in proportion to cos^ i of the angle of in- 
cidence of the wind. On the lee side of a barrier there is a slight de- 
pression of the barometer with the increase of velocity in the blasts 
arising from the dragging away of the air on that side through friction. 
A barometer placed in a tight room of coarse cannot be much affected, 
and perhaps not sensibly in any room with doors and windows closed, 
especially when the blasts are sudden and of so short duration that 
there is not time for the increase of pressure to be felt inside. 



• These effects were given erroneously in Meteorological Kesearches, part II, $ 122. 
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In the hurricanes of the Antilles observation shows that these small 
oscillations of the barometer are closely connected with, and depend- 
ent upon, the blasts of the wind and that oscillations of the vane al- 
ways accompany the blasts, showing that the latter are due to small 
gyrations of the air. Padre Viiies says^^ : 

Under the influence of the blasts the barometric column is so agitated and so ir- 
regular that it renders the reading of it very difficult, since it is scarcely possible to 
take an exact medimu. The amplitude of the oscillations is usually from four to 
eight tenths of a millimeter, and sometimes more. Theagitation is fitful and violent, 
just as the impulses which the anemometer receives and the oscillations made by the 
vane. , 

Mackerel sky. 

263. Each cloudlet in a mackerel sky arises from the condensation of 
vapor carried up to a higher altitude in a little whirlwind in the cloud- 
regions when the atmosphere is in the unstable state,*and saturated, or 
nearly so, with aqueous vapor. At considerable altitudes above the 
earth's surface the unstable state for saturated air is verj' nearly the 
normal or average state, at least in the summer season. Whenever, 
therefore, the air at these altitudes becomes very nearly saturated, and 
from some slight cause becomes changed a little from its normal condi- 
tion into that of the unstable state for saturated air, it then bursts uj) 
at numerous places through the strata above, with generally a slight 
whirl, and the vapor carried up in the central jjart of each one of these 
to a little higher altitude, where the air is colder, is condensed into a 
little cumulus cloud, just as in the case of large cumulus clouds nearer 
the earth's surface. As the mackerel sky is produced only when the 
atmosphere above is nearly saturated with aqueous vapor and in the 
unstable state, it is an indication of rainy weather. 



CHAPTER VI. 

METEOROLOGICAL OBSERVATIONS AND THEIR REDUCTIONS. 

Harmonic analysis. 

264. The harmonic Jinalysis is applicable, not only to vibrations and 
wave oscillations of different periods existing together, but likewise to 
any meteorological quantity, as temperature, barometric pressure, &c., 
which is a function of the time t, and contains regular periodic ine- 
qualities, which can be expressed under the form of 

(1) y=-2 A, cos, {i,t-e.) 

in which s equal 0, 1, 2, &c., is the characteristic of the inequality, and 
iu which io=0, and £o=0- The first term in the series, therefore, be- 
comes simply the constant Aq. The function is expressed here in terms 
of the cosine, after the French method and that adopted by Thomson 
and Tait,i and generally used in tidal analyses, instead of those of the 
sine, as in Bessel's formula. 

The notation adopted is that of Thomson and Tait, in which for any 
term of which s is the characteristic. 

J.,=the coefficient of the inequality or component, called the am- 
plitude. 
e,=the time expressed in arc from the origin of t, or time t=Q, 
to the time of the maximum of the inequality, and called 
the epoch; 
i,=the rate with which the angle changes. 
In the most general expression of y the values of i for the different 
components may have any relations to one another whatever ; but in 
meteorological expressions the value of i in any of the inequalities is, 
with few exceptions, a multiple of that in the first and principal ine- 
quality, to which is assigned the characteristic s=l, and, including the 
first and constant term, they have the relations of 0, 1, 2, 3, &c. Where 
the expression of (1) is confined to these simple relations, as it usually 
is in meteorology, it can be put into the following form : 

(2) y—2 A cos {siit—s,) 

in which ii is the value of i belonging to the first and principal inequal- 
ity. This expression in meteorology is always convergent, and gener- 
ally so much so that it is necessary to use only a few terms in the series. 
The object of the analysis is to determine from observations of y, or 
from averages of observations, for given values of the angle siit, gen- 
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erally taken at times which differ by some submultiple of the period, 
the most probable values of A and e for eacli of the inequalities, and 
the times of the maxima and minima ofy resulting from the combination 
of all the components of the series. 
265. If we put 

(3) 8tp=8iit—E,—2sn7t, 

in which n denotes 0, or any integral number, then sq) is called the 
■phase of the component of which the characteristic is s. The relation 
between the period and rate of change of the phase is given by 

(4) T=^ 

in which T is the period of the inequality 
If in (3) we put 

(5) e=iil—2nn . 
we have 

(6) 8q>=sd—e, 

in which the origin of is that of t, and is entirely arbitrary. If we 
now put 

a = the average of all the observations of y between the limits 6' 
and 6" of the angle of the j^rincipal component, 
and the observations are sufficiently numerous to eliminate all sensible 
effects of the abnormal influences, and are equally distributed between 
the limits, we shall have 

(') ^={Sr 

By means of (3), (4), and (5), neglecting the constant 2s«7r, since 
being a multiple of 2;r it does not affect the value of the cosine, the 
expression of (2) becomes 

(8) y=2 A, cos s^:=2A, cos {s6—e,) 

Substituting this value of y in (7) and integrating from 6=0' to 6=6", 
we get 

^ fA^ cos (s 6 — s,) d (s 6) 

(9) ''-^^^W^) 

y . sin {s 6" — e,) — sin (a 6' — e.) 
' s(6" — d') 
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If we suppose the limits 6' and d" to be taken at equal intervals before 
and after any given value of 6, denoted by (9^, we shall have 



(10) 



e.=h{e'+(i") 



and denoting by a, the value of a corresponding to 9^, the preceding 
expression then becomes 



(11) 
in which 

(12) 



a,= :2Jc,A, cos {sd,—e,)* 



, _ 2sin^s {0" — e' ) 
s {0"~e') 



The values of k„ it is seen, depend upon the range of the angle 6 
between the limits 6' and 6" for which the average has been obtained. 

The following table contains the values of /c, and also of their re- 
ciprocals, for the given values ois{d"—d'): 



B[»"-a') 


15° 


30° 


45° 


60° 


90° 


120° 


180° 


k. 


0.9972 


0.9886 


0. 9745 


0. 9549 


0. 9003 


0. 8270 


1=0. 6366 


1 

k. 


1.0028 


1.0115 


1. 0262 


1. 0472 


1. 1107 


1. 2092 


— ^1 -5708 
2 



Where the range is so small that the sine may be taken for the angle 
itself, we have A;,=l, and the value of a becomes the same as the nor- 
mal value of y in (2), corresponding to any given value of 0, or of t. 

Where 6"— 6' has a considerable range, as 15°, or 30°, or more, the 
expression of a in (11) differs sensibly from that of 'y in (2), and the 
latter is reduced to the former by multiplying each of the components 
by the reciprocal of Tc, for that component, as given by (12). On the 
contrary, an expression of the form of (2) which represents y for any 
given value of i, does not represent the average values of y taken 
through a range of the time angle 6"— 6', unless each component in the 
expression is multiplied into the value of Ic, for that component. The 
reason of this is that the average of the values ol y, through a consid- 
erable range of 6 or of t, is less than the value of y for tlie middle of the 
range. The values of Tc, and of its reciprocal above, used as a fiactor, 
correct for this difference. 

In the case in which the whole period of the first and principal ine- 
quality is divided into 24 equal parts, iu which case we have 6"— 6' 
equal 16°, the value of h, differs but little from unity, and the correc- 



*From the trigonftmetrical relations sin a — sin i = 2cosi (a-f &) sin ^(a— 6)foiiU(i 
iu any treatise on trigonometry, putting 5 0" — £, for a and s 0' — s, for I we get sin 
(g e"~c,)—sui (8 0'— «.)=2 8ini 3 (0" — 8') cosi(sO' — «= -f s e"-£.)-' This Ijy 
means of (10) is reduced to (11). 
10048 SI&, PT. 2 23 
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tion ibr this component is small, but for the others corresponding to 
s=2, s=3, &c., it is larger, for in case of the second component we 
should have the ranage 8(6" -6') equal 30°, and in the third equal 45°, 
and so on, and consequently the correcting factor, as seen from the pre- 
ceding table, difters more and more from unity. 

266. In order to determine the most probable values of the constants 
A, and e,in (2) from observed values of y, affected by various a;bnormal 
disturbances and errors of observation, it is usual to take a certain 
number of averages, represented by a, for ranges of equal intervals 
comprising a whole period of the first and principal component, as a 
day in the case of a diurnal inequality, or a month in the case of an 
annual inequality, of some observed quantity as temperature or ba- 
rometric pressure. In the first case we should have 24 hourly averages 
and the value of 0" — d' would be (15°), and in the latter, 12 monthly 
averages, in which case we should have 6" — 6' equal 30°. All the 
observations of y which fall within the range of each hour for a great 
many days can be taken to make up the averages in the one case, and 
all the diurnal values of y that fall within the range of each month 
for a great many years can l)e -used in the other. In fact strict accu- 
racy would require that the observations should be so numerous that 
they can be regarded as being distributed somewhat evenly through 
the whole ranges or groups for which the averages are taken, espe- 
cially when the period is divided into only a few equal parts and where, 
con.sequtntly, the ranges {6" — &') are large. 

In order to determine the constants in (2) frqm any set of averages 
or values of a in (11) it is necessary to put this expression into the fol- 
lowing form : * 

(13) . a—2M,coss8,+ :£N',sins6,* 
in which 

(14) Jil, — li,A, cos s, W, = 7c, A. sin s. 

For convenience, is used instead of ii t in this expression, for the 
l);irt 2»;r in (5) does not affect the cosines and sines. 



Prom (14) we get 

"I ' lyi 



M^ tan., = ^ 

cos s, M. 



With n values of a in (13) denoted by Ag, Ai, A^, A„, or in gen- 
eral by A^ obtained from the averages of observations for correspond - 

'Developing cos (,sO — e,) into cos sO cos Ej+siii sO gin &„ and substituting tliis in ( 1) ) 
per cos sm — e,= cos (sS — f^) v.-f got 

a = 2:k,A, cos 6, cos sO = 21c,As sin f, sin § 
— ZM, cos s6 -J- Sitf, sin C 
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ing values of 6 or i^t, denoted by ^o, ^i? 62, 6^, or in general by 

d„ (13) i'urnishes as many equations of conditions for determining by 
the method of least squares the most probable values of M, and N„ and 
then with these and the values of fc, obtained from (12) or the pre- 
ceding small table, we get from (15) the values of A, and s, the re- 
quired constants in (2). With these constants (2) then gives the value 
of y for any given time t. 

267. The solution by the method of least squares becomes very much 
simplified where the averages are taken for equal intervals of the 
period, but this is not essential provided the averages or values of a in 
(13) are first corrected for each group of varying range, but then we 
must put fc.=l in (14) and (15). Where the intervals are all equal we 
get from (13) n equations of the general form. 

(16) a,=2,M, cos e,+2.N. cos 6, 

in which e has the values 0, 1, 2, &c., up to n, the number of average 
values in th« period, thus giving n equations, with terms in each cor- 
responding to the values of s equal 0, 1, 2, &c., according to the number 
of terms it is thought proper to include. For instance, the preceding 
general equation written out in detail for any one of the groups of ob- 
servations contained in the average, of which the characteristic is e=3, 
would be 

(17) a3=Mo+Mi cos dj+Jfi sin 03+M2 cos 26'3+iV2 sin 2613 

+il/3Cos3i93+JV3Sin3(9, 



In like manner each of the n equations in the general expression of 
(16) can be written. If we now take the terms in order and multiply 
each of the terms in the n equations of (16) of the form of (17) by the 
cosine or sine, which is the coefficient of the unknown quantity to be 
determined, and add all the resulting n equations together, as is usual 
in the method of least squares, in order to obtain as many normal equa- 
tions, these equations become very much simplified by the following 
well-known relations : 

(18) 2, cos {sd,+c)=0 2, cos^ (sd,+c)=in 

in which c is any arbitrary constant, and may be assumed either equal 
0, or J;r ; in the former case these general expressions give 

(19) 2, cos 8d,=0 2, cos^ sd,=^ 
and in the latter 

(20) ^, sin«6',r=0 ■ ^. sin^' s^,=^m 

The products of sines and cosines into one another in the multiplica- 
tions are readily reduced by means of well-known trigonometrical rela- 
^jops to t^p others of the fofms of the flrst of (19) or (20), ami l^enpei 
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the sums of all such terms arising from adding together the n equations 
vanish, and there is left only the sum of the one column containing 
cos^ 6, or sin^ d,, as the case may be. Hence, in carrying the process 
through in the usual way, we get as many normal equations as there 
are unknown constants ilf, and N„ which by the relations of (19) and 
(20) are reduced to the following general form of expression : 



(21) M,=f. '2ji, cos sd. 



N.= ~:Sm. sin s^. 



In the case of the constant Jfo, however, we get by adding together all 
the n equations and reducing by the first of (19) or (20) 

2a, 



(22) 



M,=- 



268. In meteorology, for the most part, only three cases of these gen- 
eral expressions are used : That in which m— 8, as in tri-hourly observa- 
tions ; that in which n = 12, as in the case of monthly averages ; and 
that in which «.=24, as in the case of hourly averages. We shall, there- 
fore, write out these general expressions in detail for these three cases, 
for convenience in the practical applications of them. 
In the case in which m=8, we get from (21) and (22) 
8ilfo=ao+«i+fl2 . . . a-, 
4i¥i=ao cos Qo+tti cos 450-|-a2 cos 90° . . . .-\-a-, cos 315° 



4J/2=«o cos Qo-fai cos 90° -fag cos 180° 
4-M3=ao cos Oo+tti cos 135o+a2 cos 270° 



4iV,=ao sin 0°-\-ai sin 45o + «2 sin 90° 

4i*i^2— «o sin Qo+ai sin 90O-f a2 sin 180° 

4F3=«o sin Oo+a-i sin ISSo+Oj sin 270° 
In these expressions some of the cosines and si: 
unity and others vanish. They may therefore be put into the following 
more convenient form for practical apjilication : 

8jJfo = 2fle 



.-f 07 008 270° 
. + 07 cos 225° 



.+^7 sin 315° 
. + 07 sin 270O 
. + «7 siu 225° 
nes become equal to 



cos 45° 



1 sin 45° 



4iif,=(«„-«.)+(«;z;;^) 
4i^,=(«2-«o)+(:;-J). 

(Ol— «3\ 
05—07/ 

4M3=(«o-04) + (^J-^^ COS 450 
4i\'3=(fl„-r,,) + ('^;''2;:|j\ sin 450 



4ilf, 



4J\^, 
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269. In the case in which. n=12, we get from (21) and (22) 

12Mo=ao+ai+a2 + an 

6Mi=ao+ai cos 30° +02 cos 60° ... . +«„ cos 330° 
6ilf2=ao+ai cos 600+^3 cos 120° .... +a„cos300o 
6J!f3=:ao+ai cos 900+03 cos 180° .... +aiicos2700' 

6Ni=ai sin 30° +02 sin 00° +au sin 330° 

62f2=ai sin GOo+a^ sin 120° +an sin 300° 

6N'3=ai sin 90o+a2 sin 180° +aii sin 270° 

In these expressions, <as in the preceding, some of the cosines and 
sines vanish and others become equal to unity. They may therefore be 
put into the following more convenient form : 

12 Mo=2a^ 

6Jf, =(.o-«.) +(:;-:: )cos30o+(«;-«^« )3os60o 

6jr,=(a3-a.) + Q^ i:;)«m30o+(j -«3^) sin 60» 



6iJf2=/'**° ~*'^ + I ^'-^"> I cos 60° 



ai —a^ 
a-, — aio 
as —as 

Oil — 0>2 



6JV^2=I "' "**'" I sin 60° 
as — ag 

0/2 — Oil 



(^0— aio\ 
a4-a2 I 
Oz—Os / 

. / ai — aa \ 

■ I ag — a^ I 

V «„ — an / 



- ag — an ^ 

Yaio+any 

(ai — a2~\ 
*** ~*= I sin 60° 
OlO — Oil/ 

270. In the case in which w— 24 we have ^o=0, (9i=15o, (92=30o, &c., 
and hence the expressions of 12Jlf, and 12JV. can be written out as above 
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from the general equations of (21), but tfaey will contain twice as many 
terms. These, then, can be arranged in the following form for the con- 
venience of practical application : 



I cos 30° 



12Mi=(a,-an) +("" ~""''\ cos 15°+/'"^ ~^'^^ ( 
12iV.^«e-a.+(:; -:») «-15o+(2-2j) sinSOo 



V.''i2— "isy 



a, — «7 
+ 1 «i3-«i9 I cos 30°+ 1 ""-"2» I cos 60° 



023 — «5 
ffll — ^7 




«2 — «8 



12JVf2=^"^ ""^^4-1 «"-«J9 Isin30o+| ""-"^o | gin 60° 



12ilf, 



/«0 — «4 \ 

= las —an 1 + 



12N, 



= ( Oio— au I 



12M4 = 



Oq — O3 
O18 — «21 



as —023 

/Oi — O5 
Og — Oi3 

O17-O2I I gog 450 
O7 — Oji 
Ol5 — Oi9 

\a23— 03 
/Oi — o^ 

O9 — 0]3 ' 
017—021 
Oil — O7 
Ol9 — Oi5 

\03 — O23/ 

/Oi — O4 

I O7 — Oio 1 

Ol3 — 0]6 

l+l *^"~"^M cos 60O 
''^05 — Os ' 

Oil — Oi4 
I Oi7 — 020) 
'023 — O2 ; 



O4 — 022 



+ 



sin 450 



12iV4 



Oi — 04\ 
O7 — Oio \ 
Ol3 — OiB 

019-022 I gin6oo 

Os — O5 
Ol4 — Oil 
Ozo — O17/ 
O2 — Ojs/ 



REPORT OV THE CHIEF SIGNAL OFFICER. 343 

Of the many forms into which the preceding formuliB can be put for 
convenience of practical application those given here seem the best. A 
great advantage is that the different sets of differences are between 
values of a, with a constant difference between the sufflxed characteristic 
numbers e, so that all the values of a^ being written in order in a column 
on two slips, these can be readily so adjusted with a little sliding up or 
down as to obtain conveniently at the start all the differences required, 
and these being generally small in comparison with the original values 
of a„ the constants and numerical coefficients of cos. or sin. can be readily 
obtained. The same differences also occur in the coefficients of cos. and 
sin., only that the signs of one-half are reversed in the latter, so that if 
each half is computed separately the sum of them is to be used for the 
coefficient of cos. and the difference for that of sin. The great amount 
of time and labor saved by convenience of arrangement makes it a mat- 
ter of much importance. 

271. The first of the relations of (18) which have been used in the re- 
ductions of the normal equations in the solution by the method of least 
squares, can be deduced from (9) and (11). By (11) we have, consider- 
ing only one term under the sign 2,, 

a,=7c,A,cos{s0,—e,) 

in which &, has its value corresponding to any given limits 9"'— 6'= — . 

n 

We shall therefore have for the sum of all the n values of A^, the in- 
tegral of (9) taken from (9=0 to O—^tv, and hence for any one term un- 
der the sign ^„ by putting for fc^ its value in (12) corresponding to the 
new limits, and also for 6, its value n as given by (10) with these lim- 
its, we get 

:Sa,=Ti,A,:S, COS (s(9,-e.)=:?y^^^cos (S7r-e,)=0 

Hence 2^ cos (s(9<,— «J=0, which is the same as the first of (18) since the 
epoch s, is entirely arbitrary and may put equal — e. We also have 

cos''(s(9,-£.)-=4+icos 2{se-a.) 
and hence 

2, cos \se-s,)^2,^+:E,i cos 2{se,-e,) 

The integration of the second member through n equal intervals gives 
Jm, since the integration of the last term by the relation just obtained 
gives 0. For cos 2{sd^—£,) can be put under the form cos (2 sd^—2£,), 
which is of the same general form of 18, since s can have any integral 
value. We therefore get ^^cos \s9—e,) =0, which, from what has been 
stated, is virtually the same as (I82). 

. There is one exceptional case in which the relations of (I92) and (2O2) 
do not hold, and that is, where there are only two intervals in a period. 
In this case we have only the two values of sff^, namely, s^o=0 and 
8^1=180°, and hence the sum of the cosines is w=2 instead of J w or 
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unity. In this case it is also evident that the sum of the sines is 0, and 
not ^n=l. 

272. Where there are only four averages or values of a„ to the period 
of the first and principal component, as where the averages of winter, 
spring, summer, and autumn fire taken, we get from (21), n in this case 
being equal 4, 

(23) ilfi=: J (fflo-«2) N'i=i{ai-a3) 

But for the second or semi-annual component, since in this case there 
are only two intervals to the period, we have in (21i) 2, cos s(),=n in- 
stead of ^, as shown above, and hence 

We have, therefore, the four observed values of a, to determine the 
four unknown constants Mo=2a„ Jfi, 2li, and Mi. From (15) we there- 
fore get in this case 

(25) ^^=iJm+K = T^^ taue=^ 

The value of l-.h^ in this case is given in the table of § 265 in the col- 
umn under 90°, this being the value of {&" — 0') the range of the groups 
of observations. By the preceding expressions (23) and (25) the annual 
inequality, or the first and principal of any series of inequalities of (2), 
can be obtained from the four groups of observations, but for the deter- 
mination of any of the subordinate inequalities more groups and more 
equations of condition are needed. There being four groups and four 
equations based upon them, values of the four unknown quantities Mq, 
Ml, K"i, and M2 can be determined which will make the expression rep- 
resent accurately the observations. 

273. With the values of Jf, and N, given by the preceding formulse, 
and the values of \ given by (13) or found in the preceding table, we 
get from (15) the values of A, and e„ in (2), with which we can then 
compute the value of y for any given time t. From (11) and (12) we 
can likewise compute with these constants the n values of «„ used in 
the determination of these constants as a test, in some measure, of the 
accuracy of the work, though it is not in general a complete one, un- 
less as many constants have been determined as there are observed 
values of a^. Where this is not the case there will be of course small 
residuals not represented by the expression of (11). By a judicious 
inspection of these, however, we can generally detect even very small 
errors in the work, since where the residuals are merely accidental, de- 
pending upon uneliminated abnormal irregularities in the averages, 
there cannot be any regular alternating of signs in the residuals, such 
as is usually observed where there is au error in the constants or in the 
computations. 



REPORT OP THE CHIEF SIGNAL OEPICER. 345 

The probable errors of the constants are deterojined by the usual 
expressions deduced from the theory of least squares, which are given 
here for convenience of reference. 

If we put 

«',=residual corresponding to any average value a,; 
e=the probable error of the average, regarded as a single ob- 
servation ; . , 
r=the probable error of the constants A^, M„ and W,; 
m=the number of values of a,; 
n=the number of constants determined, 
we have 



(26) e=0.6745 /.^ 

v ni — 



m — n 



The weight of each of the constants, as deduced from the normal 
equations for determining the constants, is n for A„ and ^ n for each of 
the others. Hence we have for the probable error of A„ 

-(27) r=~ 

V n 

and for If, and W,, and consequently for A„ 



(28) r= Z-- 

. The probable error of the epochs e„ expressed in. degrees, is 

(29) r'="/^x^° 

274. In determining by the preceding method of least squares the 
constants in (11) by means of a certain number of observed values of a, at 
regular and equal intervals of the period of the principal inequality, 
the question of how many components should be taken into account be- 
comes an important one. The values of a„ however many observations 
may be included in each average, must still be regarded as being af- 
fected in some measure by the uneliminated effects of abnormal dis- 
turbance and small errors of observation, which should be excluded 
from the expression as much as possible and thrown into the residuals. 
If we take in so many components that we have as many unknown con- 
stants- to determine as there are observed values of a„ and equations 
of condition, of cpurse with these constants (11) becomes an expres- 
sion which takes in all these uneliminated abnormal effects and all 
the errors of observations, and we get often an expression which is 
more erroneous than if we had taken into account only a very few com- 
ponents. And this is especially the case where the values of a^ depend 
upon few observations, or where there are very large abnormal effects 
to be eliminated by the number of observations used. We have in this 
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case also no means of determining probable errors, since we have in (26) 
2v^ = and m— w = 0, and consequently the value of s indeterminate. 

Where theory determines the number of sensible components in the 
expression, of course these only are to be considered and the most 
probable constants determined for these alone. The residuals tben, 
however large, necessarily belong to the errors of observation and 
the uneliminated abnormal disturbances. In meteorology, however, 
theory does not determine precisely the number of sensible terms, 
though it may aid us in judging of the convergency of the expression, 
and the number of components which should be taken into account 
must in all cases depend in some measure upon the exercise of good 
judgment. 

Where the constants determined for a considerable number of compo- 
nents make the expression rapidly convergent for a few of the first com- 
ponents, and after that the amplitudes obtained are small and of about 
the same order, we are pretty safe in assuming that these small compo- 
nents represent merely the abnormal uneliminated effects, and should 
therefore be excluded from the expression as being not only useless, 
but even injurious. Where, also, the constants in (11) are obtained in 
numerous cases under circumstances which are so nearly the same that 
we have good reason to think that the relations between these constants 
should not differ very much, and they are found not only to differ very 
much in the case of the very small components, where a number of them 
have been taken into account, and without any apparent law, we may 
conclude thatthey belong to the abnormal uneliminated disturbances, and 
should be excluded. For instance, if the constants are determined for 
the temperature or barometric observations of a considerable number 
of stations in the same vicinity, or over a region of no very great ex- 
tent, or for different series of years at the same station, and the epochs 
£, for the smaller terms seem to be entirely accidental and fall at all 
places within the period, or circumference of a circle wheff the epoch is 
expressed in degrees, we may feel assured that the components repre- 
sent merely the uneliminated irregularities which should be excluded. 
It frequently happens that the values of b, for a few of the principal 
components are very nearly the same at all such stations and for dif- 
ferent series of observations at the same station, but for the other small 
terms it may have any value within the whole circumference of a circle. 
If the values seem to fall a little more in one pai^t of the circle than the 
opposite, it indicates that there is a very small component of the period 
in question, but too small to be brought out clearly by the observations. 
A change of 180° in the value of the epoch is equivalent to a reversal 
of the sign of the coefQcient of the term, and hence where the epoch is 
as liable to fall in one part of the circumference as another, it is the 
same as where a term is as liable to have a minus as a plus sign, and it 
indicates that there is no real term of the period in question. 
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Maxima and minima. 
275. If we put 

T=the time of the maximum of any component of (2), of which 
the characteristic is s, 
we then have, where s, and i are expressed in arc in terms of the radius, 



(30) 



f, ± 2 smt 



8% 

in which w=0, or some even integral number for the maxima and some 
odd number for the minima. Where only one period is considered it is 
either or unity. Where £. and i are expressed in degrees, we must put 
;r=180o. These expressions give the time from some fixed origin of t, 
as some given year, or as the beginning of the year, in the case of 
diurnal inequalities. It is, however, usual to assume the era or origin 
of t to be the beginning of each year, or of each day in tbe case of 
diurnal inequalities, and we have then in (30) either to=0 or n=L 
If we put 

T=the time of maximum or minimum of y, that is, of the result- 
ant of all the components in (2) : 
then the condition for determining their maxima and minima is that 
we shall have at the time D^=0 in (2). 

Taking the difterential, and putting by way of abbreviation 93. for 
siiT—e, after differentiation, we get 

fi=2sA, sin scp=2sA, sin [^i+(9>,_^j) j 

=i2sA, cos(9?,— 9Ji)sin q)i+2sA,sm{q),—^i)cos <px 

=M sin <pi+N cos cpi 
in which 

M=2sA^ cos ((p,— <pi) N=2sA, sin {cp,— tp^) 

The preceding expression can be put into the following form :* 
(31) 0=B sin ■{(pi+p)=B sin (i^T—si+/3) 



in which 



B=VW+W'>^ ^ ^ 



COS yS sin p 

N 
(32) *^^ ^=M 

M=2sA. COS [ (s— 1) iiT—£,+ ei] 

N=:S8A,sin [ (s_l)iiT— e.+£i] 

* We can put M-eia. <Pi+N cos tpi=B cos /3 sin tpi+B sin (S cos 9>i in which M=Il cos 
ft N=It sin j8, and hence B and tan /8 as in (32). But the last member of the pre- 
ceding equation, by a well-known trigonometrical relation, is expressed by B sin 

(ft+y). 
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For the llrst terms in the expressions of M and JSF, since for these 
terms s=l, we have the angle equal 0, and hence the first term of M 
is ^, and the first of ISTis equal 0. As the first inequality in the ex- 
pression of (2) is usually large in comparison with the others, the value 
of ilf is much larger than ISF, and hence the value of the angle /3 in (322) 
is usually small. At the times of maxima and minima we must have 
by (31) 

iiT — Si+/3=n7r 

in which n equals or some even integral numbet for the maxima, and 
some odd one for the minima. But usually T is reckoned from the be- 
ginning of the year or day, and then we have n=(i for the maximum 
and n=l for the minimum next following. 
This gives 

(33) T= fLZL^^iiii^ 

In the computations of /? from (32) with which to obtain T from (33), 
the value of T is required in the formula, and hence it is necessary to 
know at the start the thing sought. The value of T, therefore, in (33) 
can only be obtained by approximations, but this is readily done, since 
/3 is usually so small that the uncertainty in the time to be assumed in 
the first approximation is so little that even a second approximation is 
often not necessary, and rarely a third one, if the values be judiciously 
assumed at the start. 

If we suppose /3 is so small that we can imt, without sensible error, 
tan p=/3, and neglect all the small terms in the expression of M (323), 
and retaip only the first, which we have seen becomes Ai, we can put for 
the time of maximum or minimum, 

(OA\ ^_-^_ 2^2 siu (ii T-e^ +f,)-|-3A3 sin {2i, T—e^ + £1)+, &c. 

^ "m a, 

in which T is used for t. * 

As the values of A^, A^, &c., are generally small in comparison with 
A], the value of /J is so small that with the known value of £1 in (33), 
and with an approximate value of /?, obtained by mere inspection of 
(34), or from a rough preliminary computation with some assumed ap- 
proximate value of T, a value of T to be used in (32) in computing Jf, and 
N, can usually be obtained which needs no further correction. If, how- 
ever, the value of /S given by (322) differs much from the value obtained 
from (34) with the assumed value, another approximation is necessary. 

276. In order to determine at what time the value of y in (2) is equal 
to the mean, putting, by way of abbreviation, (p,=siit — s„ we can put 
(2) into the following form : 

y-Ao^2A, cos (p,=2A, cos [9?,-^ (^j^—^,])] • 
(35) =2 A, cos (pi cos (9>. — 931) — 2 A, sin ^1 sin (^, — (pi) 

=M cos (px — ^sin cpx=B cos (9>i-t-/?) 
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in which 

' cos § sm yS 

(36) taiii3=J 

M=2A, cos {(p,— (p'^)—:2A, cos [(«— 1) ii«— f,+«i] 
N=:2A. sin {cp,— cp{)=:SA, sin [(s — 1) ti^_f,+ £i] 

In these expressions of Jf and iVthe constant ^o does not enter, since 
it is transferred to the first member above. 

"W'hen y=A^, which is its mean valae, we have, patting E' and /9' for 
values of JB and /J in this case, respectively, 

(35') 0=JS' cos (9Ji+/?'i 

in which 

(36') tan /3'^^ 

Jf=:SA, cos f(s— i) % T—e,-{ fi] 
J)r=:2^. sin [(s— 1) H T'—£,+ ai] 
in which 2" is put for the value of t when y—A^. 
But (35') can only be satisfied with 

in which n equals some odd integral number. We therefore get 

(37) T'= ^i — ^'^i^^ 

■h 

For the first and principal term in the expressions of M and N in (36) 
we have s=l, and hence the angle equal 0. The first term in the ex- 
pression of M, therefore, is Ai, and the first one in that of IST vanishes, 
and as all the other terms are comparatively small generally, the value 
of /?! is small. Where this is so small that we can put ta,iiP—/3, we 
have 

mR\ AI _ -y_ ^2 sip {iiT'-e2+E{) +^3 sin (2i\T'-£3+gi) +, &c. 

^ > f~]ir~ Ai 

This, as (34) in the preceding case, serves to get the first approximate 
value of B to be used in (37) in computing T', and with this (36') then 
gives Jf and if and tan /?. If this gives a value of /3 differing much from 
that obtained from (38) with an assumed value of T', another approxi- 
ijaatioji is necessary. 
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277. If the values of y in (2), after the constants have been obtained, 
are computed for certain equal and small intervals of the period of the 
principal component, and the differences, zJi, A, A^, &c., are arranged as 
in the examples which follow, the values of T or of T' may be obtained 
from the usual interpolation formula. 

(39) ,= ,„+TA+^(|=i) 4-f (^^-(^r--il^34-,&c. 

in which y^ is the value of y where r is assumed equal 0, and in which 

£l = (A — ^ A)— i(^3 — J^4) + , &C. 

(40) B2=Ai—\Ai+,&<i. 
B,=i{A3 — iAi)-,&(i. 

The value of T is expressed in units of the interval between the com- 
puted values of y, and hence hours where the interval is an hour. 

Taking the differential and putting dy=0, (39) gives at the time of 
maximum or minimum, 

(41) 0=Bi+B2T+B3T^+,&c. 

Where it is necessary to use only three terms this equation gives, by 
the usual formula for solving quadratic equations^ 



(42) T=i^'A. lif^^Y ^1 



The value of yo should be taken as near as possible to the maximum 
or minimum, so as to make the values of T small. The value of T is 
to be counted from the time when y=y(,. 

If we put T' for the time when the value of y in (2) is equal to Ao, 
then we must put in (39) y=Ao, and we thus get 

(43) Ao-yo=BiT'+iB,T'+);BsT^+,d;G. 

By taking y^ as neat as possible to Ao, so as tomake T' small, this is 
obtained where it is necessary to use only two terms, by the usual for- 
mula of quadratic equations. 

In all cases the equations (41) and (43) can soon be accurately solved 
by a few approximations. 

Applieatio7is. 

278. The following table contains the tri- hourly average temperatures 
ii; degrees Fahrep|:(ei<:, observed at tpe Nayal Observatory during tbe 



EEPOET OP THE CHIEF SIGNAL OFFICER. 



351 



years 1862-78, inclusive, 17 years, for the three winter months, the 
three summer months, and the year : 



Winter montlis. 



Observed 



28.80 



30. 97 



32.61 



Computed 



31.00 
30.51 
30.08 
29.72 
29.37 
29.04 
28.80 
28.87 
29.51 
30.97 
33.09 
35.56 
37.84 
39.41 
39.97 
39.53 
38.36 
36.85 
35.39 
34.18 
33.28 
32.61 
32.05 
31.51 



Summer mdutlis. 



Observed 



66.95 



81.65 



72.04 



Computed 



69.14 
68.70 
68.08 
67.20 
66.35 
66.09 
66.95 
69.08 
72.09 
75.25 
78.01 
80.12 
81.65 
82.75 
83.38 
83.35 
82.47 
80.78 
78.55 
76.16 
73.92 
72.04 
70.63 
69.70 



Tear, 



Observed 



49.64 



Computed 



49,64 
49.15 
48.58 
47.86 
47.14 
46.76 
47.12 
48.42 
60.53 
53.08 
55.57 
57.91 
59.91 
61.27 
61.83 
61.56 
60.45 
68.74 
56.79 
54.93 
53.34 
52.04 
51.01 
50.23 



Differences. 



Ai. 

-0.49 
0.57 
0.72 
0.72 

-0.36 

+0.36 
1.30 
2.11 
2.55 
2.49 
2.34 

-2.00 
1.36 

+0.50 

—0.27 
1.11 
1.71 
1.95 
1.86 
1.69 
1.30 
1.03 
0.78 

-0.59 



As. As. 

+.10 

-.18 
-.08 

-.07 
-.15 

+.15 



+.34 



+.20 



+.44 

-.06 

.15 



.37 
.50 



.80 



.84 



-.03 
3 

+.01 
4 

+.24 



-.24 

+.09 

.27 

+ 
.29 



+.19 



With the eight observed values of ao? «i) <hi &c. in this table, the 
formulae of § 268 give the values of M, and N„ and then with these (15) 
gives the following values of A, and e,: 



Constants. 


Ao. 


Ai. 


- 


A2. 


€2. 


As. 


«. 


Ai, 


U- 




o 
33.23 
74.27 
63.60 


o 
4.841 
8.364 
6.959 


o / 
229 20 
218 23 
221 69 


o 
1.834 
1.553 
1.773 


/ 
50 40 
31 40 
37 20 


o 
0.460 
0.679 
0.181 


/ 

234 44 

64 23 

78 05 


o 
0.025 
0.195 
0.130 



180 
180 


Summer montlis 


Year 





The values of a, being all observed at the beginning of each third 
Jiour, and Bot beiog tbe ^.verage of pbservatiops t^|ien vitbm a ran^e 
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of three hours, one and a half hours preceding and following, the value 
of k. in this case is unity, since the range of observations is 0, and is 
not that given by (12). or the table following, for a range of three hours 
or 45°, for these are applicable in the case in which the observations are 
evenly distributed throughout the whole range. 

There being' only 8 observed values of a, as many constants have 
been determined, and consequently there are no residuals in this case 
from which to determine probable errors, and by (26) these become in- 
determinate. It cannot- be supposed in this case that any of the sev- 
eral components taken into account are insensible terms, and hence 
with only 8 observed values of a, there is no basis for determining 
probable errors. 

Since in the last component of which the characteristic is s, there are 
only two intervals or values of a, to tile period, we have seen, § 271, 
that ]Sro=0, and hence by (15) the value of e, is necessarily either or 
180O. It is not to be supposed, however, that this is really the case, 
but merely that with only 8 observed values of a, we cannot determine 
Mo=Ao, and all the amplitudes and epochs of four components. With 
more observed values of a„ both the amplitude and epoch of the fourth 
component could be determined, and also those of others, if there were 
other sensible components; and with 16 or 24 observed values, we would 
have data for determining also the probable errors of the constants. 

It is seen from the preceding results that the amplitudes of the sev- 
eral components are much smaller and the whole expression of the 
diurnal inequality of the form of (2) much more convergent in winter 
than in summer. The indications, however, are that even in the latter 
season the components beyond the fourth component are extremely 
small, if at all sensible. 

279. By (30) we get for the time of maximum after 0'' of the first and 
Ijrincipal component, in the average of the year, 

^^2210^8^,^,^8- 
150 

and the minimum is of course 12 hours preceding or following. With 
the values of e^ for winter and summer, we get r a. little greater in the 
former and a little less in the latter season. The time of maximum of 
the second component is 

^ 370.33 



2xl5o 



=P 47" 



And consequently at equal intervals of 12 hours before and after. 

From (32) we obtain with the values of A, and e, above for the aver- 
age of the year, and a first assumed value of T, which is very nearly 
that of t just determined, since fi in (34) is generally small on account 
of the smallness of the other components, first approximations of M and 
]>[^ and of y3, which are afterwards corrected by a second approximation 
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or more, so as to make the final assumed value of T coincide sensibly 
with the value given by (33). We thus get yS=9o IQo. With this value 
(33) gives, putting w=0, 

^2210.98—90.17^-^^^ ^^„ 



150 

for the time of maximum of y in (2), or maximum of the resultant of 
all components. This, it is seen, from the effect of the smaller com- 
ponent, makes the maximum of the resultant of all the components fall 
a little earlier than that of the maximum of the first and principal com- 
ponent. 

In the same manner the value of (i by (32) at the time of mirymum is 
found to be— 340 ll'. With this value and the value of n=l, we get 
from (33) 

^ 2210.98+340.19-1800 ^^ ^ 

J-— 150 — * 

In the same manner with the values of A, and e, for winter and sum- 
mer, we find for the maximum of the winter r=14'' 2™ and for the min- 
imum T=&^ 35™, and for the maximum of summer 2'=14'' 28™ and for 
the minimum T=4* 48™. These being for the averages of the three 
months, of course the differences between the extreme values of winter 
and summer are somewhat greater. 

With the times of maxima or minima, used for t in (2), this gives the 
extreme values of the temperature for the day. 

In the same manner the values of /3' may be obtained from (36), using 
(38) to get the first approximate value, and then with this value (37) 
gives the value of T, by putting «=— 1, where the mean value of y in 
(2) is the one which precedes, and w=l where it is the one which fol- 
lows, the maximum. 

By the method of § 277, using the differences of the computed 
hourly values of a, in the preceding table, for the average of the year, 
we get from (40) for the minimum, assuming 5* as the time from which 
T is reckoned, and using the unwritten fourth order of differences, 
where sensible in their effect, 

Bi=.36-.37-.03-.02=-.06, jB2=.74-i-.03=.77, 53=.10+.05=.15 

With these values of the constants (42) gives r=.08^=4.8™, and con- 
sequently the time of minimum is 5"^ 4.8™, which is very nearly the same 
as 5^ 4™ obtained by the preceding method. 

For the maximum, assuming 14'' as the time from which T is reck- 
oned, we get from (40) 

£,= _.27+.415=.145, 52=-.83 
10048 SIG, PT 2 23 
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WitL these values (41) gives, the lirsf two terms ouly Laving auy 
sensible effect in this case, 



^=-l;-^=«-"="^ 



=10.5" 



Hence the time of maximum is 14" 10.5'", very nearly the same as 14'> 
11™ obtained by the preceding method. 

In a similar way the times T of the mean valne of y in (2) may be 
obtained from (43), using (40) in obtaining the constants. The value 
^0) from the hour of which T' is reckoned, should be the one which is 
the nearest the mean value, either ijreceding or following. 

280. From the comxrated values. of a, in the preceding table we get 
the combinations in the following tables for obtaining with a small cor- 
rection applied, the diurnal mean from only two or more observations : 



CombiDation. 



1(7' + 15' +23') 

i(7' + W' + 21') 

i(10'' + 22') 

i (raax. + min) 

i (6' + 14i> + 22") 

i(7 + 14» + 2h6«!).. 
i (31' + 9b + ISk + 21') 



CoiTection to be added. 



Winter. Summer. Yeai-. 



-0.07 
-0.59 
+0.68 
—1.15 
-0.38 
—0.28 
+0.02 



+0.23 
-0.56 
-0.05 
-0.46 
+0.62 
+0.14 
—0.19 



+0.10 
-0.60 
+0.21 
-0.79 
+0.18 
—0.08 
—0.13 



For spring and fall the corrections for the year can be used without 
any sensible error. Approximate monthly corrections may be deduced 
from these by a rude interpolation which would be but little in error. 
Of those combinations the first is i)referable on account of the correc- 
tions being both small and not varying much during the year. The 
sixth one is very nearly as good. The second one is important on ac- 
count of its comprising the hours of observation adopted by the Smith- 
sonian Institution. The correction required is somewhat large, but it 
isvery nearly the same throughout the year. 

It is probable that these combinations could be used without incur- 
ring much error, for all places within a long distance in any direction 
from Washington, and that with similar corrections obtained in the 
same way for a very few important places over the United States, the 
corrections to be used for all intermediate places could be deduced 
from them with considerable accuracy. 
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281. The following table contains the monthly averages of the tem- 
perature observations made at the Signal Service Office, Washington, ' 
during the years 1871-'82, inclusive, twelve years: 



Months. 


Monthly 

averages 

or values 

of Qs. 


Differences used in the foimuliE of 
§269. 


Com- 
puted 


Resid- 
uals 
0-0. 






a 0, 33. 52 
a 1, 36. 00 
a 2, 42. 34 
a a, 52. 82 
(14,64.43 
a 5, 73. 65 
a 6, 78. 24 
a 7, 75. 00 
a 8, 67. 81 
a 9, 57. 91 
aio,4;3.70 
an, 35. 53 


(00-06), 44. 72 
( 1— 7), 39. 00 
( 2- 8), 25. 47 
( 3- 9), 5.09 
( 4-10), 20. 73 
( 5-11), 38. 12 
( 6- 0),44.72 
( 7-, 1), 39. 00 
( 8- 2), 25. 47 
( 9- 3), 5. 09 
<10- 4), 20. 73 
(11— 5), 38. 12 







o 
-0.22 
+0.10 
-fO.07 
-0.14 
+0.24 
-0.13 
+0.14 
+0.04 
-0.19 
+0.31 
-0.37 
+0.37 




( 1- 4), 28. 43 ; 33. 90 
(2 51 31 31 ' i'> ^T 


MnTP.I, 


April 

May 


( 3- 6), 25. 42 
( 4- 7), 10. 57 
( 5- 8), 5.84 
( 0- 9), 20. 33 
( 7—10), 31. 30 
( 8-11), 32. 28 
( 9— 0), 24. 39 
(10- 1), 7.70 
(11— 2), 6 81 


52.90 
64.19 
73.78 
78.10 
74.96 
67.99 
57.00 
44.07 
35.16 


June 


July 




September 

October 

November 

December 



The differences used in the formulae of § 269 are given in part in 
this table, and the others can be arranged in the same manner. With 
these the constants M, and JV. are readily obtained by these formulae, 
and thBn with these (15) gives the amplitudes and epochs of the several 
compounds. They are as follows : 



^0=55.05° 

^1=22.75° 
J.2= 0.68° 
J.3= 0.85° 
J.4= 0.65° 



£1=1840 8/ 
£2= 60O 0' 
£3= 70° 21' 
£4=3530 31' 



Since ao above corresponds to the middle of January, this is the era 
from which the preceding epochs must be reckoned. If reckoned from 
the beginning of the year, they must be increased by sii x 15.5, the 
change of the angles during the half of the month. 

The values of the reciprocal of K to be used in ( 15) in this case are those 
in the table of § 265 corresponding to [6" — 6*') =30°, or those under the 
headings respectively of 30o, GOo, 90°, and 120°. 

With the preceding values of A, and e, (2) gives the normal temper- 
ature of any day in the year so far as it is determined by this series of 
twelve years of observations. The value of the augle i^t to be used 
for any given day can be obtained from Table XI, Appendix, where the 
epochs are reduced so as to be reckoned from the beginning of the year. 

With the values of ilf, and If,, using cosines and sines of the angle, 
or with the preceding amplitudes multiplied into k„ and the epochs, 
the values of a, are computed and given in the table above, and also 
the residuals in a comparison with observation. If the uncorrected 
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amplitudes were used, we should get the true normal temperature for 
the middle of each month and not the-average of each month, and hence 
it would not be comparable with the observed value of a^. In these 
computations, as in making out the equation of condition to obtain the 
constants, each inonth was supposed to correspond to 30° of the angle, 
which is not strictly correct, but the error arising from this supposition 
has been found to be extremely small. The angles used should be those 
obtained from Table XI for the middle of each month. 
With the residuals above we get from (26) 

e=0.6745 /:5^=.2981 



•V12— 9 '^ 



the number of observations being 12, and the number of constants de- 
termined 9. 

With this value of e (27) gives r=?0°.086 as the probable error of Aq, 
and (28) gives r=0o.l22 as the probable error of the amplitudes of the 
components. 

From (29) we also get 

r'=JJ||x 570.3 = 00.30 

as the probable error of the epoch Si of the first and principal compo- 
nent. Of course the probable errors of the smaller components are 
comparatively very great since they are inversely as the amplitudes. 

These determinations of probable errors are based upon the assump- 
tion that the four components takeu into account are all the real sensi- 
ble components, and that the residuals are entirely abnormal and acci- 
dental. This does not seem, from an inspection of them, to be quite the 
case, but the indications are that any remaining real components must 
be very small. If more components had been taken into account there 
would have been scarcely any basis left for the determination of pioba- 
ble errors without more observed values of a, within the period. There 
is some uncertainty, therefore, with regard to these probable errors, but 
they give us at least some idea of their magnitude. 

There is no convergency in the last three of the amplitudes, which 
would indicate that at least the last two merely represented unelimi- 
nated abnormal irregularities if they were of the same order as the 
probable errors, but being considerably greater they must belong to 
real terms. 

By means of (32) and (33), as in the case of the diurnal inequality, the 
times of maxima and minima can be determined, using the preceding 
values of the amplitudes and epochs. The value of /J by (32) is found 
to be 130 40' for the minimum and —3° 58' for the maximum. From (33) 
we therefore get, putting w= —1 in this case, 

1840 8'-13o 40'-180 
T= ^gg = -9.63 days 

for the time of minimum reckoned from the middle of January. This 
makes the minimum fall about the end of the 6th day of January. 
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In like manner we get 

^ 1840 8'+30 58' _ , 
T= ~ = 190.4 days 

for the time of the maximum from the middle of January, or 206 days 
viery nearly from the beginning of the year. This, by Table XI, makes 
the maximum fall at the end of the 25th day of July. 

Thermometry. 

282. Bodies expand with increase of temperature. The rates of their 
expansion therefore become measures, more or less perfect, of tempera- 
ture. Temperatures are usually measured by the rate of expansion of 
mercury, or rather of the relative rate between it and the glass inclosure 
which contains it. 

If a body is immersed in, or entirely surrounded by, another body, 
and is neither gaining nor losing heat either by conduction or radiation, 
it is said to have the same temperature. If the mercurial thermometer 
is surrounded by melting snow or scraped ice and allowed to remain 
uulil no further contraction or expansion takes place, it is said to have 
the temperature of freezing, and this fundamental point of the tempera- 
ture is made the zero of the centigrade scale. Again, if the thermom- 
eter is surrounded by the escaping steam of boiling water within an 
inclosure, its temperature is said to be that of the boiling point, and 
this is another fundamental point, which is marked 100° on the centi- 
grade scale. 

In the expansions and contractions which arise from changing tem- 
peratures, glass does not return at once to its original state after hav- 
ing been heated far above the freezing point and then restored to this 
temperature, so that if the freezing point is determined immediately 
after having been heated up to the boiling point, it is found to be with 
different kinds of glass from 0.1° to 0.5° lower than it was before hav- 
ing been heated to a high temperature. This is called the depressed 
freezing point. This point, howevet, subsequently rises, at first rap- 
idly and afterwards more slowly, until, in a month or less, it arrives at 
the state of long repose. 

The distance between the boiling and the depressed freezing point is 
called the fundamental distance. The depressed freezing point is used 
now in preference to the other, because in the fundamental distance 
thus taken it is found from observation that there is no variation with 
time within the limits of the errors of observation. It is this distance 
in the tube of the thermometer which measures 100°, and if the bore 
of the tube could be made of uniform diameter in all parts, each of the 
equal intervals of the fundamental distance would measure one degree 
ol temperature. But as the bore cannot be made uniform, the gradua- 
tion must be such as to make each division represent equal volumes of 
mercury, corresponding to equal expansions. This process is called 
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calibration. Where this is not accurately done, a correction must be 
applied, called the correction of calibration. 

Since the depressed freezing point is used as the zero of the scale 
the difference between this and the freezing point of the thermometer 
at the time of observation, after having been subject to a gradual 
change with time, should be known, and a correction, called the cor- 
rection of the freezing point, be applied. Strictly, this correction should 
be determined after each observation, especially for high temperatures, 
but for usual ranges of temperature the corresponding variations of 
the freezing point may be neglected, and simply a constant be applied, 
after the thermometer has arrived at its state of repose. This con 
stant, however, should be determined occasionally, after not very long 
intervening intervals of time. 

As water boils at different temperatures under different pressures, 
of coarse it must be understood that the boiling point used in the 
fundamental distance is that determined with the standard pressure 
which has been already defined in § 16. This is the one recently 
adopted by the International Committee of Weights and Measures, 
though the one used by Eegnault was that of a barometric pressure of 
760""° at Paris, latitude 48° 50' and altitude 60 meters. The difference, 
however, in the two scales is extremely small. 

If the fundamental distance in any thermometer through any im- 
perfection in its construction, or through any slight changes in the 
nature of the glass after construction, should be found to be erroneous, 
the readings of the thermometer must be corrected for this error in 
proportion to the temperature read. 

A thermometer of which the calibration has been studied and the 
freezing point and boiling point determined is called a normal ther- 
mometer. Putting 

/=:the erroneous fundamental distance of a thermometer; 
T=the temperature reading; 
^o=the correction of the freezing point; 
zJj,=the calibration correction ; 
2=the sum of all the corrections ; 
we then have for the corrections of a normal thermometer', 

283. The indications of the mercurial thermom.eter are not strictly 
the true absolute temperatures indicated by the expansions and con- 
tractions in volume of a perfect gas under equal pressures, or by the 
changes of pressure with equal volumes, and which, when used lus the 
measurements of heat, make such measurements proportional to the 
work done. Even air does not quite fulfill this condition, since in the 
relations between pressure, volume, and temperature it does not en- 
tirely oottfom to tUe laws of Boyle nod CUarles. Kyew tbe m tberinom- 
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eter itself, therefore, requires a small correction to reduce its indications 
to the true temperature, but the true amount of this reduction is some- 
what uncertain, and so small that it may be neglected, except in refined 
physical researches. 

The differences between the mercurial and the air thermometer are 
attributable to the variable rates of expansion of mercury and glass at 
different temperatures, the expansibility increasing with increase of 
temperature. A formula for the reduction of mercurial temperatures 
to air temperatures has been deduced by Prof. T. Eussell, substantially 
in the following manner: Let 

F=the volume of the bulb and tube, up to the zero-mark, of a 

mercurial thermometer at temperature 0° ; 
«=the volume of the tube from 0° to 100°, and at the tempera- 
ture also of 0° ; 
!Z'=the temperature indicated by the mercurial thermometer, 
corrected for calibration, freezing point, and erroneous 
fundamental distance ; ' 
T=the true temperature; 

/3.=the cubical coefficients of expansion of mercury for the sev- 
eral powers of r ; 
y,=the same for glass. 
We then get for any temperature r by equating the difference of the 
expansions of the mercury and of the glass with the volume of mercury 
above the zero-mark at temperature t, 

neglecting the terms in the last member depending upon the second 
and third powers of r as having no sensible effect. 
For T equal to 100° this becomes 

7(l+100/Ji+100«A+1005/?3)— ■F(1+100;Ki+100V2+100V3=-'»(1+100A) 
Dividing each of the foregoing equations by V and eliminating the 
ratio -» : F, by substituting in one of the equations its value found from 
the other we get, by transposing and reducing, 

-'-—''• 1+r/?, ■ l+100a;+10% 
in which 

Since each of the factors in the preceding expression by which r is 
multiplied is nearly equal to- unity, this expression may be put into the 
following more simple form : 

r= r[l+y6fi(100— r)] [l+x{ r— 100)-f ^(t^— 100^)] 

If the expansions of glass and mercury were strictly proportional to 
the temperature, the coefflcients of the second m'X tbirft powers pf tUe 
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temperature would be zero, and then the last factor in the preceding 
expression would vanish. 

With this part of the expression, putting the coefflcient of glass /Ji 
equal to 0.000026, we get a plus correction at the temperature of 60° C. 
of 0.065°, and at the temperature of— 40° C, a correction of —0.145° C. 
These corrections arise from the varying capacity of the thermometer 
bore at different temperatures. It is sometimes called the Poggendorf 
correction, from the name of the physicist who first pointed it out. 

If the coefficients of expansion of mercury and of glass were known 
in all cases, the values of (T— t), that is, the correction to reduce the 
mercurial temperatures to air temperatures, could be readily obtained. 
But these are not generally known with sufficient accuracy, and there- 
fore Professor Eussell has determined the values of x and y for several 
thermometers from observation by comparing the mercurial with an air 
thermometer in different parts of the scale and thus. making out a 
number of equations of condition from the average results of many 
comparisons, and solving them by the method of least squares. With 
the values of the unknown constants thus obtained, he computed the 
following differences (T—t) between air-thermometers and mercurial 
thermometers of different kinds of glass. Some of his results are given 
in degrees Fahrenheit in the following table to show the usual amount 
of such corrections and their variations with different kinds of glass 
used in the construction of thermometers : 



Temper- 
ature. 


B. 9707. 


B. 9705. 


G. 4470. 


G. 7375. 


G. 7376. 


OF. 


o-p. 


, °V. 


°F. 


°F. 


OF. 


- 38 

- 28 


-0.49 
-0.39 


-0.43 
-0.35 










+0.23 


+6! 26 


- 18 


-0.31 


-0.28 




+0.15 


+ 0.20 


- 8 


-0.24 


-0.22 




0.00 


-f-0. 11 


-1- 2 


-0.17 


-0.15 




+0.03 
—0.05 


+0.06 
+0.02 
—0 05 


12 


—0.11 


-0.10 




22 


-0.06 


—0.05 




+0.08 


32 


0.00 


-0.00 


'""o.co" 


0.00 


0.00 


42 


-1-0.16 


+0.13 


+0.07 


-t-0.02 


-f 0. 05 


52 


+0.20 


+ 0.13 


+0.16 


+0.09 


+0.10 


62 


+0.27 


+0.20 


+0.18 


+0.06 


+0.06 


72 


+ 0.29 


+0.2S 


-(-0-18 


+0.05 


+ 0.05 


82 


+0.29 


+0.22 


+0.16 


+-0.03 


-1-0.02 


92 


-1-0. 33 


-1-0.27 


+0.14 


+0. 03 


-0.01 


102 


-1-0.27 


+0.22 


-f0.14 


-0.02 


-0.05 


112 


-t-0.30 


+-0.21 


+0.14 


-0.02 


-0.06 


-fl23 


+0.24 


+0.22 


+0.12 


-0.08 


-0.08 



The first two, Baudin, were made of crystal glass; Green, 4470, of 
Corning glass ; and the last two of a new kind of glass tried by Green. 

Thermometer eocposure. 

284. Such a position of the thermometer that its temperature will at 
all times be the same as the temperature of the air is what is sought in 
thermometer exposure. Such a position, however, it is very difficult to 
find. We have seen § 92, that the temperatures of bodies depend upoft 
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a great many circumstances, upon local surroundings, size, shape, and 
constitution, so that different bodies with the same local surroundings 
and the same bodies removed a short distance only where the surround- 
ings differ but little, may. have very difl'erent temperatures. But the 
temperature of the air, which we wish to determine, does not depend 
upon these local and other conditions, but upon the conditions to which 
it has been subject in passing over the earth's surface for some time 
before arriving at the place of observation. Biff'erent conditions give 
different temperatures, and therefore all bodies, including thermometers, 
have their own temperatures, differing not only from the air tempera- 
ture but also from one another. It is therefore difdcult to so expose a 
thermometer that its temperature will at all times be that of the air. 

If the stratum of air in contact with the earth's surface were in perfect 
repose it would have nearly the same temperature both by day and by 
night through conduction from one to the other, but as it is being con- 
tinually mixed up with the strata above, the whole mass of air, even up 
to a moderate altitude only, cannot follow to the full extent the diurnal 
changes of the earth's surface, but is, when clear, cooler during the day 
and warm'er during the night ; for since clear air has very little radiat- 
ing and absorbing power, and the solar rays especially are mostly 
either reflected or transmitted through to the earth's surface, the diurnal 
changes in temperature would be small if it were not for contact with 
the earth's surface. It is different with the earth's surface and with 
bodies exposed in the atmosphere. On account of their greater absorb- 
ing powers they follow more closely the changes between day and night 
in the solar heat received, and consequently the amplitudes of diurnal 
change of temperature are greater. But this effect upon the thermom- 
eter exposed can be avoided by having it in the shade, and therefore 
one important condition in thermometer exposure, to obtain the air tem- 
perature, is that the direct solar rays should be excluded. The ther- 
mometer should also be protected from all reflected rays of the sun's 
heat, either from the atmosphere, the earth's surface, or surrounding 
bodies, since these have precisely the same effect in proportion to their 
intensity, but this of course is small in comparison with that of the 
direct rays of the sun. 

As the temperatures of the black and bright bulb thermometers exposed 
in the sunshine are different, the same is, in some measure, so from the 
effect of the reflected solar rays, since reflection does not change that 
quality in th« sun's rays by which the bright bulb is made to stand 
at a lower temperature than the black. If black and bright bulb ther- 
mometers, therefore, are exposed in most thermometer shelters, the tem- 
peratures of the former are found to be a little greater by day in clear 
weather, since some of the reflections from the air and surrounding ob- 
jects get through the louvres by one or more reflections." If the black 
and bright bulb thermometers show the same temperature it indicates 
that the thermometers are well protected from these reflections. 
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285. We have seen that the temperature of a body in the shade, 
not considering heat gained or lost by contact with the air, depends 
upon the temperature and the completeness of its inclosure, and that 
this inclosure in case of a body in the air near the earth's surface is 
made up of the earth's surface and all surrounding bodies which sub- 
tend a solid angle at the center, in whatever manner they may be placed, 
and if there is a subtending body in all directions which radiates and 
reflects as much heat back to the body as the body radiates in all direc- 
tions, the inclosure is said to be complete. The body then, in the state 
of static equilibrium of temperature. Las the same temperature as the 
inclosure if that be a uniform temperature, but if not, it will be very 
nearly an average temperature, especially if different parts of the in- 
closure do not differ very much in temperatuie. But it has been shown, 
§86, that the clear atmosphere above and around the thermometer 
or other body does not form a comi)lete inclosure, but that more heat 
escapes from the body in the direction of space than is returned, and 
hence the tendency is for the body to stand at a lower temperature at 
night than it would if the inclosure were complete. Another important 
condition, therefore, in thermometer exposure is to complete the in- 
closure by interposing some body, as a roof or a shelter, between the 
body and open space above. 

During the day the earth's surface and surrounding objects become 
heated often much higher than the air and the reverse at night, and as 
these are a part of the inclosure of an exposed thermometer, the tend- 
ency is, so far as their effect goes, to raise or depress the temperature 
of the therujometer to the same, and this effect is proportional to the 
amount of solid angle subtended by these warmer bodies. The ther- 
mometer, therefore, should not be exposed over a surface the nature of 
which is to become abnormally heated during the day or cooled during 
the night, or near large bodies with so great capacity for heat that their 
temperatures change but little between day and night. The old rule, 
therefore, of exposing a thermometer on the north side of a building, 
facing a lawn with trees and grass sod, was a good one so far as the 
latter was concerned, since a grassy surface does not become abnormally 
heated during the day as many bare and dry surfaces with soil beneath 
with little thermal conductivity ; but it was a very bad one so far as it re- 
lated to the north wall, especially if this were a massive wall of stone 
or brick. For such a wall experiences but very slight diurnal changes 
of temperature, especially in calm weather, and as the thermojneter 
was generally close to it, it subtended a very large solid angle, and 
hence, from what has been stated, its effect in depressing the temper- 
ature by day and increasing it at night is very great in clear weather 
when the diurnal changes are large. 

286. The modern device of providing shelters of various kinds for 
the thermometers is only a very partial remedy of the difficulty; for 

tb§ sa^me reasQB that the tempwiitwre of the thermometer is too great 
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when exposed in sunshine or to the reflected rays of the sun, and too 
low at night from radiations into space, the temperature of the shelter 
itself is likewise too high in the sunshine and too low at night, and as 
this becomes an inclosure to the thermometer and the latter therefore 
tends to assume the same temperature, the shelter itself needs to be 
sheltered. And this is really done in the case of double roofs and 
double louvers, the outer ones being shelters for the inner ones. This 
is a partial remedy, since there is more matter to be heated and cooled, 
and this is to be done by two radiations and two absorptions, but if the 
periods of the diurnal changes were longer so that all the temperatures 
could arrive at the state of static equilibrium, the inner inclosure would 
assume the temperature of the outer, and the thermometer that of the 
inner inclosure, and there would be no advantage from the double in- 
closure. 

287. But guarding against all the conditions which cause the ex- 
tremes of temperature in the thermometers exposed, and which cause 
it mostly to vary from the air temperature, we still do not have an ex- 
posure which necessarily gives the air temperature, since this latter, as 
has been explained, depends upon entirely different circumstances. In 
fact the exposures would generally give only very rough approxima- 
tions to the true air temperatures if it were not for the effects of the 
conduction and convection of the air, and these effects become geeater 
as the amount, of surface exposed to the air is greater in proportion 
to the mass. It is on this account principally that advantage is found 
in having double louvers and double roofs. If a thermometer were 
exposed in air perfectly quiet, and the difference of temperature be- 
tween the bulb and the air did not give rise to convective currents, 
the stratum of air in contact with the bulb would have the same tem- 
perature as the bulb, and there would be a gradual temperature gra- 
dient in all directions from the bulb, greater near the bulb and less 
ftirther off", by which heat would be conducted away from it or into it, 
as the case might be; but the conduction in this case would be very- 
small and the temperature of the thermometer bulb might be much 
higher during the day and lower during the night than that of the air. 
Where, however, there is only a little ventilation this gradient is very 
short and the temperature of the bulb cannot differ much from the air 
temperature. It has been shown irom theoretical considerations, § 85, 
that as the ventilation" is increased this difference of temperature is 
diminished, and that with infinite ventilation it must entirely vanish. 
We also know from experience that the temperature of a sling ther- 
mometer is readily brought down sensibly to that of the air, when slung 
in the shade, and even in the sunshine with a cylindrical bulb the dif- 
ference is only about one degree Fahrenheit. 

If the shelters require to be sheltered and to be ventilated in order 
to reduce them to the air temperature, so that the thermometer ex- 
posed witbio may giy? tU^t temper i^tuye, and If tlJ^FifiQmeterg c^w be 
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SO readily reduced directly to that temperature, it would seem best to 
dispense with shelters entirely, for- the thermometers can be reduced 
to the air temperature more conveniently than the shelters, and where 
shelters are not ventilated, either by the prevailing breezes or by some 
artificial arrangement, they necessarily give in clear weather a temper- 
ature too high by day and too low by night. In the case of maximum 
and minimum thermometers, however, if we wish to obtain the extremes 
of the true air temperature, the best that can be done is to expose them 
in some kind of a shelter, however much the temperatures thus ob- 
tained may diifer at times from the true temperatures. 

288. With regard to the locality and altitude at which air tempera- 
tures should be observed, this depends very much upon what we need 
and upon our object in such observations. If we wish to obtain a sort 
of general temperature of the air of any place which is independent 
of local conditions which may make the temperatures, differ much in 
different places even in the same vicinity, and one which is not affected 
by the great extremes of day and night which are often found near the 
earth's surface but not at a very moderate altitude above, and also one 
which is comparable with the surrounding temperatures and tempera- 
tures generally over the earth, the exposures should be at a considerable 
altitude, where there is a free atmospheric circulation and few absolute 
calms and local surroundings which cause variations of temperature. 
For such a purpose temperatures observed on the tops of buildings not 
differing much in height are most suitable, provided they are taken with 
a sling thermometer, so that they may not be vitiated by reflections 
from roofs and surrounding buildings, as they are in the case of shelters 
where there is little or no wind. The thermometer, of course, must be 
slung in the shade, but the effects of the reflected heat from the atmos- 
phere, from roofs, &c., are entirely overcome by the ventilation in this 
method. 

It must be remembered, however, that temperatures in and over a 
city are in general higher than those in the surrounding country and 
are therefore not strictly comparable. This is especially so with regard 
to the extremes of the seasons and of day and night, but very much 
less so in the annual and diurnal means. 

If a station is desired which will give the greatest extremes of tem- 
perature of both day and night, then one should be selected in some 
low valley with a dry, sandy soil, for on account of its small thermal 
conductivity such a soil, for well-known reasons, becomes very highly 
heated during a clear da;y, and its temperature is reduced very low at 
night, and the temperature of the stratum of air resting upon it, in 
calm weather, follows closely after it, while above at a very moderate 
altitude the diurnal extremes are comparatively very small. The gradi- 
ent of temperature decreasing with increase of altitude becomes very 
great near the earth's surface by day, when clear, but at night it not 
only becomes very small but is gene;allj' completely reversed, and the 
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air is colder at the earth's surface than at some small altitude above. 
The observations of different stations in such cases are, therefore, not 
at all comparable unless they are made at the same altitude above the 
earth's surface. 

Where the temperature is observed four feet above a grass sod, it is 
very nearly that of the lower part of the atmosphere in general, especi- 
ally where there is a free circulation, for the dampness of the soil and 
the consequent evaporation always going on, as well as conduction of 
heat into the interior of the earth, keeps the surface and lower stratum 
of air from becoming very much heated, bat still the air at such a sta- 
tion is subject to the extremely low nocturnal temperatures which fre- 
quently take place. But as these occur only very near the earth's 
surface they have too much influence in deducing, from the observations 
of such a station, the general temperature of the atmosphere. 

The greatest extremes of low temperature in such cases are given 
where the stations are near the earth's surface in valleys surrounded by 
bare hills or mountain sides. During clear nights these bare surfaces 
are gooled down very low by radiation into space, and the cold air in 
contact flows down into the valleys and over the plains below, covering 
the earth's surface with a thin stratum of air very much colder than 
that only a very little distance above. At some place only a short dis- 
tance away, but a little more elevated, these low extreme^ of tempera- 
ture would not be observed, so that not only the extremes but the mean 
temperature of the day would be much less, and all this would be due 
to the different effects of very local circumstances. The results obtained 
from such stations may be interesting and useful, but they are not such 
as should be used in determining the general air temperature of any 
region or country. 

Reduction of temperature to sea-level. 

289. Since temperatures decrease with increase of altitude, they are 
not comparable, when observed at different altitudes, with those of sur- 
rounding stations, in studying the general effect of differences of lati- 
tude and longitude on temperature, and in laying down isotherms on 
charts which are intended to exclude the effects of altitude. They re- 
quire to be first reduced to some general level, usually that of sea-level. 
This reduction, however, is rather a vague and uncertain one. In order 
to have a temperature comparable with other stations at sea- level, it is 
necessary to have the temperature which would exist vertically under 
at sea-level, if the mountain or plateau were not there, instead of the 
one observed above. But from the observed one we have no means of 
determining what the required one is, since not only the observed tem- 
perature may differ very much from the temperature that would be 
found in the open air at that altitude, but also the exact rate of increase 
of temperature in descending from the upper station through the free 
air to the earth's surface is unknown. This has been determined in 
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some parts of tbe earth by comparing temperatures observed at some 
low station with those observed on the top of some high, and generally 
distant, station. But the observations at both stations are those of 
surface temperatures, which are subject to all the local influences and 
large fluctuations, annual, diurnal, and abnormal, of surface tempera- 
tures, and do not correspond with those at the same altitudes in the open 
air. The annual and monthly rates thus obtained for a few places on 
the earth are given in the table of § 140. From these, it is seen, the 
mean annual rate differs considerably in different places, and a.lso that 
there is an annual inequality in this rate which has its maximum late 
in the spring or in the -first part of summer. The summer rates, upon 
the whole, agree pretty well with those obtained from balloon ascents 
in the summer season in the open air, which up to the altitude of one 
mile give an average of O0.68O. At higher altitudes, however, the 
rate is very much less. 

In the case of mountain peaks and sharp ranges, rates of reduction 
to the level of surrounding plains, or even to sea-level, might be ob- 
tained from observation for each month of the year which would give 
satisfactory reductions for monthly averages, but if these were applied 
to individual cases of reduction, affected by the large diurnal and ab- 
normal fluctuations of temperature, the results would be found to be very 
UDsatisfactpry ; for in such reductions it would be necessary to know 
the rate of change of temperature with increase or decrease of altitude, 
as affected by these diurnal and abnormal fluctuations. 

The greatest uncertainty in reductions to sea-level is in the case of 
extensive and high plateaus. On these the temperatures, even a mile 
or more above sea-level, are often found to be not very much less than 
on the plains in the same latitude near sea-level. Any of the ordinary 
rules and rates of reduction, therefore, applied to these temperatures, 
give a temperature generally which is much too high to correspond with 
temperatures on each side in the same latitude at sea-level. 

In preparing isothermal charts in which it is desired to exclude the 
effects of altitude, some kind of reduction is necessary, but in this case 
the uncertainties of reduction caused by diurnal and abnormal fluctu- 
ations do not come in, since they are eliminated from the averages, and 
if the observations of the higher stations are excluded, which is gener- 
ally best, rates of reduction can generally be obtained which will be 
satisfactory for the stations of no very great altitude. This is a matter, 
however, for which there are no certain rules or data^ and in which much 
depends merely upon a good judgment. It is not worth while to at- 
tempt any nice refinements in reduction, and the formula used should 
be a simple one, so that the temperatures of the charts can be easily 
reduced back again to the altitudes of observation. This should espe- 
cially be so where reductions are made in the case of temperatures on 
large and elevated plateaus. 



REPORT OP THE CHIEF SIGNiiL OFFICER. 



367 



Abnormal variaMlity of diurnal temperature. 

290. Besides the annual and diurnal variations of temperature ob- 
tained by the harmonic analysis, there are abnormal variations depend- 
ing upon various causes, having no regular amplitudes and periods, 
which are in no way connected with, or dependent upon, the others. 
This variability differs in different places and at different seasons at 
the same places, and it is interesting in a climatic point of view to have 
some means of comparing this variability for different places and 
seasons of the year. 

A measure of this variability is obtained by taking the differences of 
mean diurnal temperature from day to day for each month, or any 
other intervals, and taking the average without regard to sign. The 
greater and the more frequent and sudden are the abnornal changes of 
temperature the greater is this average, so that it may be regarded as 
a measure of the variability of climate so far as the variations depend 
upon abnormal causes. In this process the normal annual change of 
temperature is so small each day that its effect upon the differences 
can be regarded as insensible. In this way Dr. Hann^ has determined 
the mean monthly variability of the diurnal temperature for 90 places 
on different parts of the globe, on both continents and in both hemi- 
spheres, from series of observations from one to ten years. The varia- 
bility was found to increase in general from the sea-coasts toward the 
interior of the continents, and also to increase a little with increase of 
altitude. This latter result was hardly to be expected, inasmuch as 
the annual and diurnal variations diminish with increase of altitude. 
In general the variability was found to be considerably greater in 
winter than in summer. 

The following table contains the results in centigrade degrees of a 
few places in North America, on the seacoast and in the interior, with 
the number of years' observations used: 

Table. 



Place. 


& 
1 


u 

1 


o 

1 


i 


1 


§ 

4 




tX) 


.a 

1 

& 
CO 


1 


o 
"A 


n 


1 


Sitta (3) 


2.1 


2.0 


1.5 


0.9 


0.9 


0.9 


0.8 


0.7 


1.1 


1.5 


1.6 


1.7 


1.3 


San Francisco (9) 


1.4 


1.5 


1.2 


1.3 


1.2 


1.0 


0.7 


0.8 


1.2 


1.6 


1.4 


1.4 


1.2 


S"ow Orleans (2) 


3.6 


3.1 


2.6 


2.4 


1.5 


1.7 


1.1 


1.1 


0.8 


2.2 


2.4 


2.9 


2.1 


rrovidence (0) 


3.6 


3.4 


2.8 


2.7 


2.6 


2.1 


1.8 


2.0 


2.4 


3.2 


3.2 


3.7 


2.8 


Wasbington (10) 


3.7 


3.7 


3.3 


2.7 


2.0 


1.4 


1.1 


1.2 


1.6 


2.6 


3.5 


3.6 


2.5 


Saint Louis (6J) 


3.8 


4.1 


4.2 


3.5 


2.6 


2.2 


1.9 


1.8 


2.5 


2.6 


3.7 


4.2 


3.1 


Laramie (5) 


5.1 


4.8 


4.4 


3.9 


3.1 


3.0 


2.9 


3.4 


3.6 


4.1 


4.6 


5.5 


4.0 


Ked Eiver and Winnipeg (7). 


6.2 


4.9 


4.1 


3.3 


3.6 


2.9 


2.7 


2.6 


2.9 


3.2 


4.0 


4.6 


3.8 



Actinometry. 

291. There are two general methods of m.easuring the heat received 
from the sun, the dynamic and the static. As defined by Sir John Her- 
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8cliel,° the former "consists in ascertaining the amount of physical 
change of a nature susceptible of being measured, effected upon some 
object by a given sectional area of sunbeam in a given time, such, for 
instance, as the dilatation of a liquid, the melting of ice, or the raising 
of a given quantity of water a number of degrees;" and the latter, " in 
equilibrating the heating power of sunshine on some body, as a black- 
ened thermometer bulb, with the cooling influence of the radiation of 
the same body, the rate of cooling and of receiving and radiating heat 
being supposed to be proportional to the change of temperature." 

The first attempt at measuring the intensity of the sun's thermal 
radiation by the dynamic method was made by Herschel in 1824. "A 
glass vessel full of inked water was exposed alternately five minutes in 
sunshine and in shade, the change of temperature being noted by a 
very delicate thermometer immersed in the liquid, and the solar effect 
per minute measured by the difference of the minute changes observed 
to take place in sunshine and in shade."'' A similar method was em- 
ployed in the experiments at the Cape of Good Hope (1836-'37), the 
sun, nearly vertical, being allowed to shine directly on a cylindrical 
vessel of water. From these observations it resulted that the direct 
heating effect of a vertical sun at sea-level is such as would sufQce to 
melt 0.00754 inches in thickness per minute from a sheet of ice exposed 
perpendicularly to its rays. 

Subsequently Herschel invented an actinometer, called HerscheVs 
actinometer, which, as described by himself,'' — 

Consists of a blue liquid (ammonio-sulphate of copper), inclosed in a glass cylinder, 
one end of which is closed by u, screw working in a tight collar, to admit of a small 
change of capacity wbon the liquid becomes too much dilated by heat, while the 
other is soldered on to a thermometer tube, by which the liquid measures its own dila- 
tation, the cylindrical portion acting as the bulb of a thermometer. The actual 
temperature of the liquid (on which the dilatability depends) is ascertained by an 
interior thermometer occupying the axis of the cylinder, and whose stem penetrates 
the axis of the adjusting screw, and is read along its exterior piolongation. The 
instrument being several times alternately exposed for one minute in the sun and 
shade, and the changes of Tolume in each case read off on the scale, the diiferences 
or sums of the mean changes, according as the action has been in the same or the 
contrary direction, gives the dilatation produced by the sunshine alone (freed from 
the disturbing influences) corresponding to the actual temperature of the liquid, 
which, being reduced by an appropriate table to give the temperature acquired, affords 
ii measure of the effect of a given sectional area of sunbeam in heating a definite 
volume of liquid. 

If we put 

2'=the increase of temperature during one minute due to the 

action of the sun's rays ; 
T =the observed increase during the minute; 
ri=the observed increase during the preceding minute; 
r2=that of tlie succeeding miaute, 
we shall then have 



EEPOET OP THE CHIEF SIGNAL OFFICER. 



369 



In this it is assumed that the rate of increase or decrease of tempera- 
ture from other causes than the direct action of the sun's rays is uni- 
form during the three successive ol).3ervatious ; or, in other words, that 
second differences may be neglected. 

The following is an example, taken from the observations made by 
Kaemtz on the summit of the Faulhorn, 1832, showing the manner in 
which such observations are made : 



Exposure. 


Hour. 


Actinoni. 
eter. 


Differ- 
ence. 


Eadia- 
tion. 


Shade 


h. m. 
7 26 
7 27 
7 28 
7 29 
7 30 
7 31 


o 

26.2 
30.2 
51.6 
57.0 
80.3 
■ 86.2 




+ 4.0 
+21.4 
+ 5.9 
+22.8 
+ 5.9 


o 


SuiisMdo 

Shade 


16.4 


Sunshine 

Shade 


16.9 


Sunshine 





From these data we get, by the prece'ding formula, 
^=21.4-^:2+^=16.4 

for the sun's radiation during the second minute, and in the same man- 
ner that of the fourth minute is obtained. 

In these observations the temperature of the liquid was considerably 
below that' of the air at the commencement, and hence there was an 
increase of temperature, even while the instrument was in the shade, 
and hence the differences are all positive. Otherwise they might have 
been, and generally are, alternately plus and minus. 

At the time of the last observation given above the liquid in the 
instrument had expanded so much that a new adjustment by means of 
the silver screw at the bottom of the cylinder became necessary before 
the observations could be continued. 

With the change of temperature during one minute, due to the sun's 
rays, and freed from the disturbing influences, and the known thermal 
capacity of the vessel and liquid heated, the absolute amount of heat 
received from the sun during the minute becomes known. 

292. The results obtained with this actinometer are now known to be 
too small. This, however, is the fault mostly, if not entirely, of the 
method of using it and not of the actinometer itself. In order to have 
a true measure of the sun's thermal intensity the instrument should 
give changes of temperature propoirtioual to the time when there is no 
sensible change of that intensity during the time. This it does not do. 
At first the rate of expansion of the liquid due to the sun's heat is 
smaller, but gradually increases until after one minute or more it ac- 
quires the regular rate, which is not necessarily that of uniformity, but 
usually a gradually decreasing rate, since the higher the temperature 
10048 siG, PT 2 24 , 



370 



REPORT OF THE CHIEF SIGNAL OFFICER. 



of the vessel and the liquid the more it cools from radiation and con- 
duction of the air. This was shown by Kaemtz,' who made the follow- 
ing experiments upon the rate of heating and cooling by observing 
every tenth second instead of each minute only : 



Time. 


Actinometer 
in sun. 


Change in 
10 seconds. 


Actinometer 
in shade. 


Change in 
10 seconds. 





o 
22.71 
24.97 
28.49 
32.04 
35.80 
39.68 
42.39 
47.23 
51.21 
55.20 
59.02 
£2.98 
66.40 


o 

+2.26 
3.52 
3.55 
3.76 
3.88 
3.71 
8.84 
3.98 
3.99 
3.82 
3.96 
3.51 


o 
66.49 
65.66 
63.77 
61.58 
59.29 
56.83 
54.58 
52.21 
49.78 
47.39 
44.94 
42.51 
40. 14 


o 

—0.83 
1.89. 
2.19 
2.29 
2.46 
2.25 
2.37 
2.43 
2.41 
2.45 
2.43 
2.37 


10 


20 . 


30. 


40 


50 


60 . . 


70 


80 


90 


100 


110 


120 





It is seen from this table that the rate of heating was the least dur- 
ing the first ten seconds and gradually increased for more than one 
minute instead of being the greatest during the first ten seconds and 
gradually decreasing, as it should, according to the regular law. For 
as the vessel and liquid become heated up the.y lose heat faster by radi- 
ation and conduction, and therefore the rate should gradually diminish 
from the start as it is found to do at the end of the two minutes. The 
efi'ect of the sun's heat during the first ten seconds was mostly upon 
the glass vessel and liquid in contact, and only in a small measure upon 
the part in the interior until there is formed a temperature gradient 
from the surface of the glass to the central part of the liquid such that 
the heat is conducted in and raises the temperature of the whole mass 
throughout in proportion to the heat received. Before this the glass 
receives more than a proportional part of the heat, and as this is not 
indicated by the instrument, it does not furnish, during this time, a 
true measure of the heat received. 

After the sun's rays are cut off by the screen and the glass and liquid 
begin to cool, the first effect is to cool the glass more than the rest of 
the cooling mass until the temperature gradient becomes reversed, and 
great enough to convey the heat away equally from all parts of the 
mass. Only after this takes place are the indications of the instru- 
ment proportional to, and a true measure of, the loss of heat. This, 
according to the last column in the preceding table, did not take place 
in Kaemtz's experiments until near the end of the second minute, for 
the normal rate of cooling must be a decreasing one. It is readily 
seen from these experiments, that where there is a regular alternating of 
sunshine and shade every minute, the regular normal rates of heating 
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and cooling are not obtained, but simply the initial smaller rates in 
which the effects are more upon the glass than upon the liquid, and 
consequently the differences, and the solar radiation obtained from them 
by the preceding formula, are too small. 

293. Ponillet's actinometer (called hj himself pyroJieleometer) consists. 
of a cylindrical vase one decimeter in diameter, and 14 or 15 mil- 
limeters high, made of silver or plated metal, very thin, and contains 
about 100 grams of water. There is a thermometer in the vase held 
by a cork fastened to a tube of metal sustained by two collets in 
which it swings freely, so that the whole apparatus can be turned 
around the axes of the thermometer to agitate the water in the vase 
and render the temperature of the water uniform through the whole 
mass. The upper surface of the vase which receives the solar rays is 
carefully blackened with lamp-black, and it is maintained perpendicu- 
lar to the rays by arranging the apparatus so that the shadow of the 
vase shall always cover a circle mounted perpendicular to the axis at 
the other extremity of the tube. The experiments are made in the 
same manner as with Herschel's apparatus, except that the alternate 
intervals of sunshine and shade are 5 minutes instead of one minute ; 
and the final results are obtained in the same way from the differences 
of the temperatures observed at the end of each interval. 

In this apparatus there is a similar retardation in arriving at the nor- 
mal rate with which the liquid receives and loses heat after change 
from sunshine to shade, or the reverse, as in the case of Herschel's, and 
consequently it has precisely the same defect, but perhaps not quite to 
so great a degree, since the intervals are longer, and consequently the 
rates of heating and cooling are the normal ones during at least a part 
of the interval. 

Notwithstanding the constant agitation of the water in the vase, the 
radiating face of the apparatus is found to stand at a higher tempera- 
ture than the water. The agitation is not sufficient to detach a stratum 
of water adhering to the inside of the face, and this forms a stratum 
of not very great thermal conductivity. The changes of temperature, 
consequently, in the face receiving the sun's rays, and of the stratum 
of water adhering to it, are much greater in the heatiug and cooling 
than those indicated by the thermometer in the central part of the 
water. 

294. Grova's actinometer,^ in which the liquid is of alcohol, although 
of a form differing from that of Herschel's or Pouillet's, is upon the 
same principle, and the observations are made and treated in the same 
manner, except that the readings of temperature are not made for some 
time after the first exposure and reversals from sunshine to shade and 
the reverse, when the normal rates of heating and cooling are estab- 
lished, which in the case of Herschel's actinometer is more than one 
minute, and in others a greater or less time, to be determined in each 
apparatus by experiment. By proceeding in this manner with his aijpa- 
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ratus he seems to have obtained consistent and satisfactory results, 
from which he has deduced a value of the solar constant considerably 
greater than that usually obtained with Herschel's or Pouillet's acti- 
nometer with observations made in the manner described in § 291. 

With observations, however, made and used by Crova's method, there 
is no reason why the other instruments should not give results equally 
as good and satisfactory. 

295. In the static method, when the temperature of a body is raised 
so high that the rate of losing heat by radiation or otherwise is exactly 
equal to the rate with which it receives heat from the sun, it of course 
becomes stationary. Bnt the greater the temperature the greater is the 
rate of losing heat, and so, when the temperature becomes stationary, 
the greater is the rate with which the body is receiving heat. Hence 
the height of this stationary temperature above the temperature at 
which the body would stand in case it received no heat from the sun, 
which is usually assumed to be the shade temperature of the body, be- 
comes a relative measure of the intensity of solar radiation. 

Newton was the first to determine — in a crude manner — the strength 
of solar radiation by this method. He observed the temperature of a 
sandy soil with little thermal conductivity, when exijosed to the sun's 
rays, and found for the latitude of London an excess of 65° F. above 
the shade temperature. This was regarded as a measure, though im- 
perfect one of course, of the strength of the solar radiation at the time- 
Such observations made at other times, under precisely the same cir- 
cumstances, would have furnished rough relative measures of the solar 
radiation, but they would not have be6n comparable with those made 
on different soils and under other circumstances. 

Similar observations were made long afterward by Lambert,^ Dan iell," 
Sabine, and Perry. Leslie'' also applied his differential thermometer 
upon the same principle. He made a series of observations at Edinburg 
with that instrument, of which one bulb was blackened and the other 
bright and both exposed in the open air, the differences of the tem- 
peratures indicated by the two being taken as a measure of the intensity 
of solar radiation. 

The temperatures observed in all these cases were those of bodies in 
the open air ; and the cooling effects of radiation, conduction, convec- 
tion, &c., were dependent upon so many local circumstances, that the ex- 
cess of temperatures observed above the shade or air temperature could 
not be regarded as even a rough relative measure merely of the rate of 
solar radiation. This excess, when the thermometers were placed in 
calm air, was very much greater than .when they were ventilated by 
even a very gentle breeze only, so that it changed with the changes of 
every breeze, and the observations made at different times and places 
were not comparable. 

A great improvement upon these first rude attempts at measuring 
the intensity of solar radiation by the static method, first suggested 
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by Sir John Herschel, consisted in putting the black-bulb thermometer 
in a vacuum within a glass envelope. With this arrangement the cool- 
ing depends upon radiation alone and js not affected by the condilction 
of the air and varying currents. The excess of temperature over the 
air temperature, especially if tbis is the temperature of the envelope, 
as it generally is very nearly, furnishes a much better relative measure 
of the rate with which heat is received from solar radiation. 

At the meteorological observatory of Montsouris an apparatus is used, 
called the Arago-Bavy aetinometer, formed by Marie-Davy by recon- 
structing one found amongst the collections of Arago, which consists 
of two thermometers in vacuo with glass envelopes, the one with a 
blackened and the other a bright bulb. Where both are exposed,^ 
side by side, to the sun's rays at the height of about four feet above a 
grass sod, far away from any shelter from the sun's rays, the difference 
between the indications of the two thermometers is assumed to be a 
relative measure of the intensity of solar radiation at the time. 

296. None of these static methods gives an absolute measure in heat 
units of the rate with which heat is received, or even a true relative 
measure. A true measure of any kind must be proportional to the 
thing measured, but since the absolute radiating power of a body does 
not increase in proportion to the increase of its temperature, increases of 
temperature are not proportional to the increased rates of cooling, and 
consequently to the increased rate of receiving heat when the temper- 
ature is stationary, and hence the differences observed' are not propor- 
tional to the rate of receiving heat from the sun, and consequently not 
a true measure of it. 

The true relation between the absolute intensity of solar radiation 
and the difference of temperature between the black-bulb thermometer 
and envelope {B—d') is given by (94), § (97). By transposing we get 
for a spherical black-bulb in vacuo, putting in this case, by (87), p—\. 

(1) I=4B/<«'[/^«-«'-(l-m)] 

In the case of a complete inclosure m vanishes, but as both the glass 
envelope and the atmosphere around and above on the one side does 
not form a complete inclosure, but allow some of the radiations of even 
a dark body to escape through into space, and so it does not receive as 
much heat as it radiates when at the same temperature as the inclosure, 
but the equilibrium only takes place when it has a little lower tempera- 
ture, TO must have such a value as to satisfy (1) with the observed value 
oi{0—6') at night, when I—Q. The value of [6=6') on a clear night 
is about— 1.5°. With this value, we get from (1) by putting J=0 
(1— TO) =0.9886, and hence a value differing little from unity. With 
this value and the value of 5=1.146, we get from (1) 

(2) J=4.584/^«'(>"*~*'— -9886) 

for the intensity of solar radiation when the difference between the 
temperature of the black bulb and the glass inclosure is equal {6—d') 
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The temperature of the air, however, canpot be used strictly for that of 
the inclosure unless there is considerable ventilation of the inclosure. 

It is seen from (2) that (6—6') is not proportional to I and therefore 
not a true relative measure of it, as usually assumed. For instance, with 
^'=0°, and {6—6')=30° we get 7=1.24 for the solar intensities in ca- 
lories as received at the time. But with ^'=30° and {6-6')=30° we 
get J=1.56 calories. Hence the same difference (6—6') gives a consid- 
erably larger intensity in the last case than in the first, and the same 
differences of (6—6'), therefore, indicate a larger intensity in the sum- 
mer than in the winter season, and in general in the equatorial than in 
the polar regions. 

With the constants properly determined (2) gives not only a true 
relative measure of the intensity, but the absolute number of heat units 
received in a unit of time, which in the formula is one minute. 

The numerical constant 4.584 is merely provisional and approximate, 
but as it gives a value of J which differs but little from intensities 
obtained by other reliable methods, it is perhaps not much in error. 
Its value and also that of /z would no doubt be somewhat different for 
a perfect vacuum. 

297. Eliminating Bjx^' from the first two equations of § 99, by sub- 
tracting the latter from tlie former we get in case of spherical black 
and bright bulbs, in which case p=i, 

(3) I=K/a6i(m6«-^'—1) 
in which, by (96), § 99, 

(4) K= ^ = , ^^ =4:B(l—m)c 

P—P, 1— 4p, 

In this expression of K the value of c would be given by (96) if the 
value of Pi were known ; but for reasons given in § (93) this differs for 
different bright bulbs, and the data upon which its value depends are 
too uncertain for its accurate determination. The value of, c therefore, 
must be determined from observations for each pair of black and bright 
bulb thermometers, by means of (95), each observation of the quantities 
6, 6„ and ^'.in this equation giving an equation of condition from which c 
can be determined by the method of least squares. 

By comparing (2) with (3) it is seen that 6, in the latter takes the 
place of 6' in the former, and therefore the latter form of expression 
has the advantage of having the temperature of the bright bulb, 6' 
which can be easily and accurately observed, while the other contains 
instead the temperature of the inclosure, 6*', which can only be obtained 
by ventilating it and observing the air temperature. In the latter ex- 
pression, however, there enters the unknown constant c, to be deter- 
mined, in the manner just stated, from observation. In this constant 
are included the uncertain value p„ and also the value of m, in (96), § 
99. The Arago-Davy actinometer, therefore, is a very convenient ap- 
paratus for obtaining data with which, by formula (3), not only the true 
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relative, bat likewise the absolute, intensity of solar radiation may be 
deduced. 

It should be borne in mind, however, that the intensity obtained by 
means of this apparatus, as well as by the black-bulb thermometer in 
vacuo simply, is that of both the direct rays from the sun and of the 
rays reflected back from the atmosphere, that is, of the whole heat ' 
coming both directly and indirectly from the sun to the earth, while 
the intensity measured by the dynamic actinometers is that of the direct 
rays only, with generally the reflected rays from a small part of the 
sky in the vicinity of the sun where this is not completely cut off by the 
screen. The intensities, therefore, given by the static actinometers 
should be & little greater than those given by the others. 

298. With two or more values of I, either by the dynamic or the static 
methods, at times suitably chosen, (101), § 50, furnishes as many equa- 
tions of condition for determining the solar constant A and the diather- 
mancy constant p. The times of observation should be so selected as 
to have a considerable range of altitude of the sun, or of the values of 
€ in the formula. The value of c in that formula being supposed to be 
known, two observations are sufflcient to determine A and^, but it is 
best to have hourly or half-hourly observations from morning until 
evening of a very clear day, in which the state of the atmosphere may 
be supposed to remain very nearly the same all the day. 

As (101) is not a linear expression, it is necessary, where a number 
of equations are formed to be solved by the method of least squares, to 
first assume approximate values of A and p, such that the squares and 
higher powers of the corrections to these assumed values may be neg- 
lected in forming linear equations for the determination of these cor- 
rections. 

If in (101), § 50, we put 

(5) I=li+dl A=Ai+dA p=Pi+Sp 

we get by development and neglecting squares and higher powers of 
dA and 6;p, and also the correction in the last very small term in (101) 
depending upon dp, 

(6) I=Ai(_pi'-l-.02£(ird)j,/-' dI=pi'3A+AiSVi~ dp 

But it may happen sometimes, where observations are made at given 
regular intervals during the whole or a greater part of the day, that 
Iheie is a gradual change in p, and such that the cha,nge may be re- 
garded as being proportional to the time, so that the whole of the ob- 
servations, on that account, cannot be represented by (101). We should, 
therefore, have not only the correction due to the assumed value of p, 
but likewise that due to the gradual change in the diathermancy of the 
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atmosphere. Instead of 6p above, therefore, we should have to intro- 
duce dp+t6'p, that is, an additional term in the correction of j) propor- 
tional to the time t. The preceding expression (62) would then become 

(7) dl^pi' 6A+Ai£p'-''6p+AiEpx' —^rS'p 

The values of Ji being computed by (61) which satisfy the assumed 
values of Ai and jJii-with the residuals, or differences between these and 
the observed values of I, that is, with the values of SI, are formed from 
(7) as many equations of condition for determining the corrections dA 
and Sp of the assumed values of A and p, and also 6'p. At least three 
equations are necessary for this purpose, but it is best to have more 
and to solve by the method of least squares. 

Where there are no apparent differences between the observed values 
of J for equal altitudes of the sun during the forenoon and afternoon, 
or where a regular series of hourly or half-hourly observations are made 
through the day, so that forenoon and afternoon observations can be 
combined, thus eliminating the effect of a change of diathermancy, the 
last term in (6) can be neglected. Where first assumed values are such 
that the corrections required are large, a second approximation may be 
necessary. 

299. From these conditions the constants A and p have been deter- 
mined from two series of half-hourly observations made with the Arago- 
Davy actinometer, which, together with the different steps in the work 
and the results, are given in detail in Professional Paper ISTo. XIII. 
A similar work has likewise been done by Professor Winslow Upton 
with several series of observations made on the expedition to Caroline 
Island to observe the solar eclipse of May 6, 1883,ii with an Arago-Davy 
actinometer constructed by Mr. Green. In all these it is shown that 
the expression of (101), § 50, satisfies the observations with small resid- 
uals, at least where forenoon and afternoon observations are combined, 
so as to eliminate the effect of changes in the diathermancy during the 
day. The values of the constants are also satisfactory, the value of 
A obtained being only a little greater than those obtained by Crova 
with his dynamic actinometer, and those which would be obtained 
by Herschel's and Pouillet's if the observations were made by reject- 
ing the first minute of exposure after reversals from sunshine to shade, 
and vice versa, as Crova did. Of course the value of p differs for 
different states of the atmosphere and is only a constant while this 
remains the same. The value of c in (4) was first determined from 
special observations by means of equations of conditions ibrmed from 
(95), § 99, for each pair of the thermometers, and the value of B was 
that determined by Pouillet from the experiments of Duloug and Petit. 

It is readily seen from an inspection of the equations of condition 
that they are not favorable for an accurate determination of these con- 
.stants, since the two constants ^iro somewhat complementary to each 
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other, that is, the conditions for all altitudes can be satisfied nearly as 
well by a considerable increase of the one and a corresponding decrease 
of the other, or vice versa. Hence somewhat discordant values of A 
are always obtained from different equations of condition, with pretty 
large probable errors where the constants are determined by the method 
of least squares from a number of such equations. 

The value of the constant B adopted in the formulae (4) must be re- 
garded, for reasons given in § 76, as somewhat uncertain and only ap- 
proximate. It has also been assumed that the amount of solar heat re- 
flected and observed by the glass inclosure is equal to that of its own ra- 
diations reflected back to the thermometer from the glass inclosure, both 
being about the one-tenth part. Both these require special and accu- 
rate experiments for their accurate determination. More experiments 
are also required upon the rate of cooling, such as those of Dulong and 
Petit, to determine whether different values of the constant B may not 
be required for very slight differences in the tension of air where there 
is very nearly a perfect vacuum. Different black-bulb thermometers 
■ do not give exactly the same indications, in some cases the differences 
being considerable. This may be due to imperfect lamp-black coatings, 
or a more nearlj' perfect vacuum in some cases than others. 

If, however, these uncertainties and imperfections cannot be deter- 
mined and overcome directly, so as to make the indications of the static 
actiuometers as reliable as those of the dynamic, it does not at all im- 
pair their value. In the expression of (3) there is only one constant to 
be determined, assuming that the value of /(, as obtained by Dulong and 
Petit, must hold through the short range of temperature observations 
required in aftinometric measures. The value of this constant being 
so determined as to make the indications of any pair of thermometers 
in the Marie-Davy actinometer agree with the intensities of solar radia- 
tion determined by dynamic actiuometers, or in any other way, then this 
very convenient apparatus can be used instead of the others, which are 
comparatively very inconvenient, just as the psychrometer is used, on ac- 
count of its convenience, instead of the comparatively very inconveni- 
ent dew-point and volume hygrometers. Or the value of B in (4J may 
be determined for the black-bulb thermometer by observing its rate 
of cooling in situ, that is, within the glass envelope, and then c and m 
being determined from observation as already explained, the value of 
K becomes known for any pair of thermometers. By this method any 
imperfection of the lamp-black coating, the effect of reflected rays from 
the inclosure back again to the radiating bulb, or conduction of heat by 
the stem of the thermometer, or imperfection of vacuum, unless it should 
affect sensibly the value of //, is taken into account. The solar intensity 
then given by the actinometer should be that which penetrates through 
the glass inclosure to the bulbs* to which must be added the intensity 
lost in passing through the glass- This can be determined, at least 
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approximately, by observing the effect upon the indication of a black- 
bulb thermometer in calm air of a similar plate of glass interposed be- 
tween the thermometer and the sun. 

Retard of thermometers. 

300. lu all observations with either the black bulb in vacuo or the 
Marie-Davy actinometer, an account must be taken of the retard, as 
given by (84), § 91. This for a black-bulb of 1°" in diameter and mean air 
temperature of 30°, we have seen, § 91, amounts to 6.8 minutes, and for a 
bright bulb of the same diameter and for the same mean air tempera- 
ture, it is greater in the ratio of unity to the radiating power of glass, 
that is, § 77, of 1 to 0.83. In the case of the bright bulb, therefore, 
it would be about 8 minutes. This, in the gradual diurnal change of 
normal temperatures, does not have much effect upon the indications of 
the thermometers, especially Eft and near the time of the maximum di- 
urnal temperature, the effect being greatest in the forenoon and after- 
noon when the rate of change of temperature, either increasing or de-. 
creasing, is the greatest. But in the rapid changes of temperature of 
very short periods the indications of all static actinometers are not re- 
liable, since they are based upon the assumption of a sensibly static 
equilibrium of temperature, which does not take place in the case of 
rapid changes of temperature, except at and near the times of ninxima 
and minima. In the case of very sudden abnormal chsuiges, therefore, 
as where the sun is partially or wholly obscured at times by clouds, the 
indications are not reliable until a considerable time has elapsed alter 
the end of the obscuration. ^ 

An example of the effect of the retard in case of great changes of 
intensity within a short period is afforded by the intensities of solar ra- 
diation given by observations made by Professor Upton on Caroline Isl- 
and during the total eclipse of the sun on May 6, 1883." The following 
table contains the intensities deduced from observations made at the 
times given during the eclipse, and also for a certain number of times 
before and after total phase, determined approximately, so that corre- 
sponding phases of the eclipse before and after central totality shall have 
equal portions of the nneclipsed radiating disk. The corresponding in- 
tensities for these times are obtained, as well as possible, from the 
others by interpolation. Unfortunately small clouds passed over the 
sun's disk at times, which caused some irregularities in the intensifies, 
and these also gave rise to uncertainties in the interpolations. The 
clouds noted are at 10.40 and 11.05 to 11.20 inclusive ; at 11.46, 12.10 to 
12.25 inclusive; 12.50 and 13.05. Some of these, however, do not seem 
to have affected much the regularity of the results. 
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Time. 


pbserved 
intensity. 


Time. 


Observed 
intensity. 


Time. 


Interpolated 
inttbsity. 


Time. 


Interpolated 
intensity. 


ft. m. 




h. m. 




h. m. 




h. m. 




10 5 


1.B8 


11 45 




10 4 


1.56 


11 35 


0.00 


10 10 


1.58 


50 


0.07 


11 


1.52 


43 


0.09 


15 


1.54 


55 


0.16 


18 


1.45 


51 


0.20 


20 


1.49 


12 


0.21 


25 


1.34 


12 


0.36 


25 


1.46 


5 


0.29 


32 


1.11 


8 


0.45 


30 


1.38 


10 


0.43 


39 


0.85 


17 


0.63 


35 


1.30 


15 


0.48 


47 


0.83 


26 


0.94 


40 


1.10 


20 


0.39 


54 


0.76 


35 


108 


45 


0.80 


25 


0.69 


11 2 


0.58 


44 


i.26 


60 


0.85 


30 


0.84 


10 


0.47 


53 


1.39 


55 


0.84 


35 


0.99 


18 


0.23 


13 2 


1.46 


11 00 


0.79 


40 


1.08 


26 


0.10 


11 


1.53 


5 
10 
15 


0.69 
0.57 
0.48 


45 
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55 


1.07 
1.24 
1.31 


35 


0.00 


20 


1.56 


Snms- 
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10.95 


20 


0.49 


13 00 


1.38 
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0.20 


5 


1.46 










30 
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10 


1.44 










35 
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20 


1.49 










40 




20 
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The beginning, middle, and end of the eclipse were at the times 10'' 4"", 
ll'^ 35", and 13'^ 20™, respectively. The timies given in the last columns 
before and after the middle of the eclipse represent the corresponding 
times of equal phase, before and after, as nearly as they could be ob- 
tained from the times of beginning, middle, and end simply. By cor- 
recting the observed inteijsities for a retard of 7.5 minutes, it is seen 
that the sums of the intensities before and after the middle of the eclipse, 
and corresponding to equal phases of the eclipse, are very nearly equal, 
being 10.80 and 10.95, respectively, showing that there was sensibly a 
retard in the indications of the thermometer of that amount of time. 

As the intensities depend upon the differences of the indications of 
the two thermometers, the greater retard of the bright thermometer in- 
creases the effect and so diminishes the retard in the intensities in the 
ratio of 1 : 0.83. Hence in the case of bulbs l*" in diameter the retard 
in the intensities should be e.S-^x 0.83=5.6". 

The estimated diameter of the bulbs in the actinometers used in the 
observations during the eclipse is 1.2"" and the air temperature very 
nearly 30°. Hence the amount of the retard in the intensities in this 
case should be 6.7", being, where the air temperatures are the same, by 
(84) § 91, in proportion to the diameters. 

The retard of the thermometers is important, not only in static acti- 
nometers, but likewise in air thermometry, unless the thermometers 
are ventilated. Where thermometers are exposed in the open air, of . 
course the effect is less, but even then it is often considerable where 
there are sudden and rapid changes and the air is very calm. The 
thermometer does not follow closely after these changes. 
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It has been shown that the feffect of ventilation is the same as that of 
an increase of radiating power, and that its effect is shown approxi- 
mately in all cases by putting (r+Tcv) instead of r simply, v being the 
velocity of ventilation and & an unknown constant. With this change 
in (84), § 91, it is seen that the effect of ventilation is to decrease the 
amount of retard B, and that when v is infinite B vanishes. The re- 
tard, therefore, can be made to sensibly vanish by ventilation where 
the thermometers are exposed in the air and not in vacuo. 

Mygrometry. 

301. The amount of aqueous vapor in the air varies very much in 
different places at the same time, and in the same place at different 
times. The range of variation may be from almost perfect dryness up 
to a state of saturation, which, according to Table X, may amount in 
very warm climates to one-twentieth or more by volume of the atmos- 
phere. The general problem of hygrometry, according to Eegnault, 
"consists in determining the quantity of aqueous vapor existing at auy 
time in a given volume of air, and the relation between this quantity 
and that which air would have if it were perfectly saturated." 

There are several methods of determining the tension of the aqueous 
vapor of the air and the fraction of saturation. It may be doue chem- 
ically by weighing the quantity of humidity which is absorbed from a 
given volume of air passed through tubes which leave it perfectly dry. 
They are also obtained with some less degree of accuracy by the well- 
known dew-point hygrometers of DanielP^ and Eegnault." More re- 
cently, also, Schwackhoffer's volume-hygrometer'^'^ has been used, which 
is said to give very satisfactory results. By each of these methods the 
amount of aqueous vapor in the air at any time can be pretty accurately 
determined, and one of them should be used in all kinds of physical 
research where great accuracy is required, but they are all too incon- 
venient and expensive to be used in the daily observations of the hy- 
grometric state of the atmosphere. 

A far less accurate means of determining the hygrometric state of 
the air is founded upon the indications of hygrometers formed of organic 
substances which are lengthened by humidity. Of these, the most 
noted is Saussure's hygrometer,^' the indications of which depend upon 
the expansibility of hairs with increase of humidity when they are well 
cleaned and prepared by a certain chemical process. Regnault'^ made 
a great many comparisons of these instruments, in some cases of instru- 
ments made with hairs prepared in the same way, and in others of 
instruments made by different persons with hairs prepared in different 
ways, to see if they were comparable. The conclusions at which he ar- 
rived are, "that hygrometers constructed with hairs of the same kind, 
divested of grease in the same operation, do not exactly keep pace, but 
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that, nevertheless, they do not differ so much in most of the observations 
as to be regarded as not comparable." He also found that hygrometers 
constructed with hairs of different natures and prepared in different 
manners may present very great differences in their indications, even 
when their fixed points agree. This hygrometer, therefore, is not now 
used in meteorological observations or for any purpose where accuracy 
is required, at least unless it is very frequently compared with some 
standard, but it is convenient and useful in hospitals and hygienic 
institutions to indicate approximately the humidity of the air. 

303. The wet and dry hulb hygrmometer, usually called the psychrometer, 
and first suggested by Gay-Lussac, although not of very great accuracy, 
is now mostly used on account of its convenience in the ordinary daily 
observations of the hygrometric state of the air. Subsequently M. 
August," a German physicist, investigated this question and ijublished 
several interesting memoirs, in which he sought to establish upon the- 
oretical x^rineiples the formula according to which may be calculated 
the tension of aqueous vapor existing in the air from the temperatures 
indicated by the dry and moist bulb thermometers in the air. The funda- 
mental hypothesis adopted by M. August in his theory was that all the 
air which supplies heat to the moist thermometer falls to the temperature 
indicated hy the latter, and is completely saturated with humidity. 
Let 

t, t'—the temperatures, respectively, of the dry and wet bulb 

thermometers ; 
/' = the tension of aqueous vapor in saturated air of tempera- 
ture ii'; 
X = the tension of vapor in millimeters existing in the air ; 
H= the height of the barometer. 

The formula obtained by M. August is 

m 0.558(^-^0 

(1) ^-J - diO-t' ^ 

This formula was subsequently changed by Eegnault, by adopting 
more accurate values of the ijhjsical constants used, to 

^, 0.42m- 1')„ 

(2) '^^f- 610-t' ^ 

Eegnault, however, thought that August's fundamental hypothesis 
was not strictly correct, and thought it more prudent to employ theo- 
retical considerations only in the investigations of the form of the func- 
tion and to determine afterwards the constants by experiments made 
in fixed conditions. 

From numerous comparisons with the formula of results obtained by 
himself by weighing the amount of vapor absorbed from the air, and 
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also of results obtained by M. Mari6 and M. Izarn witb a condensing 
hygrometer, the former at St. Etienue under a barometric pressure of 
705°™, and on Mount Pila under a pressure of 655""", and the latter 
in the Pyrenees, he found that if the numerical coefficient 0.429 were 
changed to 0.480, the formula would represent all the observations best. 
Hence the formula, used mostly up to the present time, 



(3) CO 



0.480 (<— f ) „ 
—J fiin *' 



610— t' 



This coefficient gave almost a perfect coincidence between the calcu- 
lated results and those found by direct weighing where the fractions of 
saturation exceeded 0.40, but for weaker fractions of saturation the 
vapor tension given by the formula was found to be too large. 

For freezing temperatures the denominator in the last term became 
by the theory 689 — i', since 79 heat units are required to melt a unit 
by weight of ice, and consequently 689 — V to convert ice to vapor of 
temperature V. 

Putting the preceding formula into the form, 

(4) x=f'—A{1r—t')M 

Eegnault gives in his second memoire" the results of many experiments 
made under different circumstances, and the determination of the value 
of the constant A in this formula which gave the best, agreement be- 
tween the formula and the experiments under the different circum- 
stances. These were as follows : 

In a closed room of 100 cubic meters 0. 00128 

In the large amphitheater of the College of France ■vrith the windows closed. 0. 00100 

In the same with two opposite windows open 0. 00077 

In a large square paved court of the college 0. 00074 

In a long court planted with trees 0.00100 

In the same, with psychrometer in sunshine 0. 00090 

With the wet-bulb thermometer below zero 0. 00075 

M. Angot" has determined the values of A in the same formula from 
3,388 comparisons of the psychrometer and condensing hygrometer for 
temperatures of the wet-bulb thermometer above 0°, and from 282 
when the same thermometer was covered with a coat of ice. These 
comparisons were mostly of observations made at the lower station of 
the observatory of the Puy-de-D6me, altitude 390™, but 205 were made 
at the summit station, altitude 1,470"", for temperatures of V above, 0°, 
and 27 for temperatures below 0°. 

In classifying the results for different ranges of the value of (f — t') in 
the formula, he found that the value of A in the formula required to 
satisfy the observations decreased as {t — t') increased. These values 
of Jl ranged from observations made at Paris from 0.000947 for {t — 1')= 
3.40 to 0.000786 for {t—t')=ll3°, and at the lower station of the Puy- 
de-D6me from 0.001022 for (/— i')=0.53o to 0.000705 for {t—t')=&.ll°. 
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Prom a comparison of the results given by seven psychrometers with 
those of DanielPs dew-point hygrometer, in a series of 36 experiments, 
Kaemtz^" obtained for the average of the constant, when the formula is 
put in the form, 

(5) x=f-'a{t- 1') 

a=0.6527. This gives for the preceding form (4), A=0.000806. 

303. It is seen from the differences of the preceding values of A with 
closed and open windows, that the value of this constant required for air 
at rest is much greater than in the case of air in motion. Even before the 
time of Eegnault's researches Belli^' had shown that the indications of 
the psychrometer depend very much upon the velocity of the wind, 
especially where this velocity is small, but less where the velocity is 
greater, and that they become nearly independent of the variations of 
the velocity where it is very great. 

He subsequently devised a psychrometer in which the dry and wet 
cylindrical reservoirs were placed in a tube through which a current of 
air was drawn by means of a bellows. The air first passed over the 
dry and then the wet reservoir. A very ingenious part of the arrange- 
ment was to have the wet cylindrical reservoir surrounded by a larger 
cylindrical tube which was covered with a wet cloth in the same manner 
as the thermometer, so that it cooled down by evaporation to the tem- 
perature of the wet thermometer. Hence there was almost a complete 
inclosure around the wet cylindrical reservoir of the same temperature, 
and consequently all effect of radiation from a warmer inclosure was 
cut off. 

The values of A required for sling and ventilated psychrometers are 
found to be in all cases smaller than 0.0008, which has been generally 
used, and which may be supposed to be the value required for the aver- 
age of all degrees of ventilation in observations at different times and 
under different circumstances. M. L. Doyhre^' Las obtained from 21 
experiments in the shade the mean value of JL =0.000687. These experi- 
ments were made at temperatures ranging from 11° to 28°, and hence 
none of them at low temperatures. The values of (t—f) ranged from 
1° to 10°. The experiments in the sunshine gave in all cases values 
greater than this. . Hence he concludes that the psychrometer should 
be slung in the shade, where not only the direct, but likewise mostly 
the reflected, solar rays are cut off. 

The most important experiments in determining the relations between 
the values of the constant A and the velocity of ventilation have been 
made by Sworykin.^' 

The comparisons of the ventilated psychrometers were made with a 
volume-hygrometer of Schackhoffer and one of Alvord's condensation- 
hygrometers. The following table contains the values of A, determined 
from these comparisons, for two hygrometers with different kinds of 
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reservoirs, correspondiog to each of tbe wind velocities contained in 
the first column : 



Velocity of wind — meters 
per second. 


Values of A for a psychrometer witb^ 


Spherical bulb lO"" 
in diameter. 


Cylindrical bulb S"" 

in length and 4»" 

in diameter. 


Observed. 


Compnted. 


Observed. 


Computed. 


0.0 




0. 001658 
. 001084 
. 000933 
. 000856 
. 000810 
. 000780 
.000711 
. 000686 
. 000673 
. 000664 
.000658 
. 000647 
. 000630 




oo 
0. 000893 
. 000785 
. 000741 
. 000715 
. 000699 
. 000677 
. 000659 
. 000648 
.000644 
. 000643 
. 000637 
. 000630 


0.2 


0. 001120 
. 000920 
. 000845 
. 000800 
. 000774 
. 000712 
. 000687 
. 000673 
.000664 
. 000656 


0. 000854 
. 000767 
. 000730 
. 000713 
. 000700 
. 000670 
. 000657 
. 000046 
. 000642 
. 000640 


0.4 


0.6 , 


0.8 


1.0 


2.0 


3.0 


4.0 


5 0. 


6.0 


10 















These numbers are read off from the graphical representation of his 
results. Those for the psychrometer of smaller reservoirs are read from 
the broken-line curve, which, ou account of its greater analogy to that 
of the other psychrometer with large spherical reservoir, is supposed 
to represent the most probable values of A. 

For the computed values of the table the formulae of (13) and (17), 
§ 304, in the case of the spherical bulbs, and (13) and (19) in the case 
of the small cylindrical ones. 

From this table it is seen that the value of A is comparatively very 
large for small wind velocities, and the changes of value for given 
changes of velocity very great. Consequently there is great uncertainty 
in any results obtained with an unventilated psychrometer with the air 
very nearly at rest, since a change from 0.2 to 0.4™ per second changes 
the value of A required in the formula about one-fifth part. With a 
large ventilation, however, a little variation in the velocity of the wind 
has comparatively very little effect, and there is evidently a limit to- 
ward which the value of A tends beyond which it cannot go, even with 
infinite ventilation. 

It is also seen that different bulbs require different values of A, 
and this is especially the case when there is little ventilation. As 
ventilation is increased the values of A required for the two kinds of 
bulbs seem to approximate to the same limit, below which they can- 
not go, and consequently to approximate to each other. In a well- 
ventilated psychrometer, therefore, the uncertainties arising from dif- 
fering velocities of ventilation, as well as those from differing sizes and 
shapes of the bulbs, both, in a great measure, disappear. These ex- 
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periments, of which the resalts are given in the preceding table, were 
made at temperatures from 15° to 20°, and with ranges of (*— t') from 
5° to 8o. 

304. The psychrometer formula, although originally deduced theo- 
retically by M. August from his adopted hypothesis, § 302, has been 
regarded mostly as an empirical formula, if not in form, at least in the 
value of the constant A. But since the theoretical researches of Max- 
well,^ and the theoretical and experimental researches of Stefan,^* in 
the kinetic theory of gases and their interdififusion, the formula can be 
placed more upon a theoretical basis. Based upon the theory of the 
conduction of heat and interdiffusion of gases, as deduced from the 
kinetic theory of gases, the fundamental principle now, instead of that 
adopted by August, is, that as much heat must be received by the wet 
bulb by conduction from the air and by radiation from its inclosure as 
is necessary to supply the latent heat of evaporation to the aqueous 
vapor as it flows away by diffusion. The rate of conduction of heat to 
the wet bulb depends upon the gradient of decreasing temperature be- 
tween the general temperature of the air and that of the wet bulb, and 
the rate of diffusion of the vapor depends upon the gradient of decreas- 
ing vapor tension between the surface of the wet bulb and that of the 
surrounding air. It is evident that both these gradients depend upon 
the temperature of the wet bulb, for the higher this is the smaller is 
the temperature gradient and the greater the vapor-tension gradient. 
The temperature of the wet bulb, therefore, must be such that the tem- 
perature gradient, with the known coefficient of conduction, will supply 
as much heat to the wet bulb as is required to supply the latent heat 
of evaporation to as much vapor as can flow away, with the known dif- 
fusion constant, by virtue of the vapor-tension gradient, which also de- 
pends upon this temperature. 

In the theory of the psychrometer let us put 

B'=the rate with which heat is conducted to the wet-bulb ther- 
mometer; 

Q=the rate by volume with which aqueous vapor is diffused 
through the air; 

ft = the rate with which heat is received and absorbed by the 
wet-bulb thermometer from the radiation of its inclosure 
above what it radiates ; 

r=radial distance from the center of wet bulb; 

P=the pressure of the air ; 

jp=the tension of the aqueous vapor; 

^=the air temperature; 

ro=the value of r at the distance at which the temperature and 
vapor tension are not sensibly disturbed by evaporation; 

ri=the values of r at the surface of the bulb; 
2)„,i)i=the values ofj) at the distances »'„and r^ respectively; 
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Ba, ^i=the temperatures at these distances respectively; 

a=the sectional area through which conduction and diffusion 

takes place; 
/S!=the specific heat of air; 
/o=the normal density of dry air; 

<r=the relative density of aqueous vapor compared with dry air; 
Z(=the heat of evaporation. 
For the rate with which heat passes through the sectional area a, we 
have 

in which K is the constant of conduction, that is, the rate with which 
the heat passes when the sectional area a is unity, and the temperature 
gradient I>^6 is unity. 

As in the case of the flow of liquids and gases, so in this case, the 
condition of continuity must also be satisfied. In the case of a spher- 
ical bulb the value of a is the surface of a sphere of radius r, and hence 
we have 

(6) a=4;rr* 

Substituting this value of a in the preceding expression of H, and 
integrating from r=r„ to y=ri, we get 

- (7) M=i.7tK-J^[e,-e,). 

According to the theoretical researches of Stefan in the diffusion of 
gases and in evaporation, we have 

in which J) is the diffusion coeflacient of aqueous vapor through air. 
Substituting for a its value iu (C) and integrating as before, we get 

(8) g=_4;r7>-^:i^log|=^=4;ri)Iiro-^l=^ 

the latter form being obtained from the preceding by developing the 
logarithm by a well-known formula, and neglecting quantities of the 
order of ^„ and Pi in comparison with P„. 

The rate with which heat is received by the wet bulb by radiation 
from its inclosure in excess of the heat radiated from it, for each unit 
of surface of the wet bulb, is, § 76, Be (//»■ — ;u«») in which the relative 
radiating power of the wet bulb is here denoted by e. We shall there- 
fore have for the whole surface of the bulb, which by (G) is 4,7tr^, 

(9) li=aBe {ix»<'—jJ^)=4.nr,^BexMl'!e^ (9,-6,) 

In this expression it is assumed that the inclosure is perfect and of 
the temperature of the surrounding air, which is not strictly the case 
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where the wet bulb is exposed in the open air ; for a perfect inclosure 
is one from which the body receives with a static temperature as much 
heat by radiation and reflection from its surroundings as it radiates, 
which, we have seen, § 86, is not the case where some of the radiated 
heat passes out into space. In such a case the value of ^„ required in 
(9) is a little less than the air temperature. 

In cloudy weather, however, or where there is a screen between the 
wet bulb and the clear sky, the value of 6^ required is that of the air 
temperature and other surroundings, or rather the average where they 
are of different temperature. 

The rate of loss of heat by the wet bulb, being the latent heat of evap- 
oration in the aqueous vapor which is diffused away from it, is LpoQ. 
Hence by the fundamental principle of the diffusion theory of the psy- 
chrometer, given above, we have 

(10) LpaQ=H+h 

This equation, by means of (7), (8), and (9), becomes, 

PK{e,—e,) . ■0077/^ft-Ber,(yo— rO(go-gO 
JJi— i>o- i,p^j) + LpaDr^ 

in which the last term expresses the effect of radiation. This may be 
put into the following form: 

(11) p,=p,—A{e,-e,)P 

in which 

(12) K'=fg 

.OOllBe . ^(n— »"i) 



c= 



pSD 



According to Eegnault (y=0.622 and i=606.5— 0.695^i, neglecting 
the terms of the higher powers of 0i , since their value in psychrometry 
is always small. According to Stefan, D=0.18 and Z^=0.0000o5; 
and hence, with the known values of p=0.00129276 and iS'=0.2375, we 
have E'=0.18. We can also put /i«' = 1 + .007 7 ^,. 

The values of K' and B in (12i) are not independent of the temper- 
ature, but both, by the kinetic theory of gases, increase with increase 
of temperature, but neither the theory nor observation gives certainly 
the law of increase, but they seem to indicate that the rate of increase 
with increase of temperature is greater for D than for E and conse- 
quently K'. The value of J., therefore, on this account would decrease 
a little with increase of temperature. The value of L is also a function 
of the temperature which makes the value of A increase with increase 
of temperature. Both these effects are very small and tend to coun- 



388 EEPOET OF THE CHIEF SIGNAL OFPICEE. 

teract each other, and we shall therefore assume that A is independent 
of temperature. And this was indicated, by Sworykiii's experiments. 

With the preceding values of the constants, neglecting the temper- 
ature term in that of X, we get from (12) 

(13) A = 0.000630 [l+c(l + .0077«i)] c = 2.66e ^'^^°~^'^ 

The part of the expression of J. depending upon c, arising from radiation, 
is in proportion ^o the relative radiating power of the thermometer 
bulb, which, where covered with wet muslin, is perhaps but little below 
unity. 

Where the temperature of the wet bulb is below zero, the heat of 
liquefaction, 79.25°, must be added to that of the evaporation of water 
in order to have that of the evaporation of ice, and then we have 
L — 685.75 — 0.6956'. With this value of L instead of the preceding, 
omitting the part depending upon 6i for reasons already stated, we get 

(14) A=0.000557[l+c(l+.0077^i)] 

The value of A, however, required to satisfy the experiments with 
temperatures of the wet bulb below zero in Sworykiu's experiments 
were apparently the same as in the case of the temperature above zero, 
but the values of (t— t') in the former are always so small, and consequently 
the probable errors of A so large in any experimental determination of 
it, that it would require a good many experiments to show decisively 
that the value of A in the two cases should be the same. According 
to the diffusion theory of the psychrometer they cannot be so. 

In a perfectly quiet atmosphere the temperature and vapor-tension 
gradients would extend to infinity, though they would sensibly vanish 
at a finite and not very great distance from the wet bulb. In this case, 
therefore, the expression of c becomes 

(15) c=2.66e»-, 

305. If we had a wet bulb with cells of small depth over its surface 

• similar to those of a honeycomb, as represented in section by 
the adjacent figure, and the bulb was subject to ventilation, 
then the gradients would extend only to the mouth of the 
cells, and the preceding conditions, both of those depending 
^°- upon the gradients and that of continuity, would hold from 
the surface of the bulb or bottom of the cell to its mouth, and in this 
case, therefore {n—ri), would become the depth of the cells. At the 
mouth of the cells with ventilation the air would have the temperature 
and humidity of the air generally. The cells would be similar to those 
used by Stefan in his experiments in evaporation, and the laws of ac- 
tion would be the same, the heat required for the evaporation being 
conducted into the bottom of the cell by the temperature gradient, and 
the vapor, as fast as formed, diffused out by means of the vapor-tension 
gradient. 
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In the case of ventilation without such an arrangement, the condition 
of continuity (6) would not hold, since heat wojild be supplied and va- 
por carried away by ventilation at all distances from the surface of the 
bulb, and the rate of flow would depend only in part upon the gradi- 
ents of temperature and vapor tension. We may, however, suppose 
that the eflfect is the same as would take place in case of cells of some 
unknown depth, and that in all the varying velocities of ventilation 
this unknown depth is inversly as the velocity of ventilation. If we 
therefore put in (ISa) 

(16) ■ 7<;=2.66e(ro— ri)v 

k will be a constant, but unknown because the value of (ro—r^) is un- 
known. With this ^182) becomes 

(17) e=^ . fe— 2.66erifc„ 

To' V 2.66gr,'y-f A; 

If the theory and the preceding hypothesis are correct a value of 1c and 
corresponding value of c can be found, which in (ISJ will give the ob- 
served values of A for each of the different velocities of ventilation in 
the table of § 303. It is seen from the expression of A that there is 
a small term in the effect due to radiation depending upon the temi)er- 
ature dy Assuming that this for the average temperature of the ex- 
periments is 150, we get (I + .0077 6*1) =1.1 15. With this value in (13,) 
if we assume in (17) A;=0.25, and with the value ri=0.5, we get the com- 
puted values in the table of § 303 for the psychrometer with the large 
spherical bulb. The first of the computed values is given, by (13,) with 
the value of c obtained from (15), or from (17) by putting v=0. 

306. In the case of a cylindrical bulb of infinite length, and ap- 
proximately where it is so long that the area of the surface of the ends 
can be neglected in comparison with the whole surface, instead of (6) 
we have 

(18) a=27irl 

in which I is the length of the bulb, r being the radius as before. 
This for the surface of the cylindrical bulb becomes a=27rril. The 
first of these values of a being substituted in the differential expres- 
sions of A and Q, which give (7) and (8) by integration, and the latter 
value in (9), and proceeding precisely as in the previous case, we get 
the expression of (13i), but instead of {ISz) we get in common logarithms 

(19) c=?^'log^=0.612rilog!i 

'' ■' M n To 

Adopting here also the hypothesis of (16), and assuming in this case 
/c=0.11, we get from (16) the values of (ro— n) and also the values of 
(j-j.-ri), for the smaller psychrometer in the preceding table with the 
cylindrical bulb, in which ri=0.2. With the values of e in (19) ob- 
tained with these values of (roiri) and the previous assumed value of 
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l+.0077(9i=1.115, (13i) gives the computed values of A in the table of 
§ 303. These computed values, as in the previous case, agree very well 
with the experimental ones of the table, for these latter, from the few- 
ness of the experiments and their nature, have necessarily considerable 
probable errors, especially for the small velocities of ventilation. 

307. From the preceding results it is seen that with the values of c in 
(13ii) in the case of spherical bulbs, and in (19) in the case of cylindrical 
ones, obtained upon the hypothesis of (16) with a proper value of the 
constant Jc, (13i) gives very nearly the values of A for the different ve- 
locities of ventilation. Hence with a value of k determined for any one 
given velocity, the value of A becomes known for all others. We have 
seen, however, that very different values of the constant fc are re- 
quired for the large spherical bulb and the small cylindrical one, the 
former requiring ^ = 0.25, and the latter, fc = 0.11. It is also probable 
that bulbs of different sizes of the same kind would require different 
values of Z:, so that each kind, and also the different sizes of the same 
kind, require Jc to be determined by experiment for some one value of v. 

Since the value of c in (13) depends upon radiation from the warmer 
inclosure of the wet bulb, and its value varies with different amounts 
of ventilation, with an arrangement like Belli's, § 303, all these effects 
would be cut off and the same value of A would be required for all 
degrees of ventilation, and this value would be that required in the 
case of infinite ventilation. The only advantage of much ventilation 
then would be to quickly reduce the temperature of the wet bulb to its 
static state. 

The expression of A (12), if we put £^'=I> according to Stefan's experi- 
ments, and neglect the term depending upon radiation, is the same as 
that deduced by August from his assumed hypothesis, § 302, neglecting 
very small effects in his expressions. It is, therefore, on the merely ac- 
cidental agreement of the values of K' and D that August's theory, with 
the improved constant of Eegnault, gave results according very nearly 
with observation and with the diffusion theory of the psychrometer. 
According to this theory, also, August's fundamental hypothesis, is 
not correct; for since by this theory, heat is conducted to the wet 
bulb by means of a temperature gradient, and the aqueous vapor is 
diffused away by means of a vapor-tension gradient, the temperature 
increases and the vapor tension decreases with increase of distance 
from the wet bulb, and as only the infinitely thin stratum of air in con- 
tact with the bulb is supposed to be saturated, the air at some distance 
• from it cannot be saturated, and so all the air which supplies heat to 
the moist thermometer is not completely saturated with humidity, as 
supposed in August's hypothesis. 

With other ratios between K' and D than that of unity, the numeri- 
cal coefiacient in (13i) would be different. For instance, if it were 0.77, 
supposed by Maxwell to be the probable value, this coefftcient would 
be 0,000482 instead of 0.000630. But it is readily seen from Sworykin's 
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graphical representation of the values of A for different velocities of 
ventilation,^^ as well as from the numerical values given in the table of 
§ 303, that no amount of ventilation would bring the value of A as 
affected by radiation down to this much smaller value. The experi- 
mental and computed values of A in the table, in the case of both 
psychrometers, approximate to the value of 0.000630 obtained from 
Stefan's values of K' and D, and so these experimental values are cor- 
roborated by Sworykin's experiments of a very different kind. 

Reductions of barometrical otservations. 

308. It is seen from (17) and (18), § 13, that there are three correc- 
tioDS to be applied to a barometric reading in order to get the true 
barometric pressure; the first depending upon the latitude A, the second 
upon the altitude h, and the third upon the coefiScient of the relative 
expansions of mercury and of brass, /3, where the barometer has a 
brass scale extending down to the base of the mercurial column. 

With the value of r' in (40), § 16, we get very nearly 

(1) "-^— =0.0000003(A— fe') 

in which h' is the value of h at the lower station, where it is not at sea- 
level. 
If we put 

/J'=the coefficient of the vertical expansion of mercury as read 
from a brass scale; 
Z=the coefficient of the linear expansion of brass; 
we shall then have 

(2) /^={/3-l) 

According to Eegnault, the coefficient of the expansion of mercury 
/J at the temperature of 15°, which is about a mean temperature in me- 
teorological observations, is 0.00017978. The error arising from adopt- 
ing the mean instead of the varying coefficient, even in extreme cases 
within the usual range of observations, is generally not more than 
0.02™™, and hence of no consequence. The coefficient of the linear ex- 
pansion of brass, according to Lavoisier and Laplace, is 0.00001878. 
Hence we get 

(3) /J'=0.000161 

which must be used instead of /3 where the readings are from a brass 
scale. If the readings were from a true scale without expansion, we 
should have 1=0, and /3'=:/3. 

With this value instead of /? in (18), § 13, we get for the reduced ba- 
rometer reading, or true barometric pressure, 

B 

(4) -^=(14..002606 cos 2;i)[1.0000003(A— A')](l-f .000161f) 

P' being the value of P at altitude h' 
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In this it is supposed that the standard temperature of the scale is 
0°. In English barometers it is 62° P.=16o.67 0. In this case it is 
necessary to subtract from the reading from a brass scale the expan- 
sion of the brass corresponding to 16.67°, which is 

(5) 16,67J5=16.67 x 0.00001878£=.000313B 

In English measures, with scale at standard temperature of 62° P., 
and h expressed in feet, by changing the numerical coefficients inversely 
as the units of measure and obtaining the term of (5), we get 

(6) p,^ ^-.000313^ 

[l+.002606cos2A] [l+.000000091(;i-fe')jx i 
fl+.0000895(«-32o)] ] 



[1 +.002606 cos 2A][1 + .000000091(71- A')] X » 
[l+.0000895(*-32O)][l+.000313] ] 

_ B 

~ [1+.002606 cos 2A] [1 + , 00000009 1 (^-/t')J X \ 
fl+.0000895(^-28.5o)] f 

By means of the tables in the appendix we get from this 

(7) log P'=log; 5-(Table IV+Table VI (Arg. A-7i')+Table VII) 

in which B is the barometric reading, uncorrected even for temperature. 

For sea-level and parallel of 45°, we have of course only the last table 
of (7'), belonging to the reduction to the temperature of 32° E., but in 
most cases all of these corrections have to be applied to the barometric 
reading to obtain the true barometric pressure at the place of observa- 
tion. 

In what precedes, it is assumed that we have a perfect barometer, 
with the scale so adjusted as to correct for capillarity, and needing no 
corrections for errors of graduation. 

309. Where barometric observations are made at different altitudes, 
they are not comparable with one another in the determination of hori- 
zontal barometric gradients until they are all reduced to the same level, 
which is usually that of sea-level, and the reduction is then called reduc- 
tion to sea-level. If the barometric readings have been already corrected 
as above for the variations of gravity with variations of latitude and alti- 
tude from the standard gravity of the parallel of 45° and of sea-level, 
and also for temperature, the practical formula for reduction to a lower 
plane of altitude h' is that of (49), § 18. The value of the first member 
having been computed, and the value of P being known, that of P' 
corresponding to the altitude h is readily obtained. In the case of re- 
duction to sea-level, we have A'=0. 
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The effect of the correction of P for altitude, however, can be conven- 
iently taken into the formula, and then it is only necessary to correct 
for latitude and temperature before using the formula Putting 

Bi=B corrected for latitude and temperature only but not for 
altitude, 
we shall have 

(8) log A=log ^-(Table IV+Table VII) 

and from (6) 

'2[h—h')-\ 2M{h—h') 



log P'=log 



^i--^,— ]=log-B,- 



in which, by (4) and (1) the last term is the correction of log P for alti- 
tude. With this value of log P in (37), § 15, and the value of q=l+ 
0.002606 cos 2X we get 

„, , p' M. (h-h')(i-f:) 

(9) iogw=:yp -wrii 

l+Ja(T'-fT)-f 0.189 {e'+e)+ -^-~ (1-f .002606 cos %X) 
h-h' 



«(l+|S)[l+J«(T'+r)] Ll+.189(e'+e)](l+--J-^(l+.002606 cos2;i) 

Another transformation for the sake of convenience can be intro- 
duced into this formula, where the psychrometer is used to obtain e, by 
expressing e in a function of B and ti, ti being, as in § 304, the temper- 
ature of the wet bulb of the psychrometer. Prom (26), § 14, and (11), 
§ 304, we get 

(10) e=^=p-A(T-ri) • 
Hence we have 

(11) 1+0.189 (e'-fe)=(^l+0.1895^|)(l-f0.189^)x 

[1-.189J.(t'-t'iJ [l-.189A(r-ri)] 
Since by Table X^i is a function of ri, we have 

(12) l+.l%Q^^cp{P,r,) 

a function of P and ti. By means of these expressions and the values 
of I and r' in (40), § 16, we get from (9), putting E=h--h', 

TT 

(13) log P'-log B,-^ 
in which 

£:=18445.7[l+. 001835 (r'+r)] [9^ (P, r')] [^'(-P,^)] X 

[1-189 A (t'-to] [l-189A(r-r,)] X 
fl-f .002606 cos 2A,] [l+-p-] [^+7r] 
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Putting A=.0008, which is the usual value where there is no special ven- 
tilation of the psychrometer, we have in feet and degrees Fahrenheit, 

log jr=4.78189+log [1+.00102 (r'+r- 64°)]+log (p{I", r') 
+log<p(P,T)+log[l-. 000084 (t'-t'i)] 

+log[l-. 000084 (T-r,)]+log [1 -.002606 cos 2A] 
+]og [1 + .000000091 ^]+log [1+.000000182A'] 

These logarithms may be obtained from the tables in the Appendix 
for any given values of the arguments. Table I gives +4.78189 log 
(1.00102) (t' + t— 64°). Table II is computed from (12) with the value of 
j)i, obtained from Table X. Tables II and III have to be entered twice, 
once with the arguments of the lower level, usually sea-level, and dis- 
tingnished by an accent, and then with those of the upper level. The 
arguments of Tables V and VI are given for both English and French 
units. Table I can be used with French measures by deducting the 
logarithm 0.51599 and converting the temperature to degrees Fahren- 
heit. The other tables with temperature arguments can be used by a 
similar conversion of the arguments. 

With the preceding expressions of log ^i (8) and of log K, (13) gives 

(14) log P'=log ^+iJ+Table IV -f Table VII 
in which 

(15) log i2=log £"— (Table I+Table II (bis)4-Table III (bis) 

+Table IV-fTable V+Table VJ) 

If B has already been corrected for temperature, then Table VII must , 
be omitted in (14). If also the reduction is to sealevel, as is usually 
the case, then h' vanishes and Table VI in (15) is not needed. 

310. It is seen from (11) that the reduction to sea-level requires a 
knowledge of both the temperature and the hygrometric state of the 
atmosphere at the earth's surface, and in the formula it is assumed that 
these decrease with increase of' altitude at a regular rate. Usually 
the reductions required are those of observations made at stations on 
land of greater or less elevation, or on mountain tops and on plateaus. 
In such cases it is somewhat difiicult to conceive what reduction to sea- 
level means, since there is no air pressure there. But since what is 
wanted by such reduction is something comparable with surrounding 
places where there is no elevation, it cannot mean anything more than 
the determination of what the barometric pressure would be if there 
were no mountain, or land surface, above sea-level. Upon this hy- 
pothesis, therefore, we do not know the proper temperature and 
hygrometric state to be used, even for the upper station, for these are 
diiferent on the plateau or mountain top where the observations are 
made from what they would be if the plateau or mountain were away, 
and from what they are in the open air around abou| at the same alti- 
tude as the station. We have here all the difficulties which were found, 
§ 289, in the reductions of temperature to sea-level. 
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In the case of annual averages the temperature of the air on mountain 
tops and elevated plateaus is very nearly the same as that in the open 
air generally at the same altitude, but even in this case there is an un- 
certainty with regard to the rate with which it is reduced to sea-level, 
since this, by the table of § 140, determined by comparing the tempera- 
ture of mountain tops with distant lower stations, seems to differ in 
different places. It is usual to adopt, however, in this case the rate of 
about 0.5° for each interval of 100 meters. 

In the case of monthly averages, since the mean annual range of tem- 
perature is greater on any land surface, even on mountain tops, than 
in the open air, the observed temperatures are greater in summer and 
less in winter, than the temperatures required in tlie reductions to sea- 
level. The rates, also, as may be seen in the table just referred to, by 
which the reductions of the temperatures to sea-level should be made 
vary with the seasons, and are greater in summer than in winter, so 
that the uncertainties in the values of r' to be used in the formula of 
the reduction of the air pressure to sea-level are increased both on ac- 
count of the uncertainty in the open-air temperature at the elevation of 
the upper station, and also on account of the uncertainty of the rate by 
which the reduction of temperature to sea-level should be made. Dur- 
ing the spring and fall when the monthly average of temperature does 
not differ much from the annual mean, and the rate in the reduction to 
sea-level is about the same, the uncertainty in the reduction of pressure 
to sea-level is very little more than ifl the case of annual averages. 

311. Mean diurnal temperatures are affected by all the abnormal dis- 
turbances which cause them to deviate from the monthly averages, and 
these" deviations are much greater on any land surface or mountain top 
than in the open air, so that on unusually warm days the observed tem- 
peratures are higher, and on very cold days lower, than the tempera- 
tures required in the reduction of barometric pressure to sea-level, and 
there is very great uncertainty in the reduction of these abnormal tem- 
peratures to sea-level in order to get the lower temperature r' from the 
observed temperature r at the station of observation. 

All that has been stated with regard to annual variations is true of 
the diurnal variations both normal and abnormal. These are greater 
on any land surface and mountain peak than they are in the open air, 
and the rates of reduction to sea-level may be very different from that 
of the mean of the day or of the monthly average. Generally in the 
morning, especially in clear weather, the air temperature obtained from 
observation is too low and in the afternoon too high, to be used as the 
true open-air temperature required in the reductions of barometric press- 
ure to sea-level, and if so used the reduced pressure of the morning is 
too great, and that of the afternoon too small, to make it comparable 
with observed pressures of lower stations. 

In the reductions, therefore, of barometric pressure to sea-level it is 
necessary to diminish in some measure the extreme deviations of ob- 
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served temperatures from the meau, both annual, diurnal, and abnor- 
mal, and to use one which is more nearly that of the average; but for 
this there are no certain rules. These 'may differ both at different 
places and at different seasons. Where the station is inland and far 
from the ocean the deviations of observed temperatures from the true 
air temperatures are very great, while at maritime stations, especially 
if the ocean is windward, they are much less. If the obsecvations of 
pressure at higher stations are to be compared with those of lower ones, 
some kind of reduction is absolutely necessary, but we have no certain 
data and rules upon which to base this reduction, and they must neces- 
sarily be left somewhat arbitrary and dependent upon good judgment. 
315?. In view of the great uncertainties in the reductions of baromet- 
ric pressure to sea-level, it is not worth while to introduce any nice 
refinements into it, especially in cases of the reduction of individual 
observations. The best that can be done in these cases is to use the 
normal average humidity belonging to the given temperature. This is 
taken iu approximately by Laplace's modified temperature coefiicient 
in the formula of (13), which is .002 instead of .001835. For low tem- 
peratures this correction becomes more erroneous, and for temperatures 
below the freezing point the correction even has the wrong sign. It is 
better, therefore, to use a vapor tension for each degree of temperature 
which is an average somewhat of tensions observed at that temperature 
at various places and different seasons of the year. This may be done 
by substituting in (13) for the two factors cp (P', r') and ^ (P, t) the ex- 
pression [l4-/(e) J in which, according to Dr. Hann,^''' 

/(e)=0.00154+.00034lT 

This makes the correction for the hygrometric state of the atmos- 
phere a function of the temperature, as the correction introduced by 
Laplace by means of his modified temperature coeificient, but the latter 
makes this correction vanish and change signs at 0° C, while by the 
former it takes place at — 4.5° C. Both are therefore somewhat erro- 
neous for low temperatures, since the vapor tension does not entirely 
vanish at any temperature. It is especially applicable in the cases of 
averages, but in that of individual observations it is, of course, generally 
less accurate. 

Table VIII is so constructed as to give log [1-f /(e) ] for each degree of 
the argument (t'+ t), which is the sum of the temperatures of the station 
and of sea-level, but a little allowance is made for the defect in the ex- 
pression, and the table is so constructed as to not make the correction 
entirely vanish at any low temperature. With this table, instead of 
Table II and Table III, we get instead of (15) 

16 log E=log H— (Table I-f Table VIII 

+Table IV+Table V+Table VI) 

The last two tables here may be omitted, with little error, in middle 
latitudes and at low altitudes. 
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313. It is often important to know how much a given amount of 
change, error, or uncertainty in any of the data entering into the for- 
mula of reduction of the barftmetric pressure to sea-level affects the re- 
duction. Denoting a finite but very small differential of each of the 
variable quantities by tHe usual sign of A prefixed, we get from (13) 
by differentiation, and using Laplace's vapor correction and neglecting 
other insensible quantities, 

AP'_AB^_ JH— .0 02HA iT'+T) 
P' B, 18446.6ifcr[l+.002(7+r)] . 

in which H. must be expressed in meters. 
This gives, putting P'=760""°, as it always is very nearly, 

(17) AP--='^-^AB,+ 0.095, ^K ^, _0.000190_?^(l'-±^ 

^ A [l+.002(T'-fr)] [l-j-.002(T'-fr)] 

The first term expresses the effect of any error or uncertainty, ABi, in 
the barometric reading of the station, the second, that of an error or 
uncertainty, AH, in the altitude of the station, and the last, the effect 
of any error or uncertainty in the temperature used in the reduction, 
which, we have seen, arises mostly from using the observed tempera- 
ture at the upper station for the true open-air temperature generally 
of that altitude, and from errors or uncertainties in reducing this to 
sea-level for the temperatui'e there. 

According to the first term the higher the station, that is, the greater 
the value of P' in comparison with Bi, the greater the effect of ABi, 
and as the altitude of the station diminishes and Bi increases the value 
of AP' approximates to that of ABi. At a station, therefore, where P' 
is twice as great as ^i the effect is nearly twice as great as it is in the 
case of small altitudes. 

From the second term of (17) it is seen that for each meter of error 
in the value of E the corresponding error in the reduction is nearly 
0.095""" if the mean temperature is zero, but for higher temperatures it 
is a little less. In general, therefore, it requires an error of about 11 
meters in the altitude to affect the reduction to sea-level one millimeter.. 

The last term of (17) shows that the effect of an increase of tempera- 
ture is to diminish the reduction to sea- level, and that this effect is in 
proportion to the altitude, and it is readily seen that the usual errors 
and uncertainties which have been pointed out, in the temperatures 
used in the reductions to sea-level, give rise to considerable errors in 
these reductions where the value of ^is large. For instance, if there 
is an error of 1° C. in the average temperature we have A{t'+t) equal 
2°, and with this value in the formula, we get at zero temperature with 
ff=1000™ the effect equal to — O.SS-"". With a higher temperature the 
effect would be a little less. If, therefore, there should be an uncer- 
tainty of 5° in the temperature used, as there may often, and even 
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greater, then there would be a corresponding uncertainty of 3.8™" in 
the reduction to sea-level, or a little less for average temperatures. 

314. For each of the stations of the Signal Service, where reductions 
to sea-level are required every day, the value of P' can be computed 
from (13), or from the more practical forms which follow it, for the 
normal annual values of the variables entering into the formulae. De- 
noting this constant part of the pressure reduced to sealevel by P\, we 
shall then have 

(18) P'=P'„-f ^P' 
in which, by (17), 

(19) jp.^I|Jj£,_0.00019j^:^0g|^r^^(r'+r) 

In this expression, however, it must be understood that ^o is the normal 
value of P„and that the finite differentials denote the variations of the 
variable quantities from their normal annual means. The vapor cor- 
rection is supposed to be taken in by means of Laplace's modified 
value of the temperature coefficient, and the variations of humidity by 
(17) only so far as they depend upon the variations of temperature, the 
greater the temperature the greater, in general, being the amount of 
humidity. Each term in the expression of (19) can be given in a small 
table for such a range of the respective arguments JP,and ^{r'+r) as 
will most probably take in the extremes of the deviations. Or since 
Po a-nd the normal temperature of the station are known, the argu- 
ments maybe the absolute values of Pj and {r'-\-r) included within 
a range sufficiently large to include extremes. 

But a better arrangement would be to use the monthly normals, at 
least for the last term of (19), and to give the values of //P' in tables, so 
far as they depend upon each of these terms, for each month of the 
year. The corrections then to be applied for the deviations from the 
normals, especially in the case of the last term of (19), would be mucli 
smaller, since /1(t'+t) in this case would not be affected by the annual 
inequality, which at some stations may be quite large, and it would em- 
brace only the abnormal variations during the month. 

It is not important that the constant P,, and the normal average tem- 
perature of the upper station and of sea-level (t„+t'o), shall be precisely 
the true normal values. They may be any assumed constants not dif- 
fering much from these normals, and consequently, for the sake of con- 
venience, they may often be taken to the nearest unit only, and at least 
they need not take in all the decimal places usually required. 

For English units of measure (19) becomes 

(20) JP'=?PjPi -0.000001271 - ^, , /I(t'+t) 

in which H must be expressed in feet. 
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For any given station B^, and E are known, and the expression be- 
comes still more simple. For instance, if in the case of Mount Wash- 
ington we assume £„ = 23.6 in. and (r„-f r„) = 70°, which differ but little 
from the normal values, putting r'„ = 45o the average observed at 
Portland and Burlington, and putting r„ = 25o, and suppose that the 
barometer is suspended 6,285 feet above sea-level, it becomes 

' (21) ^P'=1.27J^i-0.00800 ^(^'+^) 

1-f .00111 (r'-f r-64o) 

Each of the terms in this expression for certain values of the vari- 
ables B^ and r'+r within a range on each side of the constant assumed 
values, so as to take in extreme values, can be given in a table with 
the arguments respectively ^i and {r'+r) and applicable to this station 
only. The value of P'„ in (20) to which these corrections are applied 
must be computed from (13), converted to English measures, or (14) and 
(16), with the assumed values of P„and (r'^+r^) whatever these may be.* 
The numbers in the tables may be increased by certain constants so as 
to have them all positive, and then the value of P'o must be diminished 
by the. sum of these constants. 

For reasons already given in § 311, if we use the full range of devia- 
tions from the normal temperature, that is, the full values of ^(Y+r) in 
(19), we get very unsatisfactory reductions to sea-level for all extremes 
of temperature, especially where the changes are sudden and rapid, as 
in diurnal and sudden abnormal changes. Where //(t'+t) represents 
the observed diurnal inequalities of temperature it has too large a neg- 
ative value in the morning and too large a positive value in the after- 
noon generally, especially in clear weather, to represent the inequalities 
of temperature in the open air away from the earth's surface, which are 
the inequalities needed in the reductions. 

For the times of the mean temperature of the year, as spring or fall, 
and those of the mean temperature of the day, A{r'+r) is generally 
small, unless there are sudden abnormal changes, and hence at such 
times reductions to sea-level are more satisfactory. Eeductions to sea- 
level at different hours of the day, where the averages are taken for a 
length of time sufficiently great to eliminate all abnormal irregularities, 
should give the same results, except so far as they are affected by the 
small normal inequality of pressure. But to obtain such a result from 
the observations made at Geneva and St. Bernard it has been found 
that the deviations of temperature from the mean of the day must be 
diminished about two-thirds, that is, if the temperature in the morning 
is, say, 6° less, or in the afternoon 6° greater than the mean tempera, 
ture, we must use a temperature deviating from the mean only about 
2°. And so in the case of all other inequalities, and the shorter the 
period of the inequality the more should the inequalities be excluded, 
* See example 1, following. 
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and the more nearly should the temperature used in the reductions be 
that of the mean. 

If a formula similar to that of (21) were made for each month of the 
year with assumed values of the constants Bo and r'o+T„ which are the 
monthly normal values, or nearly, then the ranges of the arguments 
Bi and {r'+r) would be considerably less, especially of the latter, than 
where the deviations are taken from the annual average, and the correc- 
tions would generally be smaller. . 

315. The preceding formulae and the tables are so constructed as to 
use directly the wet-bulb temperatures instead of the actual amount 
of vapor tension deduced by means of (11), § 304. Where the vapor 
tension or relative humidity is given, and not the temperature of the 
wet bulb Ti, the value of (r— ti) may be obtained from the usual tables, 
such as those of Eegnault, which give the vapor tension or relative 
humidity corresponding to given values of ti and (r — Tj) used as an 
argument. This, however, would be much more convenient if t instead 
of Ti were the argument. Then with the observed value of t that of ti 
is readily obtained. 

In general the vapor tension is observed at the station only, and not 
at sea-level, so that the tension corresponding to sea-level which should 
be used in the formula is unknown. Where, therefore, it is attempted 
to take into account accurately the effect of vapor tension in the re- 
duction, the best that can be done in obtaining the proper tension to 
be used at sea-level is to deduce it from the well known empirical 
formula of Dr. Hann, (10) § 25, which, put into a practical form, is 

(22) iogp'-logp=^^^=^^^ 

in which H'^ and jH"" denote the difference of altitude expressed in 
meters and feet respectively. The value of ^ being observed, the value 
ofp' at the earth's surface is readily obtained. 

316. By reversing (13) we get the usual hypsometrical formula, in 
which Tables I to IX inclusive can be used for English units of meas- 
ure. In the practical form, to be used with logarithms, it becomes 

(23) log 5^= log (log P'— log B,)+Tah\e 1+ Table II (bis) 

+Table III (bis)+Table IV+Table V+Table VI 

in which log ^i is given by (8). Where no hygrometric observations 
are made Table VIII must be used instead of Tables II and III. 

In the application of this formula there is the same uncertainty with 
regard to the temperatures which should be used as in the case of re- 
ductions to sealevel. And as these are mostly in the extremes of tem- 
peratures, where observations are made especially for the determination 
of altitude, they should be made, if possible, at times of the mean tem- 
perature of the year and day, saj in April and October, and about 10 
or 11 o'clock in the morning. In cloudy weather, however, when there 
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is little change of temperature, they can be made at any time, and 8ucl\ 
weather is always preferable. 

It is evident from a mere inspection of (23) that the pressures uncor- 
rected for latitude can be used instead of the true pressures, for if they 
were both corrected by (8) the same quantity from Table IV would be 
applied to each and the difference would be the same, unless the lati- 
tudes of the two stations differed very much. In the case of the tem- 
perature correction in Table VIII, this would not be the same, since 
the arguments for the two stations would be different. 

Exam/pies. 

1. What is the value of P'^ in (18), corresponding to the preceding 
assumed values of JT=6285 ft., ^"=23.6 in., and (t'+t)=70o in reducing 
(20) to (21)? See (14) and (16). 

With these data we get log B from (16) and then P'o from (14), as 
follows :' 

Log H =3.79831 



Table I (Arg. 70°) =4.78454 B = 0.10292 

Table VIII (Arg. 70°) =0.00110 log Bi = 1.37291 

Table V (Arg. H) =0.00013 

Table IV (Arg. 44° 16') =0.00003 log Po'= 1.47583 

P»'= 29.911 

4.78580 



Log R =9.01251 

2 With the data of the preceding example, together with an ob- 
served relative humidity of 0.85 at the station, which is about the gen- 
eral average, what would be the value of P'? (14) and (15.) 

In this example we must use Tables II and III instead of Table VIII, 
as used above. From Table X with the argument ti=t=25° we get 
0.135 in. for the vapor tension of saturation. Hence we have 

jp=0.135x 0.85=0.115 in. 

for the actual vapor tension. With this we get_from the Guyot's table 
r— Ti=l.lo, which is the argument of Table III; and ri=25° — 1.1°= 
23.9° is one of the arguments in Table II. 
Prom (22) we get 

logi>'— log/=^^=0.2940 log i)'=9.0607-f 0.2940=9.3547 

This gives ^'=0.226, and with this Guyot's table gives r'—T'i=3°, 
which is the argument to be used in Table III for sea-level; and 
t'j=45» 30=42° is the argument of Table II for sea-level. 
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With these arguments we get 

Table II, (Arg., r,=23.9° and /'=23.6 in.) 0.00045 
Table II, (Arg., ri'=42° and P'=30 in.) 0.00074 
Table III, (Arg., r- n=1.10) —0.00004 

Table III, (Arg., r'— r'i=3.0o) —0.00011 

0.00104 

With 0.00104, instead of 0.00110 from Table YIII, in the preceding 
example we get Pq' =29.912. 

From a comparison of the result in this last example with that of the 
former, it is seen that the correction in this case for the effect of aqueou.s 
vapor by means of Table. VIII is sensibly the same as where tbe cor- 
rection is made with the observed amount by means of (15). The ex- 
pression of (16) may therefore be used instead of (15) without sensible 
error. The correction of Table IV in this example is very small. 

3 The mean monthly barometric pressure, corrected for temperature 
only, for April, 1883, at Denver, Colo., latitude 39'^ 45' and "altitude 
5,294 feet, was 24.582 in. and temperature r=45.6o F.; what is the re- 
duced pressure corrected for gravity, P', at sea-level, supposing the 
temperature to increase 1° F. for each 300 feet of decrease of altitude ? 
(14), (16.) 

^4 With the same data as in the preceding example and average 
dew-point 28.0°, what is the pressure reduced to sea-level? (14), (15), 
(22), and Table X? 

Harmonic analysis of barometric observations. 

317. Barometric pressures, as well as temperatures, maybe analyzed 
by the harmonic method, and the expressions given by this analysis 
are important for several reasons. Both the annual and diurnal ine- 
qualities of barometric pressure depend upon those of the temperature, 
and where the latter, as the former, are expressed by a series of har- 
monic terms depending upon the time, it is interesting and important 
to trace the relations between the amplitudes and epochs of the tem- 
perature and pressure inequalities. These are found to differ very much 
in different parts of the globe and at different altitudes at the same 
place. Generally over the earth's surface the epochs of the first and 
principal inequality in the two cases differ about 180°; that is, the 
maximum of the one occurs very nearly at the time of the minimum of 
the other. There are a few place^, however, where this is reversed, 
and where the terms of the maxima and minima areVery nearly the 
same. This occurs mostly over large areas of the northern parts of the 
Atlantic and Pacific Oceans, for reasons already given, § 205, where it 
is shown that it is the effect of a large permanent cyclone prevailing 
over these parts mostly during the winter season, but having an annual 
inequality. The harmonic analysis of the pressures, therefore, at all 
the places of the earth's surface where observations are made, shows us 
the extent of the area so affected by these cyclones, 
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At great altitudes, also, the times of maxima and minima are reversed, 
for the most part, in lower and middle latitudes from what they are 
at the earth's surface. While the maxima at the earth's surface usually 
occur in mid-winter, at no very great altitude it becomes reversed and 
occurs in mid-summer. On the top of Pike's Peak, we have seen that 
the maximum is not only observed in summer, but the pressure is much 
greater than it is in winter. The same is the case on the top of Mount 
Washington, but the annual inequality is much less. It is, therefore, 
interestingto have a harmonic analysis of pressures at different altitudes 
to see at what altitude this reversal takes place. 

The principal diurnal inequality of barometric pressure, we know, 
depends upon that of temperature, and the times of maxima and min- 
ima are nearly reversed, the least pressures occurring near the times of 
greatest temperatures, and viee versa, so far as these maxima and min- 
ima depend upon these principal inequalities as brought out by the anal- 
ysis. This, analysis, however, shows that as the altitude increases 
this inequality diminishes and at no very great altitude it becomes re- 
versed, as in the case of the annual inequality. 

Besides the diurnal inequality, there is also a semidiurnal one, which 
has never been explained. If this ever receives an explanation it must 
be through the harmonic analysis, by which the amplitudes and epochs 
of this inequality are determined for a great many places and compared 
with one another. 

Velocity and direction of the wind. 

318. Of all kinds of meteorological observations, those of the velocity 
and direction of the wind depend most upon local circumstances, and 
are therefore the most indefinite. From the nature of friction the hor- 
izontal motions of the atmosphere arising from almost any kind of dis- 
turbing forces, as that of the flow of water in rivers, must be compar- 
atively small very near the earth's surface or bottom of the current and 
rapidly increase with increase of elevation, and this, in the case of the 
wind, up to an elevation at least above that of the highest anemometers 
and wind-vanes. Anemometers, therefore, at different heights in the 
same locality give different velocities, and their indications give little 
idea of the comparative velocities of the general motion of the atmos- 
phere at different places at a small distance above the earth's surface, 
where the current may be supposed to be comparatively little affected 
by local circumstances, unless the height of the exposure is the same for 
all and is considerable. Near the earth's surface both the velocities and 
directions are very much affected by local circumstances, and without tak- 
ing the effects of all these into account they are not comparable. There 
are few, perhaps, who have not observed, in crossing rivers on bridges, 
the great difference between the strength of the wind thtre, when it blows 
up or down the river, and that over the country generally, even where it 
is very level. The velocity of the wind, also, as measured on housetops 
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in cities, is, no doubt, much less than on the top of an isolated house of 
the same height in the country. But the velocity of the wind in passing 
over a ridge or mountain range may be much greater at the top, 
even near the surface, than at the same level generally at a distance 
from it, for there is a heaping up of the atmosphere on the windward 
side and an increased gradient formed where the air passes over, and 
this is necessary to satisfy the conditioil of continuity, for where there 
is a diminished sectional area for the atmosphere in passing over the 
earth's surface, there must be an increased velocity. The indications of 
both the anemometer and wind-vane are of course of little value in the 
valleys and low grounds of a hiUy country. 

319. There are two principal results obtained from the indications of 
the anemometer and wind-vane, the one, the degree of windiness of a 
place, and variableness of the wind's direction, important from a climatic 
point of view ; the other, the resultant of all the motions tor a month 
or a year, showing the general motion of the atmosphere over the earth's 
surface during the time, unaffected by the numerous temporary and ab- 
normal disturbances, and important in the mechanical theory of the 
general motions of the atmosphere. There is also the relation between 
velocity and direction of the wind and the centers of cyclones, impor- 
tant in the theory of cyclones. 

We have seen that the air at most places is being continually thrown 
into gyrations, larger or smaller, as cyclones, tornadoes, and very nu- 
merous little temporary whirls at almost all times, giving rise to small 
fluctuations in the velocity and direction of the wind. The velocities 
arising from all these, taken in all directions, may indicate a great 
amount of motion in a given time, and yet the atmosphere may not 
have moved very far in any direction ; in fact, the general motion in 
any direction may be nothing. On the other hand, in the trade-wind 
region on the ocean, where the wind blows almost constantly with a 
steady velocity, and with little change of direction, day after day, the 
resultant motion is very nearly the whole amount of motion, and meas- 
ures very nearly the amount of windiness. 

Anemometers. 

320. These may measure either the velocity or the force of the wind. 
Of the former kind Eobiuson's cup -anemometer is now almost exclusively 
used. Let 

w=the velocity of the wind; 

^=the gyratory linear velocity of the center of the cups; 
r=the distance of this center from the vertical axis ; 
jK=the radius of the cups; 

p=w:'v, the ratio between the velocity of the wind and that of 
the centers of the cups. 
Dr. Eobinson at first determined, without sufficient experiments, that 
/)=3, in all cases, whatever the lengths of the arms and diameters of 
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the cups, and this erroneous value of p has mostly been used in all 
countries up to the present time in reducing the wind observations of 
velocity. The Eev. F. W. Stow first discovered from experiments with 
anemometers of different patterns that they did not nearly agree with 
one another or with the Kew pattern. And subsequent experiments 
have shown that p is not a constant for all cases, but that it is a function 
of r and JS, and depends likewise upon several other circumstances. The 
expression of p is mostly an empirical one, though Thiesen" has given 
from theoretical considerations the form of an approximate expression 
of the reciprocal of p, from which it is seen that p is not only a function 
of r and iJ, but likewise of the size of the arms and the density of the 
air, and that it is also different for different velocities. 

In the year 1878 both M. Dohrandt^^ ^f g^, Petersburg and Dr. Eob- 
inson^^ at Dublin made numerous experiments by means of whirling 
machines, both of which showed that the ratio p=3 is erroneous, and 
that different values are required for different patterns and for different 
velocities of the same palJtern. Both tested the anemometer of the Kew 
pattern, and their experimental results agreed very closely, both show- 
ing that the value of p is nearly equal to 3 for wind velocities from 5 to 
10 miles an hour, but that for velocities of 25 or 30 miles per hour it 
was only about 2.3. 

Dohrandt, from the results of experiments with a number of anemom- 
eters of different patterns, deduced an empirical formula equivalent to 
the following : 

(1) w=a-^em c=3.0133-53.7367-i2+1033.8l(^:5Yi?2 



in which the meter and second are the units of measure and in whicjh 
the value of a is generally about one meter. This gives 

(2) p=cA-\ 

and hence p is infinitely great for very small velocities, but as the veloc- 
ities are increased, its value approximates to that of c. 

Erom these empirical expressions with constants experimentally deter- 
mined, as well as from Thiesen's theoretical expression with constants 
undetermined, it is seen that the value of p depends upon the ratio 
between jB and r, and by (li) and (2) it must increase with decreasing 
values of this ratio and approximate to 

(3) p=3.0133-t-^ 

and hence for very long arms and small cup, in which the ratio B.- r is 
very small, and for very large velocities we have very nearly p=3, as 
first determined by Dr. Eobinson. 

In the Kew pattern, however, in which the ratio E: r is compara- 
tively large, we have seen that according to the experiments of Dohrandt 
and Dr. Eobinson, the value of p, and consequently that of c, is about 2,3. 
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According to Thiesen's theoretical deductions the value of p increases 
both with the increase of the size of the arms and the density of the 
air, but the constants in the terms expressing their effects are undeter- 
mined. These can only be determined by experiment. 

It is seen, both from experiment and theory, that the value of p dif- 
fers with different patterns of anemometers, and with different veloci- 
ties of the wind and densities of the air, and therefore, that the proper 
reductions of the indications of the cup-anemometer, in order to get 
the velocity of the wind, is not so simple a matter as was at first sup- 
posed. And as the simple rule of reduction, based upon the assumed 
constant p=3 in all cases, has been generally used, the reductions are 
mostly quite erroneous, especially where anemometers with compara- 
tively large cups and short arms, as in the Kew pattern, have been 
used. 

321. Pressure anemometers indicate the force of the wind upon a 
unit of surface, as a square foot, exposed normally to its direction. 
Lind's anemometer consists of a glass siphon containing water in the 
lower curved half of it, and having one end of the siphon bent at right 
angles to the general direction of the wind so as to present a horizontal 
opening to the action of the wind. Since the pressure of the air aris- 
ing from this action is the same at all points and in all directions, the 
force upon a given unit of surface of the water on that side of the 
siphon is the same as upon the same unit of sectional area in any other 
part of the tube, and also at the mouth of the tube. The pressure on 
the surface of the water causes it to descend, and that of the other 
side to rise until the pressure of the column on that side which is 
above the level of the surface on the other side is exactly equal to the 
pressure of the wind. It is not necessary that the tube shall have the 
same diameter at both surfaces and at the mouth, for £he pressure in 
any case at all parts is the same for a unit of surface or sectional area. 
The bend of the siphon is, therefore, contracted internally to diminish 
the jumping movement of the water produced by sudden gusts of wind. 

The difference of level between the surfaces of the two sides of the 
siphon, measured by means of a scale on each side, is a measure of the 
force of the wind, and as the weight of a cubic foot of water at standard 
temperature of 62° F. is 62.32 pounds avoirdupois, each inch of this 
measured difference indicates a foi'ce of 5.2 pounds very nearly upon a 
square foot of surface. 

In Osier's anemometer there is a pressure plate one foot square ex- 
posed normally to the direction of the wind. This pressure is resisted 
by springs, and after a certain amount of yielding to the pressure the 
resistance becomes equal to the pressure. The force belonging to given 
amounts of yielding of the plate, indicated by a scale, is readily deter- 
mined and marked upon a scale, and this then indicates the force of 
the wind. 
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322. By means of the table, § 232, the forces, as measured by press- 
ure anemometers, can be converted into velocities, or the indications 
of velocity anemometers, into forces. These relations, however, are 
based upon theoretical considerations in which no account is taken of 
the friction of the air, where the wind acts upon a body, as the open 
end of the tube of Lind's anemometer, or the pressure plate of Osier's 
anemometer. This body does not simply resist the force of the air of the 
same sectional area, moving directly toward it, but likewise the action 
by means of friction of the air on all sides of this in passing by with 
greater velocity. The effect of this is to increase the pressure on the 
pressure plate or the mouth of the siphon tube, above what it would be 
if there were no friction of this kind. Theeffect of this friction also tends 
to drag away the air from the other side of the body and to diminish the 
pressure there, which has the same effect as if so much more force were 
applied on the other side, for the effective force is the difference of press- 
ure on the two sides. The same takes place in Lind's anemometer, for 
although there is a vertical partition between the two ends of the siphon, 
yet the pressure is increased on the one side of this partition and dimin- 
ished on the other, so that not only the pressure on the one end of the tube 
is 'increased by friction, but the pressure at the other end is likewise 
diminished by it, and consequently the difference of levels of the two 
sides is increased. The diminution of pressure at the one end would 
likewise occur to some extent if the partition were not there, for the 
effect of the air in passing over the open tube is to draw the air within 
out by the action of friction, and consequently to diminish the pressure. 

The velocities, therefore, cannot be accurately determined theoreti- 
cally from the forces, and vice versa, by means of (21), or the following 
table, in § 230, but the theory gives only an approximate value. This 
is seen by comparing Loomis's results from the experiments of S"ewton, 
§ 232, wilh the results given by formula (24), from which it is seen that 
the actual resistance in that case was about one-tenth greater than the 
theoretical. 

Hagen's empirical formula in the case of the pressure of the wind 
upon a plate, determined from very accurate experiments made with a 
whirling machine, is 

(4) P=(0.00707+Q.0001125m)^« 

in which 

p=t]ie pressure in grams ; 

M=the periphery of the plate; 

J'=the surface of the plate ; 

t'=the velocity per second in decimeters. 

The barometric pressure in the experiments was TSS"", and the tem- 
perature 15° 0. 
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This formula with p expressed in pounds avoirdupois, u and F in 
feet, and v in miles per hour, becomes, when expressed so as to include 
variations of pressure and temperature, 

(5) |>=(0.003064+0.0001479m)^ ^^ 



'P„ l+.003665r 

in which r must be expressed in degrees centigrade. 

By comparing this with (21), § 230, it is seen that the experimental 
value is considerably greater than the theoretical value, and the more 
so the greater the periphery of the plate. The experiments were made 
with small plates varying from two to six inches square. How nearly 
the formula would hold for larger plates, remains to be determined. It 
would probably be nearly correct for reducing the pressures of the Osier 
anemometer to velocities, and vice versa. 

By the cup-anemometer the velocity obtained is the average during 
a certain short interval of time generally, though a whole day may be 
assumed as this interval, and then the velocity is the average velocity 
of the day. Where the wind blows in blasts, therefore, the extreme 
velocities are not given by this anemometer, since the velocity during 
even a very short interval of time generally falls considerably belOw 
the maximum of the blast. 

In the pressure anemometer, where there is a continuous observation 
or a continuous record of the pressure by means ot a curve, all the os- 
cillations of pressure of short period, and consequently the maxima, 
are given, and by means of the preceding formula the maximum veloci- 
ties are thus obtained. A self-recording pressure anemometer is, there- 
fore, to be preferred where it is desirable to know the extreme press- 
ures and velocities of the wind, but it is inconvenient for obtaining 
average velocities, independent of the oscillations of short period, where 
the wind blows in blasts. 

Resultant motions of the air. 

323. When the wind blows at different times in different directions 
and with different velocities, all these motions are equivalent to one 
motion in the same direction, which is called the resultant motion, and 
this motion divided by the time is the resultant velocity. 

Let us put 

Jl,= the spaces passed over in the different directions; 

(p,= the corresponding angles from the north reckoned around 

by the east ; 
M= the sum of all the components of motion from the north ; 
N'= the sum of all the components from the east ; 
B= the resultant motion ; 
yS=its angle of direction. 
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We then evidently have 

tan ^= J 

M=2A, cos (p. 

N=2A, sin ip. 

In these expressions M is simply the snm of all the latitudes and. JV 
the sum of all the departures. 

It is usual to estimate the directions of the wind at best only to the 
nearest point, generally only to the nearest one-sixteenth part of the 
circumference, and frequently only to the nearest half quadrant, so that 
all directions included within a half division on each side are included 
in these principal directions. Where the directions are estimated to the 
nearest point, the values of the characteristic s in the preceding expres- 
sions are 0, 1, 2; 3 ... . 31, these denoting the number of points con- 
tained in the angles (p,. Where the divisions are twice as great they 
are 0, 2, 4 .... 30, and when the divisions are half quadrants they 
are 0, 4, 8, &c. In all cases we have 9>o= 0. 

With the values of A, for the several given directions cp„ the values 
of M and JV are readily computed by means of a traverse table, and 
then with these the values of B and /3 are soon obtained from the first 
two of the preceding expressions. The value of B divided by the whole 
time the wmd blew is the resultant velocity. 

Where the times of observation are equal, A, can represent the aver- 
age velocities during these times, and then the resultant velocity is B 
divided by the number of directions. This case occurs where observa- 
tions are made hourly, the observed velocity and direction being sup- 
posed to be the average during the hoar. 

If all the observations at a given hour of the day for a month, or 
any stated period, be classified with regard to their directions, and the 
spaces passed over iu each of these directions be ascertained, then the 
resultant of all for this hour can be obtained from the preceding expres- 
sions. If this were done for each hour of the day, or only for a few 
hours at eqiial intervals during the day, we would get the diurnal ine- 
quality in the velocities and directions during the month. The result- 
ants, then, of all these velocities and directions would be the resultants 
for the month. These would be given pretty accurately generally from 
only two or three observations a day, at hours suitably chosen, espe- 
cially where the diurnal inequalities are small. 

The resultants obtained for each month would indicate the annual 
inequalities of velocity and direction, just as those for each hour or a 
few stated hours indicate the diurnal inequalities. Where the former 
become completely reversed, or nearly, at the opposite seasons of the 
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year, they indicate.a monsoon just as in the latter such reversions on 
islands and sea-coasts indicate land and sea breezes. 




Where the monthly resultants are found they can be graphically rep- 
resented, together with the general annual resultant, ab in the accompany- 
ing figure, in which ab, he, cd, &c., represent the monthly resultants, com- 
mencing with January, and the line am the general resultant. As here 
represented the winds are somewhat northerly at the beginning and end 
of the year, and a little south of west during the summer, giving a 
northwesterly annual resultant. If ab, be, cd, &c., represent mean veloci- 
ties of the months, then the resultant must be divided by 12 to give the 
mean annual velocity. If they represent spaces passed over during the 
month, then am represents the resultant of these spaces, or the whole 
distance passed over in that direction. 

Hxamples. 

1. What is the pressure of the wind on a square foot at sea-level and 
temperature of freezing when the wind has a velocity of 40 miles per 
hour? 

In this example we have ^=1 and t=0, and we can put P=Pa. Hence 
we get from (5) 

i?=(0.003064+0.0001479x4)x40'=5.85 

for the pounds of pressure to the square foot. This, on account of the 
effect of friction, is considerably more than the theoretical force given 
by the table of § 230. 

2. What would be the ijressure for the same velocity at the top of 
Pike's Peak, with P=18 in. and r=:10o C. 

In this^example we have 

»=5.85 X ^^ X ^-3 30 
for the pressure in pounds per square foot. 
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3. If the wind presses witb a force of ten pounds on a plate one foot 
square, with a barometric pressure P=28 in. and temperature r=21° C, 
what by (5) is the velocity of the wind per hour? 

By reversal we get , 



V(Oj 



jBX30x300 



(0.0030G4+0.00014Y9 X 4) 28 x 273 



=56.8 miles. 



4. During the whole month of July the total distance traveled by th« 
air at Hong-Kong observatory from the different quarters were: 



Quarters. 


Total 
distances. 


N 


76 

714 

5,074 

1,478 

1,001 

1,205 

784 

254 


NE 

E 


SE 


S 


sw 


w 

NW 





What were the resultant distance and direction? 
In this example we get from a traverse table : 

ilf=76+505— 1,047— 1,001— 853+180^ 2,140 

2V=505+5,074+l,047— 853— 784^180=4-4,809 

With these values of J[f and JV" the first two expressions of (6) give 
/J=114o, or the direction U 24° 8 and i?=6,264 miles. This value of B 
divided by the number of hours in July gives 7.07 miles for the average 
velocity traveled in the direction of the resultant. 

5. The following were the velocities v of the wind, in miles per hour 
and the corresponding values of s, for each hour of the first of July, 
1884, at Hong-Kong observatory: 



Hours. 


V. 


0. 


Hours. 


V. 


0. 


Hours. 


.. 


if. 


1 


18 
18 
19 
25 
18 
11 
8 
5 


19 
18 
20 
20 
19 
23 
28 
31 


9 

10 

11 

12 

13 

14 

15 

16 


7 
6 
10 
13 
12 
10 
' 3 
2 


23 
20 
19 
16 
19 
16 
20 
3 


17 

18 

19 

20...;.... 

21 

22 

23...!.... 
24 


3 
5 
6 
7 
9 
10 
14 
7 


6 
13 
14 
18 
18 
19 
18 
21 


2 


3 


4 

5 

6 


7 


8 





What was the resultant velocity and direction? 
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6. If we have the following mean velocities and directions for each 
month of the year, what are the resultant distance and velocity? 



Mouth. 


V. 


* 


Month. 


V. 


o 

235 
245 
260 
275 
290 
305 




18 
16 
. 17 
16 
14 
11 


o 
' 314 
298 
283 
270 
263 
250 


July 


12 
14 
16 
16 
17 
16 






March 




April 


October 


May 













CHAPTER VII. 

OCEAN CURRENTS AND THEIR METEOROLOGICAL EFFECTS. 



Direct effect of temperature differences. 

324. The effect of a difference of temperature in the ocean between 
the equatorial and the polar regions is very similar to that of the atmos- 
phere. The initial effect, before motion ensues, is to raise the surface 
of the ocean at the equator ^ little above the level of the polar regions. 
The following table is deduced from the results of the temperature 
soundings of the Challenger Expeditioa. The temperatures are here 
given in centigrade degrees, a.nd those for the equator are the means of 
six soundings. 



Depth in fathoms. 


Equator. 


Lat. 23° 10' N., 
long. 38° 42' W. 


Lat. 37° 64' N., 
long. 41° 44' W. 




o 











25.5 


22,2 


21.1 


50 ■ 


17.7 






100 


13.1 


19.4 


17.5 


200 


8.1 


14.8 


15.9 


300 


5.7 


11.4 


15.6 


400 


4.6 


8.7 


12.7 


500 


3.8 


6.5 


8.2 


600 


4.0 


5.4 


5.3 


700 


3.0 


-4.8 


4.8 


800 


8.9 


4.1 


3.4 


900 


3.4 


4.0 


3.2 


1,000 


2.7 


3.5 


3.2 


1, 500 . 


2.3 


2.6 


2.8 


2,500 


1.8 











From the temperatures at the equator, given here only in part, Mr. 
Croli, by means of Muncke's table of the expansion of sea-water, com- 
puted the upward expansion of the sea and found it at the equator to 
be 4.5 feet. The initial effect of this would be to cause a very small 
surface gradient between the equator and the poles, from which a sur- 
face current would flow toward the poles. But in order that the con- 
dition of continuity may be satisfied, after the interchanging currents 
become established, as much water must flow toward the equator in the 
lower strata of the ocean as flows from the equator in the upper strata, 
and in order to overcome the friction of this under flow there must be 

4^3 
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a gradient of decreasing pressure from the polar regions toward the 
equator. The first surface flow toward the poles, therefore, raises the 
level a little in the polar regions, and thus gives rise to this pressure 
gradient in the lower strata, which is greatest at the bottom, and grad- 
ually decreases up to some intermediate stratum where it changes sign, 
and above this the pressure gradient is reversed, since the polar regions 
are not entirely filled up to the level of the equator, so as to completely 
destroy the surface gradient of pressure decreasing toward the poles 
and arising from the upward expansion in the equatorial regions. 
Instead of a difference, of level between the equator and the polar re- 
gions of 4.5 feet, it is now perhaps less than two feet, for the greater 
part of the force arising from the gradients is required for the lower 
strata, for the friction in them is much greater, since they are resisted 
both by the bottom of the ocean and the counter-current of the upper 
strata. On account of this greater friction the volume of water below 
in motion toward the equator is much greater than that of the upper 
strata moving from the equator, but of course the velocity is propor- 
tionately less. The neutral stratum, therefore, is not midway between 
the bottom and surface, but much nearer the latter. This has also been 
proved by the results of the temperature soundings in the Is'orth At- 
lantic, for at a depth which is small in comparison with the whole depth, 
there is found a great and sudden diminution of temperature, which 
indicates that the neutral plane is at that depth, and that above that 
the warm waters flow toward the pole and below it the colder polar 
water flows toward the equator. There is, therefore, an interchanging 
motion of the water between the equatorial and polar regions, just as in 
the case of the atmosphere. The effect of this motion upon therela- 
tive temperatures of the equatorial and polar regions, we have seen, is 
very great. 

325. The mobility of the deep water of the ocean is so great that a 
change of level of only one inch between America and Europe or the 
equator and the pole would be almost instantly followed by a corre- 
sponding motion and change of level. This is known from the action 
of the moon and sun in producing the tides. The very smallest terms 
in the development of the lunar and solar tidal forces have their cor- 
responding components in the tidal motions of the ocean, as is well 
shown from numerous harmonic analyses of tide observations in various 
parts of the globe. Even in the comparatively shallow sheet of water 
in Lake Michigan there are regular semidiurnal oscillations of the 
water between the northern and southern ends, depending upon the 
slight semi-diurnar changes of level in that direction due to the varying 
positions of the moon with regard to the meridian, thus giving rise to a 
small semi-diurnal tide at Chicago with an amplitude less than an inch. 
A very small change of level in the sea, therefore, from any cause, is at 
once followed by a motion of the sea tending to restore it to the origi- 
nal level corresponding to an equilibrium of the forces, and where the 
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nature of the gradients is such, as between the equator and the poles, 
as to cause an interchanging motion, this motion being once established, 
the only forces required are those necessary to overcome the frictional 
resistances to these motions. 

'Effect of the eartWs rotation. 

326. If the whole surface of the earth were covered by the ocean, the 
effect of the flow of the upper strata toward the poles, on account of 
the influence of the earth's rotation, would be to cause an easterly 
component of motion all around the globe, just as in the case of the 
atmosphere, but this motion could not be so great that the deflecting 
force toward the equator arising from this component would entirely 
counteract the force arising from the gradient by which the upper strata 
are moved toward the poles. This easterly velocity, therefore, as in 
the case of the upper strata of the atmosphere, has a limit beyond 
which it cannot go. 

Where this easterly flow is interrupted by continents there is a dam- 
ming up of the water and a flowing around to the right and left, and also 
a counter-flowing back in the lower strata near the bottom. Thus in 
the North Atlantic Ocean the surface flow from the equatorial to the 
polar regions causes, on account of the effect of the earth's rotation, a 
pressure and a current in the upper strata of the middle latitudes from 
the coast of America towards Europe. This is turned by the continent 
partly around to the right between the Azores and the coast of Africa, 
into the lower latitudes, in part to the left, along the coast of Norway 
and around by Spitzbergen toward the coast of Greenland, and a part 
also passes directly back to the American coast in the lower strata. 
But this deflecting force eastward not only causes an accumulation and 
a raising of the surface above the general level on the coast of Europe, 
but it likewise causes a depression of the surface, a partial vacuum, on 
the side toward America. The surface level of the Gulf of Mexico is a 
foot or more above that along the American coast in middle latitudes, 
on account of the general Surface gradient between the equator and the 
poles, and this is increased by the depression arising from the general 
easterly tendency of the water as explained above, so that for these 
two reasons the water is drawn from the Gulf of Mexico into the de- 
pression about the banks of Newfoundland, and the current deflected 
around by the coast of Africa passes over in the trade- wind latitudes 
to supply its place. In a similar manner the water is drawn down from 
the east coast of Greenland and out of Baffin's Bay into this depres- 
sion and the current deflected around by the coast of Norway and 
by Spitzbergen comes in to supply its place. Thus there are two gyra- 
tions of the water in the North Atlantic, the one around the central 
region of the Sargasso Sea, and the other around some point in the 
northern part of the Atlantic not very far from Iceland. 
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On account of the peculiar configuration of the coast of Florida and 
the chain of the West India Islands, the water drawn from the Gulf of 
Mexico has to pass through the narrow strait of Florida, so that it is 
here concentrated into a comparatively very narrow and rapid current, 
called the Gulf Stream, just as in the case of the gentle current of a 
wide and deep river, where the whole volume has to pass through nar- 
row spaces between islands. A considerable part, however, of the 
water which come's across from the coast of Africa passes around in a 
gentle flow on the right-hand side of the West India Islands by the 
Bahama Islands to join the general eastward current across the Atlantic 
in middle latitudes. 

The warm water flowing from the Gulf tends to the right away from 
the American coast, for well-known reasons, and the cold stream from 
the coast of Greenland, called the Greenland current, for the game 
reasons, tends to the right, and consequently presses toward the Ameri- 
can coast. Hence this current hugs the coast and comes in between it 
and the Gulf Stream, and as warm and cold waters do not mingle freely 
they are kept separate, so that the dividing nearly vertical plane be- 
tween is called the cold wall. 

The cold water along the American coast does not all come down 
from higher latitudes, but some of it comes from the under flow from 
Europe toward America. This under flow on arriving at the American 
coast tends to gradually rise up toward the surface, and the concentrated 
warm Gulf Stream is continually cutting a channel through it, so that 
the cold water only comes up to the surface between the Gulf Stream 
and the American coast. 

327. From the expression of (17) § 145, for computing the gradient of 
level due to the deflecting force of the earth's rotation, if there was a 
flow of the upper strata of the North Atlantic from the equator toward 
the pole with a velocity of only 4 miles in 24 hours, it would give rise 
to an east and west gradient of sea-level which would cause the sur- 
face level on the coast of Europe to be about 10 feet higher than on 
the American coast, in case of a static equilibrium. But of course the 
actual diiference would be considerably less, since the water, as already 
stated, would flow away to the right and left, and also back toward 
the American coast underneath. But it is seen from this what a very 
small northerly motion of the upper strata is sufficient to give rise to 
a deflecting force eastward sufficient to cause the easterly motion in 
the middle latitudes of the North Atlantic, and the accumulation of 
water on the coast of Europe and the depression on the American 
coast, and the two gyratioiis already described. It is also seen how 
futile it is to attempt to give a rational and satisfactory theory of ocean 
currents without takiug into account the deflecting forces arising from 
the earth's rotation. It is just as much so as it has been to give a sat- 
isfactory explanation of the general motions of the atmosphere, of cy- 
QloneSj tornadoes, &c., without taking this force into consideration, 
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328. We have seen that there is a gyration of the water in the Atlantic 
around the Sargasso Sea. The deflecting force arising from the earth's 
rotation, being always to the right of the direction of current in the 
northern hemisphere, drives the surface water imperceptibly from all 
sides toward the central part of this sea, which is the cause of the col- 
lection and retention of great quantities of sea- weed in this sea. As the 
water tends from all sides toward the central part, of course there is a 
slight elevation of the sea-level there, and a gradual sinking down of 
the water in that region and a flowing out below in all directions. This 
is not only very evident from theoretical considerations, but it is shown 
by the last two columns of the preceding table, taken from the results 
of the temperature soundings of the Challenger Expedition. From these 
it is seen that the temperatures in latitude 23°, and still more in lati- 
tude 38°, from a little below the surface all the way down to the bot- 
tom, are considerably greater than at the same depths at the equator, 
showing conclusively that there is a gradual settling down of the warmer 
surface water of the Sargasso Sea toward the bottom, and consequently 
a flowing out beneath. 

A system of currents similar to that of the North Atlantic is found 
in the ]!forth Pacific, and to some extent in the South Atlantic, South 
Pacific, and Indian Oceans, especially the gyrations around a central 
point on the latitude of about 35°. The Japan current, similar to that 
of the Gulf Stream, except not so narrow and rapid at any point, and 
the cold current coming in between it and the coast from higher lati- 
tudes, are explained in the same manner as those of the North Atlantic. 
In the South Atlantic there is a warm current passing along the South 
American coast southward, and a cold one flowing along the western 
coast of Africa northward, forming parts of a circulation similar to that 
around the Sargasso Sea. The same holds, to some extent, in the South 
Pacific and Indian Oceans. 

Effects of ocean currents on climate. 

329. The effect of these gyrations upon the temperature is to increase 
it on the side where the motion is from the equator and to decrease it on 
the other side where it is from the polar regions. Hence the isotherms 
of these oceans, as has been shown by Dana^°, do not extend east or 
west but obliquely across these oceans, being farthest from the equator 
on the sides where the currents are from the equator toward the poles. 

As the tendency of the currents, not only of the ocean, but likewise 
of the atmosphere, in the higher latitudes is from west to east, the 
effect of the general surface flow of the oceans from the equator toward 
the poles, and also of the comparatively rapid currents, as the Gulf 
Stream and Japan current, on the west sides of the oceans, is felt mostly 
on the eastern sides and the adjacent countries, so that the British 
Islands have a much higher temperature than Labrador on the same 
10048 siG, PT 2 27 
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latitudes, and Oregon and Washington Territory than the coast of China 
on the same latitudes. 

The cold currents on the eastern sides of the oceans, as that from the 
coast of Europe down by the African coast and the Humboldt current 
along the west coast of South America, and the corresponding one 
along the west coast of Africa, have a considerable effect upon the tem- 
perature of the adjacent coasts, and likewise the Greenland current and 
the similar one along the coast of China. On account of the great 
differences of temperature in a short distance between these latter 
currents and the warmer currents behind which they flow, these cold 
currents have a dense fog over them whenever the wind carries the 
warm, moist air of the warm currents over their cold surfaces. This is 
especially the case in the region of the banks of Newfoundland. 

Influenee of winds on ocean currents. 

330. It was once thought, and still by some, that the winds are the 
principal, if not the only, cause of ocean currents, and that even the 
Gulf Stream is due to them. The theory was that the trade winds 
drive the water of the ocean into the Caribbean Sea and Gulf of Mexico, 
causing a higher level, and that the Gulf Stream is a current flowing 
through the strait of Florida from this higher level. But the levelings 
across the isthmus along the line of the proposed Nicaraguan ship 
canal has shown that there is no difference of level between the oceans 
on the two sides, and consequently that the winds have no perceptible 
influence of that kind. For if they had, they would raise the level on 
the east side of the isthmus and depress it on the west side and cause a 
difference of level which would be shown by the levelings. 

That the winds, also, have no sensible efl'ect of that sort is shown by 
tidal observations on the American and European coasts. The analy- 
ses of these observations show that sea-level on the European coast is 
lowest during the winter season, at the very time when the west winds 
across the Atlantic are the strongest, the velocity at this season being 
more than twice as great as in the summer season. Furthermore, it is 
shown from observaltions of the lev.el at both ends of Lake Ontario, 
that northeast, east, and southeast winds raise the level at the west 
end above, and depress it at the east end below, the mean level about 
one-third of an inch, and that the contrary effect takes place with 
northwest, west, and southwest winds. The ordinary winds, therefore, 
produce no sensible effect on sea-level in general, and it is only observa- 
ble in case of great storms where the whole force is brought to bear 
upon shallow water, or the water is driven into some bay or gulf which 
becomes narrower toward the head. 

The Gulf Stream, therefore, is not caused bj- the trade winds raising 
the mean level of the Gulf of Mexico. It is caused in part by this 
level being raised by the upward expansion of the warmer water of the 
Gulf, but in a greater measure by the depression, as explained, in the 
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middle latitudes adjacent to the New England coast. From these two 
causes there is a descending gradient from the Gulf to this region. 
This has been recently shown by levelings made" in the Coast and 
Geodetic Survey connecting Kew York harbor with levelings which 
had been previously made from the Gulf along the Mississippi Eiver, 
from which it appears that the level of the Gulf of Mexico is about one 
meter higher than the Atlantic adjacent to New Yort. 

It must be admitted, however, that the winds, where they blow for 
some time in the same direction, give rise to surface currents with a 
considerable velocity, but the Gulf Stream is not due to this cause, for 
at its origin it flows contrary to the direction of tbe wind, the wind in 
the strait of Florida being mostly from the northeast. But when the 
effect of the earth's rotation upon ocean currents is not taken into ac- 
count, there is no other satisfactory theory, and then the wind theory 
seems to be the only one left to account for the ocean currents. 



APPENDIX. 



HTPSOMETEICAL AND OTHEK TABLES. 
Table l.—Contaming log 60518+ log [1+. 001017 (r'+r— 64°)]; Argument (r'+r) 



l-' + T 


Log. 


T'+T 


log. 


t'+t 


Log. 


t'+t 


Log. 


t'+t 


Log. 


t'+t 


Log. 


O 




o 




o 




o 




o 




o 







4. 75261 


30 


4. 76659 


60 


4. 78012 


90 


4. 79325 


120 


4. soeoo 


150 


4. 81839 


1 


4. 75308 


31 


4. 76706 


61 


4^78057 


91 


4. 79368 


121 


4. 80642 


151 


4. 81880 


2 


4.75355 


32 


4. 76750 


62 


4. 78101 


92 


4. 79411 


122 


4. 80684 


152 


4. 81921 


3 


4.75402 


33 


4. 76796 


03 


4. 78145 


93 


4. 79454 


123 


4.80726 


163 


4. 81962 


4 


4. 75449 


34 


4. 76R42 


64 


4. 78189 


94 


4. 79497 


124 


4. 80788 


154 


4. 82002 


5 


4. 75496 


35 


4. 76888 


65 


4. 78233 


95 


4. 79540 


125 


4. 80810 


165 


4. 82043 


, 8 


4.75544 


36 


4. 76933 


66 


4. 78277 


96 


4. 79584 


126 


4. 80851 


156 


4. 82083 


7 


4. 75591 


37 


4. 76979 


67 


4. 78321 


97 


4. 79627 


127 


4. 80893 


157 


4. 82124 


8 


4. 75638 


88 


4. 77024 


68 


4. 78365 


98 


4. 79670 


128 


4. 80935 


158 


4. 82165 


9 


4. 75685 


39 


4. 77169 


69 


4. 78409 


99 


4. 79713 


129 


4. 80977 


159 


4. 82206 


10 


4. 75731 


40 


4. 77114 


70 


4. 78454 


100 


4, 79755 


130 


4. 81018 


160 


4. 82240 


11 


4. 75778 


41 


4. 77160 


71 


4. 78498 


101 


4. 79798 


131 


4. 81059 


161 


4. 82286 


12 


4. 75825 


42 


4. 77205 


72 


4. 78542 


102 


4. 79840 


132 


4. 81101 


162 


4. 82326 


13 


4. 75872 


43 


4. 77250 


73 


4. 78580 


103 


4. 79883 


133 


4. 81143 


163 


4.82366 


14 


4. 75919 


44 


4.77295 


74 


4. 78629 


104 


4. 79926 


134 


4. 81184 


164 


4. 82406 


15 


4. 7,5966 


45 


4. 77340 


75 


4. 78673 


105 


4. 79969 


135 


4. 81225 


165 


4. 82446 


16 


4. 76012 


46 


4. 77385 


76 


4.78716 


106 


4. 80011 


136 


4. 81266 


166 


4. 82486 


17 


4. 76059 


47 


4. 77430 


77 


4. 78700 


107 


4. 80063 


137 


4. 81307 


167 


4. 82526 


18 


4. 76105 


48 


4. 77475 


78 


4. 78804 


108 


4. 80095 


138 


4. 81348 


168 


4.82567 


19 


4. 76152 


49 


4. 77S:0 


79 


4. 78848 


109 


4. 80138 


130 


4. 81389 


169 


4. 82607 


20 


4. 76198 


50 


4. 77565 


80 


4.78892 


110 


4. 80180 


140 


4. 81430 


170 


4. 82647 


21 


4. 76244 


51 


4. 77610 


81 


4. 78936 


111 


4. 80222 


141 


4. 81472 


171 


4. 82687 


22 


4. 76290 


52 


4. 77655 


82 


4. 78979 


112 


4. 80264 


142 


4.81513 


172 


4. 82727 


23 


4. 76336 


53 


4.77000 


83 


4. 79022 


113 


4. 80307 


143 


4. 81554 


17? 


4. 82767 


24 


4. 76383 


54 


4. 77745 


84 


4. 79065 


114 


4. 80349 


144 


4. 81595 


174 


4. 82800 


25 


4. 70429 


65 


4.77790 


85 


4. 79109 


115 


4. 80391 


145 


4. 81638 


175 


4. 82846 


26 


4. 76475 


56 


4. 77834 


86 


4.79152 


116 


4. 80433 


146 


4. 81676 


176 


4. 82886 


27 


4. 76621 


57 


4. 77879 


87 


4. 79195 


117 


4. 80475 


147 


4. 80717 


177 


4. 82928 


23 


4. 76567 


68 


4.77924 


88 


4. 79238 


118 


4. 80517 


148 


4. 81758 


178 


4. 82966 


29 


4. 76G13 


59 


4, 77968 


89 


4. 79282 


119 


4. 80569 


149 


4. 81799 


179 


4. 83006 







Multiples of 


the differences. 




1 


47 


46 


45 


44 


43 


42 


41 


40 


39 


2 


94 


92 


90 


88 


86 


84 


82 


80 


78 


3 


141 


138 


135 


132 


129 


126 


123 


120 


117 


4 


188 


]S4 


180 


176 


172 


168 


164 


160 


156 


5 


235 


230 


225 


220 


215 


210 


205 


200 


195 


6 


282 


278 


270 


264 


258 


252 


246 


240 


234 


7 


329 


322 


315 


308 


301 


294 


287 


280 


273 


8 


376 


308 


360 


352 


344 


330 


328 


320 


312 


9 


423 


414 


406 


390 


387 


378 


309 


360 


351 



421 
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Table 11.— Contaimng log ^ (P, n) in nniis of the fifth decimal place ; Arguments, Pand t,. 



Pia 

iuches. 




• 






Ti in degreBB Fahrenheit. 














. 5 


10 


15 


20 


25 


30 


35 


40 


45 
163 


50 



197 


55 
236 


60 
283 


65 
337 


70 


75 


80 


85 


90 


in 


24:30 


37 


46 


58 


73 


91 


lU 


135 


400 


478 


557 


654 


764 


16 


22 28 


35 


43 


55 


08 


85 


105 


127 


153 


185 


222 


265 


315 


373 


442 


522 


614 


719 


17 


21|26 


33 


41 


52 


64 


80 


99 


120 


145 


174 


208 


249 


296 


351 


416 


492 


579 


678 


18 


19 24 


31 


39 


49 


61 


76 


93 


113 


137 


164 


197 


235 


280 


332 


394 


466 


547 


640 


19 


18 23 


30 


37 


46 


58 


72 


88 


107 


129 


155 


187 


223 


266 


316 


375 


443 


520 


606 


20 


17 


22 


28 


35 


44 


55 


68 


84 


102 


123 


147 


177 


212 


253 


301 


357 


420 


494 


575 


21 


IG 


21 


27 


33 


42 


52 


65 


80 


97 


117 


140 


168 


202 


242 


288 


341 


400 


470 


547 


23 


16 


2C 


26 


32 


40 


50 


62 


76 


92 


in. 


133 


161 


193 


232 


275 


325 


382 


448 


522 


23 


15 


19 


25 


30 


38 


48 


59 


72 


88 


106 


138 


154 


184 


221 


263 


311 


365 


428 


499 


24 


15 


18 


24 


29 


36 


46 


56 


69 


84 


102 


123 


148 


177 


211 


251 


297 


350 


410 


478 


25 


14 


18 


23 


28 


35 


41 


54 


66 


81 


98 


118 


142 


169 


203 


241 


285 


336 


394 


460 


26 


14 


17 


22 


27 33 


4l' 


52 


64 


78 


94 


113 


136 


162 


194 


231 


274 


323 


380 


444 


27 


13 


17 


21 


26 J 32 


.40 


50 


62 


75 


91 


109 


131 


156 


187 


222 


264 


311 


366 


428 


28 


13 


16 


20 


25 


31 


39 


48 


60 


72 


88 


106 


126 


151 


180 


214 


254 


299 


352 


413 


29 


12 


16 


19 


24 


30 


37 


46 


58 


70 


85 


102 


122 


145 


174 


207 


245 


289 


340 


398 


30 


12 


15 


18 


23 


29 


30 


45 


56 


68 


82 


99 


118 


141 


168 


200 


237 


280 


329 


384 


31 


12 


15 


17 


22 


28 


35 


44 


55 


66 


80 


96 


115 


137 


163 


194 


230 


271 


318 


371 j 



Pin 












T 


in conti 


5?-ade degrees. 














millim- 






































































eters. 


-18 


-15 


-12 


-9 


-6 


-3 





3 


6 


9 

142 


12 
170 


15 
208 


18 


21 


24 


27 


30 


500 


IS 


23 


20 


:)ii 


46 


59 


75 


94 


116 


251 


303 


361 


434 


515 


520 


17 


22 


28 


35 


45 


57 


73 


90 


111 


136 


164 


200 


242 


291 


348 


416 


495 


540 


16 


21 


27 


31 


43 


56 


69 


86 


106 


130 


158 


193 


233 


279 


336 


400 


476 


660 


15 


20 


26 


33 


42 


54 


67 


82 


102 


125 


152 


186 


235 


269 


324 


386 


469 


680 


15 


19 


25 


32 


40 


52 


65 


79 


98 


121 


147 


179 


217 


200 


313 


373 


444 


600 


15 


18 


24 


31 


39 


50 


62 


76 


96 


117 


142 


,173 


210 


252 


303 


361 


430 


620 


14 


17 


24 


30 


37 


48 


60 


74 


92 


113 


138 


167 


203 


244 


293 


349 


416 


640 


14 


17 


23 


29 


30 


46 


58 


72 


80 


110 


1.34 


162 


196 


237 


284 


338 


403 


660 


14 


17 


22 


2« 


35 


45 


57 


70 


87 


106 


130 


157 


190 


230 


275 


328 


391 


680 


13 


16 


21 


27 


34 


44 


55 


68 


84 


103 


126 


152 


184 


223 


267 


318 


380 


700 


13 


16 


21 


26 


33 


43 


54 


66 


82 


100 


122 


148 


179 


216 


259 


309 


369 


720 


13 


16 


20 


25 


32 


41 


52 


64 


79 


97 


119 


144 


174 


210 


252 


301 


358 


740 


12 


15 


19 


24 


31 


40 


60 


62 


77 


95 


116 


140 


169 


204 


246 


293 


348 


760 


13 


15 


ID 


24 


31 


39 


49 


61 


75 


93 


113 


]:i7 


165 


199 


240 


286 


339 


780 


12 


15 


IS 


23 


30 


38 


48 


60 


73 


91 


111 


134 


161 


195 


235 


286 


331 
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Table III, — Containing tlieeonnjlement of log 11 — .000084(r — rj)]; argument, (r — ri). 



(T-T,) 

OF. 


Comple- 
ment of log- 
aritbm. 


(T-Tl) 


Comple- 
ment of log- 
arithm. 


(t-t,) 


Comple- 
ment of log- 
arithm. 




°F. 




°F. 




1 


-0. 00004 


11 


-0. 00041 


21 


-0. 00077 


2 


. 00007 


12 


.00044 


22 


. 00080 


3 


. 00011 


13 


. 00048 


23 


.00084 


i 


. 00014 


W 


. 00051 


24 


^ . 00088 


5 


. 00018 


15 


. 00055 


25 


. 00092 


« 


. 00022 


16 


. 00059 


26 


. 00096 


7 


.00025 


17 


. 00062 


27 


. 00099 


8 


.00029 


18 


.00066 


28 


. 00103 


9 


. 00033 


19 


. 00069 


29 


. 00106 


10 


.00037 


20 


. 00073 


30 


.00110 



Note. — For a Troll-ventilated psychrometer deduct one-seveDth. from the logarithms. 
Table IV. — Containing the logarithm of (l-j-. 002606 cos 2/1); ai'gujnentj X. 



+ 


Logarithm. 


A 


+ 


Logarithm. 


A 


A 

+ 


Logarithm. 


A 


o 




o 


o 







o 




o 





0.00113 


90 


16 


0.00097 


74 


31 


0.00054 


59 


1 


. 00113 


89 


17 


.00094 


73 


32 


. 00050 


58 


2 


. 00113 


88 


IS 


. 00092 


72 


33 


. 00046 


57 


3 


. 00113 


87 


19 


.00089 


71 


34 


. 00043 


56 


4 


. 00113 


86 


20 


.00087 


70 


35 


. 00039 


55 


5 


. 00112 


85 


21 


.00084 


69 


36 


.00035 


54 


6 


. 00112 


84 


22 


. 00082 


68 


37 


.00031 


53 


7 


. 00111 


83 


23 


.00079 


67 


3S 


. 00028 


52 


8 


. 00110 


82 


24 


.00076 


66 


39 


. 00024 


51 


9 
10 
11 
12 
13 
14 


. 00108 
. 00107 
.00105 
.00104 
. 00102 
. 00101 


81 
80 
79 
78 
77 
76 


25 
26 
27, 
28 
29 


. .00073 
. 00070 
.00067 
. 00063 
.00060 


65 

64 
63 
l!2 
61 


40 
41 
42 
43 
44 


.00020 
. 00016 
. O0O12 
. 00008 
. 00004 


50 
49 
48 
47 
46 


15 


.00099 


75 


30 


. 00057 


60 


45 


. 00000 


45 



Table 



V. — Containing the logarithm of (l+"Z7"); argument, 



H. 



s 


Logarithm. 


B 


a 


Logarithm. 


S 


Feet. 




Meters. 


Feet. 




Meters. 


100 


0.00000 


30 


2,000 


0. 00004 


610 


200 


. 00001 


61 


3,000 


.00006 


914 


300 


. 00001 


91 


4,000 


. 00008 


1,219 


400 


. 00001 


122 


5,000 


. 00010 


1,524 


500 


. 00001 


152 


6,000 


. 00012 


1,829 


600 


. 00001 


183 








700 


. 00001 


213 


7,000 


. O0O14 


2,134 


800 


. 00002 


244 


8,000 


. 00016 


2,438 


900 


. 00002 


274 


9,000 


, .00018 


2,743 


1,000 


. 00002 


305 


10, 000 


.00020 


3,048 
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l+-p-l; argument, h'. 



h' 


Logarithm. 


h' 


h' 


Logarithm. 


h' 


Feet. 




Meters. 


Feet. 




Meters. 


1,000 


0.00004 


305 


6,000 


0. 00024 


1,824 


2,000 


. 00008 


610 


7,000 


. 00028 


2,134 


3,000 


. 00012 


914 


8,000 


. 00032 


2,438 


4,000 


. 00016 


1,219 


9,000 


. 00030 


2,743 


S.OOO- 


. 00020 


1,624 


10, 000 


. 00039 


3,048 



Table Yll.—Containing the logarithm of [1+.0000895 (r— 28.5°)] ; argument, r. 



T 


Comple- 
ment of log- 
arithm. 


r 


Comple- 
ment of log- 
arithm. 


T 


Comple- 
ment of log- 
arithm. 





—0. 00111 


36 


+0. 00029 


72 


-f 0.00168 


3 


. 00099 


39 


. 00041 


75 


. 00180 


6 


. 00088 


42 


. 00053 


.78 


.00192 


9 


. 00076 


45 


.00064 


81 


. 00203 


12 


. 00064 


48 


. 00075 


84 


.00215 


15 


. 00053 


51 


. 00087 


87 


. 00227 


18 


. 00041 


54 


.00099 


90 


. 00239 


21 


. 00029 


57 


.00111 


93 


. O0251 


24 


. 00018 


60 


. 00122 


86 


. 00262 


27 


. 00006 


63 


. 00133 


09 


. 00275 


30 


-f 0.00006 


66 


. 00145 


102 


. 00287 


33 


. 00017 


69 


. 00156 


105 


. 00299 



Table VIII. — To be used in place of Tables II and III where no hygromelric observations 

are made. 



t'-Ht 


Logarithm. 


T'.-l-T 


t'+t 


Logarithm. 


T' + T 


OF. 




°0. 


° F. 




°0. 





0. 00030 


-17.8 


100 


.00215 


+37.8 


10' 


. 00037 


U.2 


110 


. 00256 


43.3 


20 


.00045 


6.7 


120 


. 00297 


48.9 


30 


. 00053 


LI 


130 


.00338 


54.4 


40 


. 00062 


+ 4.5 


140 


.00379 


60.0 


50 


. 00073 


10.0 


160 


. 00420 


65.5 


60 


. 00088 


15.6 


160 


. 00460 


7L1 


70 


.00110 


2L1 


170 


. 00501 


76.6 


80 


. 00138 


26.7 


180 


. 00542 


82.2 


90 


.00175 


32.2 
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Tabi;e IX.— Gravity correotion for a pressure of 760 mm., or 30 inches at latitude A; 

argunwnt, /I. 



A 


Conection. 


X 

+ 


K 


Correction. 


K 

+ 




mm. 


Ineha. 






WWII. 


Iiwhea. 







1.98 


.078 


90 


23 


1.37 


.054 


67 


1 


1.98 


.078 


89 


24 


1.33 


.052 


66 


2 


1.97 


.078 


88 


25 


1.27 


.050 


65 


3 


1.97 


.078 


87 


26 


1.22 


.048 


64 


4 


1.90 


.077 


86 


27 


1.16 


.048 


63 


5 


1.95 


.077 


85 


28 


1.11 


.044 


62 





1.94 


.076 


84 


29 


1.05 


.041 


61 


7 


1.92 


.076 


83 


30 


0.99 


.089 


60 


8 


1.90 


.075 


82 


31 


0.93 


.037 


59 


9 


1.88 


.074 


81 


33 


0.87 


.034 


58 


10 


1.86 


.073 


80 


33 


0.81 


.032 


57 


11 


1.84 


.072 


79 


34 


0.74 


.029 


56 


12 


1.81 


.071 


78 


35 


0.68 


.027 


55 


13 


1.78 


.070 


77 


36 


0.61 


.024 


54 


14 


1.75 


.069 


76 


37 


0.55 


.022 


53 


15 


1.72 


.067 


75 


38 


0.48 


.019 


52 


, 16 


1.68 


.066 


74 


39 


0.41 


.016 


51 


17 


1.64 


.065 


73 


40 


0.34 


.014 


50 


18 


1.60 


.063 


72 


41 


0.28 


.011 


49 


19 


1.56 


.062 


71 


42 


0.21 


.008 


48 


20 


1.52 


.660 


70 


43 


0.14 


.005 


47 


21 


1.47 


.058 


69 


44 


0.07 


.003 


46 


22 


1.42 


.036 


68 


45 


0.00 


.000 


45 
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Table X. — Containing the tension of agueoas vapor in saturated air, pi, at the tempera- 
ture Ti. 



t' 


Tension. 


t' 


Tension. 


t' 


Tension. 


t1 


Tension. 


t1 


Tension. 





Inches. 
0.045 


20 


Inches. 
0.109 


40' 


IneJies. 
0.246 


"F. 
60 


Inches. 
0.617 


80 


Inches. 
1.021 


1 


0.047 


21 


0.114 


41 


0.266 


61 


0.536 


81 


1.065 


2 


0.049 


22 


0.119 


42 


0.266 


62 


0.656 


82 


1.09(i 


3 


0.051 


23 


0.124 


43 


0.276 


63 


0.575 


83 


1.126 


4 


0.054 


24 


0.129 


44 


0.287 


64 


0.696 


84 


0.163 


5 


0.057 


25 


0.135 


45 


0.298 


65 


0.616 


85 


0.201 


6 


0.059 


26 


0.141 


46 


0.310 


66 


0.638 


86 


1.239 


7 


0.063 


27 


0.147 


47 


0.322 


67 


0.660 


87 


1.279 


8 


0.065 


28 


0.153 


48 


0.334 


68 


0.683 


88 


1.320 


9 


0.068 


29 


0.159 


49 


0.347 


69 


0.707 


89 


1.363 


10 


0.071 


30 


0.166 


50 


0.360 


70 


0.732 


90 


1.407 


11 


0.075 


31 


0.173 


51 


0.374 


71 


0.757 


91 


1.552 


13 


0.078 


32 


0.180 


52 


0.388 


72 


0.783 


92 


1.498 


13 


0.081 


33 


0.187 


53 


0.402 


73 


0.810 


93 


1.546 


U 


0.085 


34 


0.195 


54 


0.417 


74 


0.837 


94 


1.594 


15 


0.088 


35 


0.203 


55 


0.432 


76 


0.865 


95 


1.644 


10 


0.092 


36 


0.211 


56 


0.448 


76 


0.894 


96 


1.695 


17 


0.096 


37 


0.219 


57 


0.464 


77 


0.925 


97 


1.748 


18 


0.100 


38 


0.228 


58 


0.481 


78 


0.956 


98 


• 1.802 


19 


0.104 


39 


0.237 


59 


0.499 


79 


0.988 


99 


1.867 


°0. 
-18 


mm. 
1.12 


°0. 
6 


mm. 
2.93 


°a 

5 


TYim. 
6.51 


16 


mm,. 
13.51 


27 


mm. 

26.47 


17 


1.22 


-5 


3.16 


6 


6.97 


17 


14.40 


28 


28.07 


16 


1.32 


-4 


3.41 


7 


7.47 


18 


15.33 


26 


29.74 


15 


1.44 


3 


3.67 


8 


7.99 


19 


16.32 


30 


31.51 


14 


1.66 


2 


3.95 


9 


8.55 


20 


17.36 


31 


33.37 


13 


1.69 


-1 


4.25 


10 


9.14 


21 


18.47 


32 


35.32 


12 


1.84 





4.57 


11 


9.77 


22 


19.63 


33 


37.37 


11 


1.99 


+1 


4.91 


12 


10.43 


23 


20.88 


34 


39.52 


10 


2.15 


3 


5.27 


13 


11.14 


+24 


22.15 


35 


41.78 


9 


2.33 


3 


5.66 


14 


11.83 


25 


23.52 


36 


44.16 


8 


2.51 


4 


6.07 


15 


12.67 


26 


24.96 


+37 


46.66 


7 


2.72 
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Tablb XI. — ContaAning the values of the intensity of solar radiation J and solar constant 
A in terms of the mean solar constant Jo- 



Date. 


°o7 


it. 


Latitudes. 


A 
























year. 




0° 


10° 


20° 


30° 


40° 


50° 


60° 


70° 


80° 


90° 




Jan. 1.. 
16.. 


1 
16 


o 
00.99 
16.78 


.303 
.307 


.265 
.271 


.220 
.229 


.169 
.180 


.117 
.129 


.066 
.078 


.018 
.028 








1. 0335 
1.0324 








Feb. 1.. 


32 


31.54 


.312 


.282 


.244 


.200 


.150 


.100 


.048 


.006 






1.0288 


15.. 


47 


45.34 


.317 


.293 


.261 


.223 


.177 


.118 


.075 


.027 






1.0235 


Mar. 1.. 


60 


59.14 


.320 


.303 


.279 


.245 


.204 


.158 


.108 


.056 


.013 




1. 0173 


16.. 


75 


73.03 


.321 


.313 


.296 


.270 


.236 


.195 


.148 


.097 


.057 




1.0096 


Apr. 1.. 


91 


89.70 


.317 


.319 


.312 


.295 


.269 


.235 


.195 


.148 


.101 


.082 


1. 0009 


16.. 


106 


104.49 


.311 


.321 


.323 


.315 


.297 


.271 


.238 


.201 


.175 


.177 


0. 9923 


May 1-- 


121 


119.29 


.303 


.318 


.330 


.329 


.320 


.302 


.278 


.253 


.355 


.259 


0. 9841 


16.. 


136 


134. 05 


.294 


.3)8 


.3;i3 


.339 


.337 


.327 


.312 


.298 


.317 


.322 


0. 9772 


Jnne 1.. 


152 


149. 82 


.287 


.315 


.334 


.345 


.349 


.345 


.337 


.344 


.360 


.366 


0. 9714 


16.- 


167 


164. 60 


.283 


.313 


.334 


..348 


.354 


.353 


.348 


.361 


.378 


.384 


0. 0679 


July 1.. 


182 


179.39 


.283 


.312 


.333 


.347 


.352 


.351 


.345 


.356 


.373 


.379 


0. 9666 


16.. 


197 


194. 13 


.287 


.314 


.332 


.342 


.345 


.340 


.329 


.331 


.347 


.332 


0. 9674 


Aug. 1.. 


213 


209. 94 


.294 


.316 


.330 


.334 


.330 


.318 


.300 


.282 


.295 


.300 


0. 9709 


16.. 


228 


224.73 


.303 


.318 


.325 


.322 


.310 


.291 


.264 


.234 


.227 


.231 


0. 9760 


Sept. 1.. 


244 


240. 50 


.310 


.318 


.316 


.305 


.285 


.256 


.220 


.180 


.139 


.140 


0. 9828 


16.. 


259 


255. 29 


.315 


.315 


.305 


.284 


.256 


.220 


.178 


.130 


.107 


.043 


0.9909 


Oct. 1.. 


274 


270.07 


.317 


.308 


.289 


.261 


.225 


.183 


.135 


.084 


.065 




0. 9995 


16.. 


289 


284.86 


.316 


.298 


.271 


.236 


.194 


.147 


.097 


.047 


.015 




1. 0080 


ITov. 1.. 


305 


300. 63 


.312 


.286 


.251 


.211 


.164 


.114 


.063 


.018 


...'... 




1.0164 


16.. 
Bee. 1.. 


320 
335 


315. 42 
330. 19 


.308 
.304 


.276 


. 235 


. 190 


. 140 


. 089 


.040 








1. 0235 


.267 


.224 


.175 


.124 


.072 


.024 








1.0288 


16.. 

Tears.. 


350 


344. 98 


.302 


.263 


.218 


.167 


.115 


.064 


.016 








1. 0323 







.305 


.301 


.289 


.268 


.241 


.209 


.173 


.144 


.133 


.326 
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Table Xll.—Containtng the values of e 4- is (e—l) in (101), $ 50, and also the corre- 
sponding values of Sec. z. 



z. 


- 


i^(e-l) 


Sec. z. 


z. 
42 


1.344 


Je(e-l) 


See. s. 


Z. 


e. 


Je(e-l) 


Sec. z. 





1.000 


0.00 


1.000 


0.23 


1.346 


67 


2.648 


1.99 


2.559 


10 


1.015 


0.01 


1.015 


43 


1.365 


0.25 


1.367 


68 


2.655 


2.21 


2.068 


15 


1.035 


0.02 


1.035 


44 


1.388 


0.27 


1.390 


69 


2.776 


2.47 


2.791 


20 


1.064 


0.03 


1.064 


45 


1.412 


0.29 


1.414 


70 


2.906 


2.78 


2.924 


21 


1.071 


0.03 


■ 1.071 


46 


1.436 


0.31 


1.439 


■71 


3.051 


3.15 


3.072 


22 


1.078 


0.03 


1.078 


47 


1.463 


0.33 


1.466 


72 


3.211 


3.57 


3.236 


23 


1.086 


0.04 


].086 


43 


1.492 


0.36 


1.405 


73 


3.391 


4.07 


3.421 


24 


1.095 


0.04 


1.095 


49 


1. 522 


0.39 


I. ,')25 


74 


3.592 


4.66 


3.628 


25 


1.103 


0.05 


1.103 


50 


1.554 


.0.42 


1, 557 


75 


3.822 


5.39 


3.864 


26 


1.112 


0.05 


1.132 


51 


1.587 


0.46 


1.599 


76 


4.087 


6.31 


4.133 


27 


1.121 


0.06 


1.122 


52 


1.622 


0.50 


1.625 


77 


4.391 


7.45 


4.445 


28 


1.132 


0.07 


1.133 


53 


1.659 


0.55 


1.663 


78 


4.742 


8.87 


4.809 


29 


1.143 


0.08 


1.144 


54 


1.697 


0.00 


1.701 


79 


5.167 


10.74 


5.241 


30 


1.164 


0.08 


1.155 


55 


1.739 


0.65 


1.743 


80 


6.62 


12.98 


5.76 


31 


1.166 


0.09 


1.167 


56 


1.784 


0.70 


1.788 


81 


6.20 


16.1 


6.39 


32 


1.178 


0.10 


■ 1. 179 


57 


1.832 


0.76 


1.836 


82 


6.90 


20.4 


7.18 


33 


1.192 


0.11 


1.192 


58 


1.883 


0.83 


1.887 


83 


7.78 


26.4 


8.21 


34 


1.205 


0.12 


1.206 


59 


1.938 


0.91 


1.942 


84 


8.91 


39.1 


9.57 


35 


1.220 


0.13 


1.2^1 


60 


1.996 


1.00 


2.000 


85 


10.48 


49.7 


11.47 


36 


1.235 


0.14 


1.230 


61 


2.059 


1.10 


2.063 


86 


12.6 




14.3 


37 


1.251 


0.15 


1.252 


02 


2.125 


1.20 


2.130 


87 


15.5 




19.1 


38 


1.247 


0.16 


1.269 


63 


2.197 


1.33 


2.203 


88 


19.9 




28.7 


39 


1.285 


0.17 


1.287 


04 


2.274 


1.47 


2.281 


89 


26.2 




57.3 


40 


1.303 


0.19 


1.305 


65 


2.358 


1.62 


■A 360 


90 


35.5 






41 


1.323 


0.21 


1.325 


66 


2.450 


1.79 


2.459 











Table XIII. — Containing the diminution of temperature for each 100 meters of ascending 

saturated air. 



Pressure P. 



Jfm. 

760 

700 

600 

500 

400 

300 

200 









Temperature t. 








-10°. 


-5°. 


0°. 


6°. 


10°. 


15°. 


20°. 


25°. 


,30°. 





























0.74 


0.68 


0.64 


0.58 


0.53 


0.48 


0.43 


0.40 


0.37 


.73 


.66 


.63 


.57 


.61 


.46 


.42 


.38 


.36 


.70 


.63 


.60 


.54 


.48 


.43 


.40 


.36 




.66 
.62 
.56 
.48 


.60 
.55 
.49 
.41 


.56 
.51 
.46 
.39 


.50 
.46 

.42 


.45 
.41 


.40 
.37 


'.37 







































* Altitude 
for 0°. 



Meters. 



1897 
3357 
5142 
7550 
10680 



WEIGHT OF AQUEOUS VAPOE IN A KILOGEAM OE SATUEATED ATE. 



ifm. 
760.--. 
600.--- 
400.... 
200.... 



Gh-amg. 
1.7 



3.3 
6.5 



Grams. 
2.6 
3.2 
4.8 
9.7 



Grains. 
3.8 
4.6 
7.2 



I 



Grams. 
5.4 
0.8 
10.2 



Grams. 

7.6 

9.6 

14.4 



GraTns. 
10. 5 
13.3 
20.0 



Grains. 
14.4 
18.3 



Grams. 
19.6 
24.8 



Grams. 
26.3 



Meters. 



1897 

5142 

10680 



* Computed by (50), § IS, with the asaumerl temper.iturea of the taWe of § 27. These .iltitndes arc some 
greater ibr higli summer temperatures, and less lor winter tomperaturea. 
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Table XIV. — Containing the values of constants, and combinations of constants and their 
logarithms, used in the formulce of the preceding ohapiers. 

G=9. 806056 meters [0. 9914044] i=7991. 7 (3. 90264] 

»-=6367323 meters [6. 8039569] gl=l. 8366[4. 89413] 

n=. 00007291 [0. 86285-5] M=. 43429 [0. 63778-1] 

rn=464. 31 meters [2. 66681] 1 mile=ie09. 32 meters [3. 20664] 
m^=. 033S58 [0. 52966-21 _ 1 kilogram=2. 20485 poimds [0. 34ii379] 
riit^ 1 

"(r~2l9r62 '•"' ^^^"~'l 1 moter=3. 2809 feet [0. 6159929] 

FACTOES OF REDUCTION. 

Meters per second to miles per'hour 2. 2370 fO. 34966]. 

Pounds avoirdupois to pounds Troy 1.215278 [0. 0846756]. 

Grams per square centimeter to pounds avoirdupois per square foot 2.04830 [0. 311393]. 

Feet per second to miles per hour 0. 0818182 [0. 8336686-1]. 
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tributions to Knowledge, No. 268. 

4. Physical Geography in its Relations to the Prevailing Winds ; by John Knox 
Laughton, M. A., F. E. A. S., F. R. G. S. London, 1870. 

5. Philosophy of Storms. 

6. Loomis' Contributions to Meteorology. Eighteenth Paper. 

7. Reporc of Commander E. P. Lull on the Panama Interoceanic Ship Canal. 

8. Survey for an Interoceanic Ship Canal, &c. ; by Lieut. Frederick Collins. 

9. Emiu Effendi's Reisen in Equatorial- 4.frica. Fetermann's Mittheilwngen, 1878. 

10. Meteorological Researches for the use of the Coast Pilot, part ii ; by the author. 
Coast and Geodetic Survey Ueport for 1878; App. No. 10. 

11. Rainfall and Barometric Minima ; by Prof. Dr. Theo. Eoye. With notes by Dr. 
Julius Hann. Zeits. der Oesterr. Gesell. fUr Meteorologie, 1875. Smithsonian Report for 
1877. 

12. Apuntes relatives & los huracanes de las Antillas en setiembre y octubro do 
1875 y 1876 ; by R. P. Benito Vines, S. J. 

13. Journal of the Scottish Meteorological Society, 1873. 

14. Quarterly Journal of the Meteorological Sociexy, October, 1877. 

15. Contiibutiins to Meteorology, li'irst Paper. Sill. Jour., Jxily, 1874. 



432 KEPOET OF THE CHIEF SIGNAL OPFICEE. 

16. Sur la distribution des ^l^meuts m^t^orologiques autour des minima et des 
maxima barom^triqnes. Upsala, 1873. 

17. Essai sur les courants sup^rieurs de I'atmosplifere dans leur relation aux lignes 
isobarom^triques: parH. Hildebrand Hildebrandsson, Upsala, Nova Acta, ix, 1874. 

18. Laws of tlie Winds; by Rev. Clement Ley. 

19. Contributions to Meteorology. Fifth Paper. Sill. Jour., July, 1876. 

20. Contributions to Meteorology. Seventh Paper. Sill, Jour., July, 1877. 

21. Contributions to Meteorology. Second Paper. Sill. Jour., January, 187o. 

22. Contributions to Meteorology. Tenth Paper. Sill. Jour., January, 1879. 

23. Contributions to Meteorology. Eighth Paper. uSill. Jour., January, 1878. 

24. Annuaire de la Soci^t^ M6t6orologiqu6 de Prance, 1880. 

25. Contributions to Meteorology. Nineteenth Paper. Sill. Jour., December, 1883. 

26. Journal of the Scottish Met. Society, 186S, p. 135. 

27. Character of Six Hundred Tornadoes. Professional Paper of the Signal Service, 
No. VII. 

28. Silliman's Journal, vol. xviii, 1854. 

29. Silliman's Journal, vol. 1, 1870, p. 403. 

30. Zeit. derOeeterr. Gesell. far Met., Bd. iii, Seite 318. 

31. Iowa Weather Service. Press Bulletin 82. April, 1880. 

32. Proc. Eoyal Soc. for May, 1860. Phil. Mag., Aug., 1860. 

33. Sailor's Horn-Book. 

34. Nature, July 19, 1883. 

35. Journal de Physique, vol. 88. 

36. Bulletin Soc. G€ologique de France, t. viii, page 274. 

37. Whirlwinds produced by the Burning of a Cane-Brake. Sill. Journal, 2d series, 
vol. xi, page 181. 

38. Whirlwinds excited by Fires. Sill. Jour. , 2d series, vol. xxx vi. 

39. Whirlwind observed at Sobell City, Mo., by Professor Nypher. Nature, Sept. 
11,1879. 

Chapters VI and VII. 

1. Thomson and Tait's Natural Philosophy. 

2. The Corrections of Mercurial Thermometers considered as Normal Thermome- 
ters. By T. Eassell, junior professor in the office of the Chief Signal Officer. 

3. Theory of the Difference between Mercurial Thermometer and Air Thermome- 
ter. 

4. Thermometer Exposure. By H. A. Hazen, junior professor 0. C. S. O. Sill., 
Jour., May, 1884. 

5. Ueber die Veranderliohkeit der Tagestemperatur. Siizungsb. der Tcais. Acad, der 
Wissensch., Bd. Ixxi, April, 1875. Zeit der Oesterr Gesell. fur Met., Bd. xi, 1876. 

6. Herschell's Meteorology. 

7. Lehrbuch der Meteorologie. 

8. Annales de Chimie et de Physique, t. xi, 1877. 

9. Lambert's Photometria. 

10. Quarterly Journal of Science, vol. xviii, 1825. 

11. Eeport of Observations made on the Expedition to Caroline Island to observe 
the Total Solar Eclipse of May 6, 1883. Memoirs of the National Academy of Sciences, 
vol. ii. 

12. Meteorological Essays and Observations. London, 1823. 

13. Annales de Chimie et de Physique, 3° s6ne, t. xv, 1845. Taylor's Memoirs, vol. 
iv, 1846. 

14. Zeitschrift frir Meteorologie, Bd. xiii, Seite 241, 1878. Symons's Met. Journal, 
March, 1881. 

15. Essais sur I'hygrom^trie. Neuoh^tel, 1783. 
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16. Annales de Chimie et de Physique, t. xv, 1845. 

17. Ueber die Fortsohritte. der Hygrometile. Berlin, 1830. 

18. Annales de Chimie et de Physique, t. xxxvii, 1853. 

19. Etudes sur le psychiomfetre. Annales du Bureau Central M4tiorologique de 
France, 1880. 

20. Bemerkungen iiber Hygrometrie. Kaemtz MeperUrrium, Bd. ii. 

21. Corso di fisioa sperimentale. ii. Milano, 1831. Di un nuovo psyohrometro o 

Igrometro a raffreddamento per evaporazione. Nuovi Sae/gi della Imperiale Begia 

Accademia di Seienze, Lettere ed Arti in Padova, vol. vi, 1847. 

2-<J. Note sur le psyohromfetre fronde. Annuaire de la Soei4i4 M4t4orolomgue de France. 
t.iii, 1855, p.60. ^ ' 

23. Die Bestimmung der Peuchtigkeit der Luft mit dem Psychrometer. Bepertorium 
fur Meteorologie, Bd. vii. 

24. Philosophical Magazine (4), xix, xx, and xxxv. 

25. Sitzungsb. der kais. Academie der Wissensch., Ixiii, 1871 ; Ixv, 1872 ; and Ixviii, 
1883. 

26. Zur barometrischeu HohenmessiiDg. Sitzungsb. der k. Academie der Wissensch., 
Bd. Ixxiv. 

27. Repertorium filr Meteorologie, Band v. 

28. Repertorium flir Meteorologie, Bd. iv und Bd. vi. 

29. Philosophical Transactions, v. clxix, 1878, p. 777 ; clxxi, 1880, p. 1055. 

30. Proc. of the Am. Association for the Advancement of Science, vol. xii, 1858. 

Frratum, 

In Fig. 5, page 206, the line B C should be drawn as a chord within the arc of the 
circle. 
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